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IE method which the antients generally made 
uſe of for finding the areas of figures, or the ſo- 
lidities of bodies, was by the help of other inſcribed 
and circumſcribed figures; after ſuch a manner, that 
tbe inſcribed figures being continually divided into very 
ſmall parts, the ſum of the inſcribed parts, approach- 
ed ſo near the true figure, as to fall ſhort of it by a 
quantity leſs than any given quantity. And in like 
manner the circumſcribed figure was divided into ſa 
many ſmall parts, that their ſum exceeded the given 
figure, by a quantity alſo leſs than any given one. So 
they always had the value of the figure propoſed, 
between the two values of the inſcribed and circum- 
ſcribed figures; and by this method found out its con- 
tent. But this way being for the moſt part ſo very 
laborious, that it put the ſucceeding geometers upon 
finding out ſhorter methods; and thus came up the 
Method of Indiviſibles, or the Arithmetic of In- 
finites. This method ſolves theſe ſorts of Problems 
with admirable brevity, and extreme facility; and 
that by a help of a few Propoſitions, which reduces 
the whole buſineſs to the ſumming up the powers of 
an arithmetical progreſſion, conſiſting of an infinite 
number of terms. As we ſhall have frequent occaſion 
for this afterwards ; I have here delivered that _ 
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thod at large, with many examples to ſhew the uſe of 
it. The whole is contained in Sect, I. of the follow- 
ing Book. 175 


T have likewiſe given the principles of the diffe- 
rential method, and the Interpolation of Series, in 
Sect. II. an art extremely u fl in almoſt all parts 
of the Mathematics, eſpecially in Aftronomy. For it 
is frequently required to find the poſition of a planet 
or comet at ſome given time when an obſervation 
cannot be made; but by help of other obſervations, we 
can find it to that time, by the interpolation of ſeries. 
This method I have alſo made very clear and plain, 
and illuſtrated the ſame with variety of examples. 


W. Emerſon. 
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The Arithmetic of Infinites. 
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HE Arithmetic of Infinites is the art of 

[ ſumming up the powers of a ſeries of 

quantities in arithmetical progreſſion ; 
whoſe number of. terms 1s infinite, and their com- 
mon difference infinitely ſmall. 

It is alfo called the Method of Indiviſibles, be- 
cauſe magnitudes are here ſuppoſed to be reſolved 
into their indiviſible parts, or ſo far as there is any 
occaſion to conſider them as ſuch. 


I. . 
Fa ſeries of equal quantities be added together, 
the ſum of all the terms is equal to any one of them 
multiplied into the number of terms. 
For a+a+84. .. to terms is = Xa. 


EF ROP. IL 
If there be a ſeries of quantities in arithmetical 
progreſſion, and continued ad infinitum ; as o, a, 24, 
3a, 44 . .-. to na; the ſum of all the terms is tua, 
or to half ſo many times the greateſt. 
For by (Prop. 7. Arith, Progreſſion) the ſum 


= 0+na  naxn+1 
2 X +1, or _ 


„ but ſince z is infi- 


; | 1 2 
nite, +1 = u. therefore the ſum = 2 NK, 
laſt N term. 2 : , | 
* : , B | Cor. 
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Cor. The greateſt term multiplied by the number of 


erms, is equal to twice the ſum of the ſeries. 


wn va 


P R O P. III. 


If there be à ſeries of ſquares, whoſe roots are in 
erithmetical Rr beginni ing « at o, and continued 


ad infinitum, as o, 4 24 3⁴ 5 2. * to na 5 
the ſum of all the terms is = + nxna » or 5 ſo many 
times the greateſt. — — 


| For let's = a +28: +28 34 et = 
laſt or greateſt term derm. Then by the Method ed of In- 


trements, 5 AI. a S 2 putting 22 z. 


But (by Cor. Ex. 10. Prop. XIII. Increments ), the 


bf En, AED fi 
integral o San 27 ing 2 or 

* : 23 >* | 

x, and 2 for u, the int. of z* = 35 2 &c. But 


ſince is infinite, zisinfnite, nds is infinitely greater 


* 
thanz*; whence int. of z*, thatis s= = But n=1, 


4 


WT 
and æ = na =; therefore's = = a. 


He TT,. But as ms infinite, n+1 =n; 

2 5 . X R , ? "A x 
na | 

and g 75 & 58 = 1 X na bool 


Cor. The greateſt term multiplied by the ie of 
terme, 15 1 to thrice the ſum of the ſeries. 


.In a ſeries of 5 5 be roots are in arithme- 
rical Progreſion, beginning at o, and infinitely conti- 
aued „% 4; 16, 30. «+ + « lama: z the ſum 
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of all the terms is = rue, or r fo many times the 


greateſt term. 


For' put 5 = 0+a% +29? +3a* = . +na E 


greareſt term, then by the method of increments 
3 
5=n+1 a = 255 putting »+1.4=2. But (by Cor. 


Ex. 10. Prop. XIII. Iacrements). The integral of 2 


xn * ; 
= —_ — &c. or putting z for x, and 3 
1. 2 
by Eo. 
for #; the int. of 2 =— — — &c. But = r, 
4 42 2 4 * 


and 2 g a. ' Alfo fince u is infinite, Z is inf- 


nite; and 2 is infinitely greater than z Z's and Tg I =. 


Whence int. 1 — — nat — 7% 
. 5 


Cor. The greateſt term multiplied by the number of 


| terms, is equal to four times the ſum of the ſeries. 


PR OP. v. 


i there be a ſeries of mth powers, whoſe roots are 
in arithmetical progreſſion,” — at 0 and conti- 


nued to infinity, as o, &", 24", 3a", 44"... f na 
5 7 1 
the ſum of all the terms is = => x wp = ZI 


X ſo many times the greateſt term. 


Let s = 0+" +30" + 50" OE 4 5 1.2 


term; and by the method of increments, 5 n+1.4" 
= 2". And (by the ſame Cor. Ex. 10. Prop. XIII. 


| Increments) = it de 2 &c. But 


« 


2 


1, and n a; and ſince n is infinite, A 1. a 
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n= 


na, and z= vaniſhes, being infinitely leſs than 
"1; therefore 3= = = Wbtg” 
714 2 


>aL. -- 
Cor. The greateſt term multiplied by the number of 
terms, is equal to m times the ſum of the ſeries. 


PROP, VI. 

To reſolve a Problem by the Arithmetic of Infinites. 
The chief uſe of this method is to find the con- 
rent of geometrical quantities, as of ſuperficies and 
ſolids, by reducing them to their indiviſible parts, 


or firſt elements; and then finding the ſum of all 
theſe, as directed by the following 5 


R U LE. 


Suppoſe a line to be compoſed of an infinite 
number of points; a ſurface of an infinite number 


of lines, drawn parallel and equidiſtant from one 


another; and a ſolid of an infinite number of 
Planes, parallel and equidiſtant; then obſerve what 
tort of a ſeries it is that makes up that quantity. 
Find the ſum of that ſeries by ſome of the forego- 
ing propoſitions, which will be the content required. 


SCHOLIUM, 


Here lines are ſuppoſed to be made up of an in- 


finite number of equidiſtant points; plain figures 


of an infinite number of parallel lines, like the 


chreads in a piece of cloth. And ſolids of an in- 


finite 


/ 
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G | 


finite number of planes, like the leaves in a book. Fig. 


Yet theſe points, lines and ſurfaces, are not really 


ſuch, but are called ſo by reaſon of the ſimilitude. 


For theſe points are in ſtrictneſs, infinitely ſhort 
lines; the lines, infinitely narrow parallelograms, 
and the planes that compoſe the ſolids, infinitely thin 
ſolids; ſo that whenever we ſpeak of points, lines, 
or planes, compoſing any geometrical magnitude, 
it muſt always be underſtood in the ſenſe here men- 
tioned. Moreover, if all theſe parallel lines that 
make up a ſurface be perpendicular to the axis of 
a curve; then theſe parallel lines will cut the curve, 
or any other line, at oblique angles, and the points 
ſuppoſed to conſtitute that curve, or that line, will 
be greater than the correſpondent points in the axis, 
in ſome certain 8 which proportion is to 
be inveſtigated by the property of the figure. 


| | Ex. * | 
To find the area of the Parallelogram ABCD. 


Draw AP perp. to the baſe CD; divide AP into 
an infinite number of equal parts, thro* all which 
ſuppoſe ſo many parallels drawn to the baſe CD. 
Then all theſe equal lines compoſe the area of the 

arallelogram, and their number is denoted by AP, 
hen by Prop. I. the ſum of all is = one of them 
multiplied by the number of all; that is = CDXAP, 
or the baſe multiplied into the height. 


| Ex. 2. 


To find the content of a cylinder ABCD. 


Draw AP perp. to the baſe, which divide into an 
infinite number of equal parts; thro' which draw 
as many planes parallel to the baſe CD. Then all 
theſe equal planes compoſe the ſolidity of the cy- 
linder; whoſe number is AP. Whence by Prop. I. 
the ſum of all is = one CD Xx their number AP; 
CE ; e that 


1. 
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Fig. that is, the cylinder = CDxAP, or the baſe multi- 
plied by the height. 

And the ſame way the ſolidity of a parallclopi- 
pedon or of a z priſm 1 is calculated. 


Ex. 3. 85 
3. To find the area of a triangle ABC. 

Draw AP perp. to the baſe BC; divide AP into 
an infinite number of equal parts; thro which 
ſuppoſe lines drawn parallel to BC. Then theſe 
lines make up the triangle, and are a ſeries of terms 
in arithmetical progreſſion beginning at o, and end- 
ing at BC; and the number of them is denoted by 
AP. Then (by Prop. II.) the ſum of all the terms 


. APBC that is, che area of the triangle 
| — APXBC 


2 


Ex. 4. 
_ To find the ſolidity of à cone ABC. 
Draw AP perp. to the baſe BC; divide AP into 
an infinite number of equal parts; thro' which draw 
planes parallel to the baſe BC. Then theſe planes 
make up the cone; and their diameters are a ſeries 
of quantities in arithmetical progreſſion, beginning 
at o, and ending at BC; therefore the planes or 
circles themſelves are proportional to a ſeries of 
ſquares, whoſe roots are in arithmetical progreſſion. 
| Whence (by Prop. III.) the ſum of all the ſeries is 
=3APx baſe BC; that 1 is, the cone is = + height 
Xx baſe. 


And the fame way it is proved, that a pyramid 
is 2 the NE * of the baſe. 


Ex. 


es 
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Ex. 5. 
2 o find the ſurface of the right cone „ ABC. 


Draw the axis AP, and DF perp. 10 it. and put 
AP b, BPB, AB=s, AD=x, c=3.1416; then 


by. ſimilar angles, AP.(b):PB(b):; AD (2 
DF = = = 3 . 1 — periphery at F. Then the 


ſum of all the peripheries at F makes up the ſur- 
face of the cone, But the points. in being 


— 


G. 
8 


greater than thoſe in AP, in the ratio of AB 5 


AP. Therefore the periphery at F muſt be in- 


creaſed to 7 or 55 x, and then the ſum of 


all theſe Tur e make up the ſurface. But the 
ſum of all the xs is 0, 1, 2, 3, &c. to AP; that 
is (by Prop. II.) 4APXAP or 4AP*. Therefore 


the conic ſurface is = 5 2b N bes = circum- 


x bb 995 
fer ence of BCXAB: : | — | 3 
"a Otherwiſe. 
| Put BP =, AB = 5, AF =, then by ſimilar 
triangles AB (5): BP (3) : AF (z): 22 =, 


a wt „ 2685 
* 


then —— = periphery at F; and the ſum of all 


theſe n make up the ſurface. Now all the 
Z's conſtitute a ſeries. of terms in arithmetical pro- 
greſſion, whoſe laſt term, and alſo the number of 


terms is 5: and therefore the ſum (by Prop. II.) is 


355; Therefore the ſum of all the prripheries, or 


the ſurface of the cone 1s = = 8 cbs as be- 


B 4 8 
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: ', + ©, 
To find the ſolidity of any ſegment of a ſphere 
ADF. OE GW HE 5 | 
Draw the diameter AB, and DEF perp. to it; and 
put radius AC = #, AE =», DE =y,c = 3.14163 
then by the nature of the circle yy = 2rx—xx. Then 
if AE be divided into an infinite number of equal 
parts, and planes be drawn thro' them parallel to 
DF; the ſum of all theſe circular planes make up 
the ſegment. Now one of theſe circles is cyy or 
2crx—cxx; and all the x*s conſtitute a ſeries of terms 
in arithmetic progreſſion, whoſe ſum (by Prop. II.) 
is xx. Alſo the ſum of all the xx's (by Prop. III.) 
is *, where the greateſt term is xx, and number 
of terms, x. Therefore the ſum of all the cir- 
cles conſtituting the ſegment; is 2crXx3xx—cX33), 


or crxx— ©-. Therefore the ſegment. DAF = 


crx—£xx Xx : that is, the ſegment DAF is equal 
toa cylinder whoſe height is AE, and baſe crx cxx, 
or z ＋gceðx = + circle DF circle AK. 
Cor. The bemiſphere, as likewiſe the ſphere is 5 the 
circumſcribing cylinder. 
For when x = r, the ſegment becomes cr —+crr 
N. | 


Eu. . 


To find the ſurface of the ſegment of a ſphere DAF. 
Let CA =r,AE =x,DE.=5,c= 3.1416; then 
the circumference at D = 2cy. And the ſum of all 
the peripheries make up the ſurface of the ſeg- 
ment DAF. But the points in AD being greater 
than thoſe in AE, in proportion of the tangent TD 
| to 
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to TE, or of DC to DE; therefore y: 7 


3 0 


= magnitude of a point at D. Whence 200 K — 


1 
or acr is the true periphery at D. And the ſum of 
all theſe peripheries = ſurface of the ſegment; and 


the number of them is denoted by AE. Fherefore ' 

(by Prop. I.) that fum acrxAE; that is, the 

ſurface of the ſegment DAF = crx. 
Cor. The ſurface of the hemiſphere is acrr; = 

fare whole ſphere Kerr, or 7 four great circles of * 
ere 


SECT. 
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SECT. H.. 
We Differential Method. = 
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* 
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HE Differential Method, is the art of working 
# with the differences of quantities. By this me- 
thod any term of a ſeries may be found from the 
ſeveral orders of differences being given; or vice 
verſa, any difference may be found from having 
the terms of the ſeries given: it likewiſe ſhews how 
to find the ſum of ſuch a ſeries. And it gives 
rules to find by interpolation, any intermediate 
term, which is not expreſſed in the ſeries, by hav- 
ing its place or poſition given. 

When any ſeries of quantities is propoſed, take 
the firſt term from the ſecond, the ſecond from the 


third, the third from the fourth, &c. then all 
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theſe remainders make a new ſeries, called the firft 
order of differences. In this new ſeries take the firſt 
term from the ſecond, the ſecond from the third, 
the third from the fourth, &c. as before; and 
theſe remainders make another ſeries, called the 
ſecond order of differences.” In like manner, in this 
ſeries, take the firſt term from the ſecond, the ſe- 
cond from the third, &c. And theſe will make a 
ſeries, called the third order of differences. And 
after this manner you may proceed as far as you 
will. Thus in the following propoſition, A, , c, d, e, 
&c. is the ſeries; B, B*, 55. B., &c. the firſt order 

of differences; C, C, C3, &c. the ſecond order 
of differences; D, D-, &c. the third order; E, 
& cc. the fourth order, and ſo on. But the firſt terms 
of theſe ſeveral orders of differences, as B, C, D, 
E, &c. are thoſe that are principally made uſe of 
in calculations by this method. 


PROP. 


Sect. II. Taz DirrRrxETrIAL MeTHoD. It 


| PROP. . 3 
if there be am ſeries A, 5, c, d, e, Sc. and if 
there be taken, the firſt differences B, B-, B., Cc. 


the ſecond di Tenge? C, Cz, Ci, Ce. the third. 27 
ferences D. D*, Di, &c. and 2 on. | 


| Then if T ftand for the firſt term of the nth 475 


— | 
| ferences; I ſay, rA ex- 2 —— 


X = d+nx Lo * * e- Oc. that is, 
+T, when n is _ and —T when u is add. | 


The ſeveral Orders of A B 
differences being taken 6 C | 
as before directed, will IS Cz D E 
ſtand thus. Then 6 D 
| | FIVE d C3 
of „ 
ns a » m Kc. 


Iſt diff. b—A „ cb , d=—c , _——- Kc. 
2d diff. c—2b+A, 2 Al e—2d+c, &c. 
zd diff. d—zc+3bh—A,e—34d4+g3c—b, &c. 
4th diff. e—4d +6c—4b+A, &. 
That is, B=b—A, C gc- 2 A, D =d—3gc+3b 
A, E =e—4d+6e—4b+A, &c. or -B = A—b, 
+C = A—2b+,-D = A—3>+3c—d, +E = A 
—4þ +6:—4de, &c. where putting T ſucceſ- 
fively equal to B, C, D, E, &c. and v = I, 2, 3. 
45 &c. the Prop. will be evident. 


Cor. Hence Ag A, the firſt term. 
B= —A-+6, the firft difference. 
C= Am-—2b+c, the 2d difference 
D = —A+36b—3c+4, the 3d di ference. 
8 ee Fe ae red the 4th difference. : 
T= ner 104—ge+f, the 5th di difference, | 
ET 


PROP. 
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PROP. I; 


XA, $,-c '<& 4 Te be any ſeries, and there 
be taken B, C, D, E, Sc. the firſt of the ſeveral 
orders of differences. 


Then I ſay the nth term of the ſeries, will be = A+ 
t „„ 
rr 3 

HI 2—2 2—3 — 

e. 

For from the equations in the laſt Prop. viz. 
B =b—A, C = c- 25 rA, &c. we have by tranſ- 
S ATB, ==A+ 25 ＋—PC( = -A ZA +2B+C 
(expunging 5); that is, | 
mes Fr "BC d=A—3b+32c+D=A—3A—3B 
+3A+6B+3cC+D (expunging & and c); that is, 
d = A+3B+3cC+D. Aloe = —A +4b—6c+ 44d 
+E = (expunging 5, c, d) —A+4A+4B—6A 
 —12B—6C+4A+12B+12C+4D+E; that is, 
e = A+4B+6C+4D+£E, &c. 

Then puting A, -b, c, d, &c. for the zth term; 
and n ſucceſſively = 1, 2, 3, 4, &c. the ſeries will 
be evident. | 22 

Cor. 1. Fd, d, d“, Sc. be the firft of the firſt, 
ſecond, third order, &c. of differences, then 

The nth term of the ſeries, A, b, c, d, Sc. will 
1—1 —2 HI —2 


— 15, 7 — — — 
„ ATF + TXT 
e IT BITS + 


&c. | ; 
For B=4d,C=4", D= 4”, &c. And the coef- 
ficients are the unciz of the »—1* power. 
Cor. 2. Hence alſo it follows, that any term of a 
given ſeries may be accurately determined; if the dif- 
ferences of any order happen at laſt to be equal. 


Cor. 
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Cor. 3. Hence A=A, the firſt term. 
b&=A+B, the 24 term. 
c=A+2B-+C. the 3d term. | 

=A+3B+3CcC+D, the 4th term, 
e=A+4B+6C+4D+E, the 5th term. 
f=A+;B+roC+ 10D D+5B+8, the 6th term. 
. 15C+20D EF A G, the cb fern. 


PROP. III. 


ha a, 5 c, d, e, &c. be any ſeries; and d, d, 
„. the 2 of the ſeveral orders of diferences; 3 


Tben 
The ſum of n terms 25 the ſeries, is na 


7 71— 5 1 2—2 

— + * N 1 ; 
| m 2 — 3 14 1 
. 1 — — — —— 7 
x + 8X XX x "00 


+ Kc. 
For in the ſeries of quantities, 


0,4 , ar, a+b+c, a+b+c+4, &c, 


1ſt diff. at's 1 F& &c. 
. 4˙3 N &cc. | 
3d diff. 4” „ 

4th diff. „„ 


Therefore (by Cor. 1. Prop. II.) the z+1" term 
of the ſeries, o, a, a , a+b+c, a+b+c+4, &c. 
or the 7 term of the ſeries, a, ab, ac, 


cd, &c. is = 0+na+nx 4. + 2. X 


2—1 


"EM peaked | + &c. But the uth term of the 


ſeries a, a+b, a Nc, &c. is the ſum of n 
terms of the ſeries, a, 5, c, d, &c. and therefore 


equal to na TE 4 * 7 + &c. 


PROP. 


* " 5 
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PRO IV. 


If there be ſeveral ſets of quantities in arithmetic 
progreſſion, whoſe number is m, and the common dif- 
Ferences p, 9, r, 5, &c. and if a new ſeries be form- 
ed by multiplying the reſpective terms all theſe ſe- 
ries into one another , then I ſay the mth order of dif- 
ferences will be equal to one another, and to pqrs, &c. 
X into 1X2X3X4, Sc. io m. BY 


1 1. Suppoſe two ſeries; 

gas qa, ap, a+2p, 4 ＋ 3p, a 4p, &c. 
and 5, g, 5722, 34, 447, &c. 

then by multiplying we have ab, a+p x b+q, a+2Þ 
x b 24, &c. that is, | 


ab | | 
b+ag+pq _,.. -- 
ab p a fp 7 3 
Cb 2pb-TLacg-＋A h f Pq 


„ 
; e . 
\ C 


therefore the 2d differences are equal, and equal to 
PqXIX2, where M=2. . 


— = ace ied a . 


- 2. Suppoſe three ſeries. 

| 5 as 8, arp, a+2D, a+ 3p, 4 ＋ 4p, &c. 
1 b+94, b+24,:b+29, b+44, &c. 

Js Car OF car, car, c+47, &c. 

The terms of theſe being multiplied, produce a ſe- 
ries whoſe terms are, | 7 8 
N ä | 
a+pxb+qxcetr 

@+2pxb+2qXct+2r ns 
e bes 
EW x b +44 Xc+4r 
. 


; 8 „ e 
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—̃ iad 4 - pats als Af BATS ee ; SA eee eee Sa SLRS: 
5 


Felt being - nated. at Parc Jud ſubirafted 


from one another, will give the following {ich 


whuch is the firſt order of differences, 
abr p aA pac agr+ pbr +pgr 
abr ac ＋ 3Þ4+3aqr + 25 +7pgr 
abr + bp + age + 5pge Sir + spr + 19p9r 
2 +bep Fn: te. hp pc + paqgr + 7phr + 37pgr 
erences of theſe, or the fe- 
Me differences being taken, we have | 
2pgc +2497 + 2pbr +6pgr 
7595 + 2agr +2phr + 12pgr 
. 
and the third difference wilt be 
opgr | 
Opgr 
here m m = 3 as the mth difference i is pores exp, 


| 3. Suppoſe four ſeries. 
As a, a+, 4 Tap, 4 ＋ 3p, 44, &c. 
: 2, b+4, b+29, b+34, b + 4q, & C. 
c, cr, c+2r, cTzr, c+4r, &c. 
d, ds, d+2s, d+3s, d+4s, &c. 
and when multiplied, produce 5 10 
abc 


+ HN TN 2 

+ a+2p * b+24q X c+2r x d ＋25 
+ a+3pX b+34 X c+37 xd+35 
+ a+49 X b+44 X TNA 
+ 8. 57 x SN Tor x d 


Let ABCD be any term; 
and the next, , A+p XB+qx C- C+rx1l Ds; that | is, 
AB+A9g +?B-+ 994 +2qx CD+Cs +rD+rs: =ABCD+ 
ABx Cs+rD+r5+CDx Ag+pB+p9 + Aq+2B 


+79 X C +rs. F rom this, ſubtract ABCD, and 
f the 


* 
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the remainder is the firſt difference ACT B | 


+ CDxA7+2B+29 +Aq+2 — 7-1" pH ERR 
To abridge the work, keep in only ſuch terms as in- 
volve the moſt of the quantities ABCD, for the reſt 
will vaniſh before you come to the laſt differences. 

By this means the firſt difference becomes only ABx 


Cs+r7D+CDx Ag Aq+Bp ; that is, the firſt difference 
(1) =ABCs+ABDr +CDAg+CDBp ; then the 
next term is evidently A+pxB+gxCcC Cr TXT + 
Ap x PX B+qxD+5X0 xr+A+p x C+r „B= +5 Xq 
+ B+9 Cr B. FXPD AB+Aqg+pBxC+r 
* AB+Aq+2B x D+5x r+ AC+Ar+pC x 
D+s q+ BC+1 BC+Br+9C: x Dr XPp= (2) ABCs 
+ABrs+ Ag+2B x C+7 x 5 + ABDr +ABsr + 
Aq+7B x D+5 X 5 Ar+pCx 


Ds x 4+BCDp+BCs9p+ Br C B? X 3 
from this ſubtracting the equation (1), and the ſe- 


cond difference is ABrs + AT NEN Cr x. * 5+ 
ABS Aq+7B x D+s x NACH ArFpC x 
Ds NBC Br CBP x p=ABrs+ 
ACgs+BCps, +ABrs+ ADgr +BDpr, +AC5g+ 
ADrg+CDpg, +BCp+BDrp+CDpg, &c. by 
abridging = (3) 2ABrs+2ACqs+2BCps +2 ADgr 
+2BDpr+ 2CDpg, thi: thisis the 2d difference; and the 
next term is 2755 A+p x B+9 +295X A+2X Chr 
+205 x BA] Xx Cr +29x A+? xD+5 +2prx 
B+qxD+s +2pgxC+7 x BY =(4)2r:XAB+ 
2r3X Ag +pB +295AC +295X D +2psBC+ 
2p5x Br +4C +297 AD +297x As+pD +20rBD+ 
2PrX Bs +9D +2p9CD +2p4x C5 +rÞ Cs+rD, &c. by a- 
bridging; from this laſt equation taking equation 
(3), the eremainder 1 is the 2d difference =2753X Aq riX Aq+pB 


+ 295x Ar +pC +2p%x Br +40 + 247% As+pD — 


2prx BYD +2pgx Cr = (5) 6978 Akio 
| +6 


+ 6pg5C G-. T. Then the next term is (6) Ae 
A + 6pr5x B+q+ 6pg5XC+r + 6pjrx D+5; 
from this equation, take equation (5), and there 
remains 6pgrs + 6pgrs + 6pgqrs + 6pgrs = 24pgrs the 
fourth and laſt difference, ſo the fourth difference 
== FIERO 3 X43 and ſo on for more progre 
ſions. 


4 I. bn the F + a+p + a+2p + 


a+3p, &c. the laſt and equal 1 will be G. 
X into 1X2X3X4, Sc. to m terms. 

For then p, 9, r, 5; &c. are all e ual. 

Cor. 2. In any adfected equation of the mth power, 
putting ſucceſſroely any numbers of a ſeries in arithme- 
tical progreſſion, for the unknown quantity x ; the mth 
differences will be equal. 


For the lower powers all vaniſh before you come 


to the laſt difference; and therefore that difference 
depends entirely on the higheſt power in the equa- 
tion, which 1 is the mth power. 


p RO. P. V. - 
Let A, 3, c, d, e, &c. be any b i CG D, 


E, &c. the firſt af the ſeveral xa hw of S WS 


and let their poſition be ſuppoſed to be ſuch, that 
they may be at a units diſtance from one another; 


and let x be the diſtance of any term m be inter- 


polated ;) then I Tay, 


5 ATB Ce — x —D+# 
* EEA &c. 
X 7 Xo" Ro. 123 
or 7 2 += RE 


4 EIA ＋&c. where ET; 55 R, &c. are the co- 
efficients of B, C, D, &c. 


Sec. IE MET HOFᷓUu¹⁴⁰⁰ r uy 


— 
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For (Prop. II.) the nth term of the ſeries is 


=A + =B + =x , &c. and the 


* 


| | „ 
+1" term = A + TBT C, &c. which 


zs the term at the »th diſtance from A; then put 


x=7, andthe term at x diſtance from A, will be 


=A +xB * c + x X —.— er D, 


c. And as this holds exactly, when P is any of 


the terms A, 3, c, d, e, &c. Therefore it will be 
nearly true, when P is any intermediate term. 
Cor. Hence if ſeveral eguidiſtant ordinates in any 


curve be given; the quantity of any other ordinate, 


whoſe poſition is given, may be found by this Prop. 


that is, ſuch an ordinate may be interpolated. 


„ Fo, Prob. 

If there be a ſeries of equidiſtant terms; a, b, c, 
d, e, Fc. whoſe firſt differences are ſmall; to find 
any term wanting in that ſeries, having any number 
of terms given. 

RULE. . 

Take the equation which ftands againſt the 
number of given terms, in this table; and by re- 
ducing the equation, that term will be found. 


320. 


34a 35 ＋ 30-4 oO. 
: 4b+6c—44 Teo. 
5b+10c—10d + 5e—f =o. 
6b+15c—20d+15e—bf+g=0. 
7b +21c—35d+35e—21f+78g—b=o. 
8þ+28c—56d+70e—56f+28g—8b+:i=o. 


— X —— d+8&&, o. 
a 
For 


© 1—1 
a—zub +IX c-, 


Sect. II. METHOD. 


For (by Prop. I.) the quantities ſtanding 
the numbers 1, 2, 3, 4» &c. are the firſt of the 


againſt Fig. 


firſt, ſecond, third, fourth, &c. differences. Now 
as the firſt differences are ſmall, the other differences 


will decreaſe, and the laſt of them may be taken 
for nothing. And the more terms there are given, 


the nearer the equation approximates ; likewiſe - 


the quantity ſought will be determined more ex- 


actly, as it is nearer the middle of the equation; 
the error being almoſt reciprocally as the coefficient. 


For Ex. Suppoſe 6, c, d, e, ,, g, are given to 
find a; againſt 6 you have a—6b+1 5c—20d+15e 
—bf +g =o, which reduced gives a = 6b—15c+20d 


—15e-r6f—g. If the third had been ſought, and 
the reſt given; then c = — EE 


PROP. VI. 


If a; 3, e., , It. be any ſeries ; ad ſuppoſe 
the ſeveral terms placed at unequal diſtances from one 


another. To find any intermediate term, whoſe place 


or poſition among the reſt, is given. 


Suppoſe the ſeries a, b, c, d, e, &c. placed as 
ordinates in a curve; and let MN, MP, MQ, 
MR, MS, * be the correſpondent baſes, for 
which put u, P, Q, R, S, &c. reſpectively; alſo 
po NP p, 0 7 —7 =", RS =s, &c. and let 

ſent any baſe, its correſpondent term 
in e ſeries. | 


Then aſſume y = ATB Ac x 


x—P DN = NPA HEN 
x—P x x—Q x R, &c. continued to as many 
terms as there are ordinates, or terms of the ſeries. 

Conſequently x will aſcend to a power, one leſs chan 
the number of terms. 


Ev | Then 
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Fi is. Then put a, 5, c, d, e, &c. ſucceſſively for y. 
and u, P, Q, R, 8, &c. for x. 


And theſe will produce as many equations as 
there are unknown quantities, A, B, C, D, E, 
&c. which therefore will be determined as follows. 


4 A 
6 2 A+Bx F—n 
c A+BxQ=n +Cx D* 
d ATB +CxR—nxR-P+D x 
E N x R-P N 
8 2 A+Bx Si +Cx S—nxS—P +Dx n 
| XS—P x SQ +Ex = S—1 x S—P 


x S—Q x SR, 
Ove. Then inſtead of of P—n, Q-, Q-, &c. 


put their values , P+94 7. &c. and youll have 
the following equations. 


-& A: - 
«0. = A+Bp 
© = A+Bxp+9q +Cx? +9 xe 
4= A+Bx 1 +Cxp+9+7 x X7Þr + +Dx 
p+g+r x q+r xr 
e= A+Bx p+q+r+5 + © x p+gtr+5 X 
q+r+5 +Dxp+4q+r +5 xq+r +5 
X rþs5 * p Tr, q+r +5 
* N. 


Then take each equation from the following one, 
and you'll have, 


6—a = Bp. 
—b = Bq+Cx 77 Xq 


4 -c Br +Cx p+29+7 N "+ D x p+g+7 * 
rr 


— 


Set. II. METHOD. 


e—4d = Bs+CXP+29+27 +5 x5+Dx p+9+7 x 4 | 


q+27+5 X5+ q+r +5 X r+5 E 


| Xp+9+r+5Xq+r+5X7+5 . 
And dividing by the reſpecting coefficients of B, 


and then 
b—a 
— —=B. 
P 3 
— — . 


Gone * 


neff pH 

=B2. 
—4 

8 n + D 555 ; 


| Xq+2r +5+9+r +5 r+5 + E x 
n =, 


&c. 
And again ſubſtracting each equation from the 


next, 
BI—B S Cx pg. | 
B2—Br1 =Cxq+r + Dx: pr * q+r. 
| Bz—B2=Cxr+ + Dx P+29g+2r+- * r+5 


5 ＋Ex pTA * q+r+5xXr7+s5. 
C. 
And — by the coefficients of C, 
B1— 
2 ogy 
2—DI 3 | 
r enn = Cx 
B3—B2 I, 3 
=; = C+ 9 * Pf E x 
& PTATT TSX Cn. 
C. a | 


C2 And 
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Fig. And taking the differences of ' theſe equations, 
8. Ci—C = Dx Tr. 
C2—C1 = DTT FTF TN ff 


| 2 Þ dividing by the coefficient of D, 
Ci—C 
pHgtr 
— = D+Exp+9+r+s = D1, 
- &c. And taking the differences as before, 
TS Exp+g+r+s. 
12 
and 1 = E, . 


And thus you may proceed as far as you will; 
whence to find the intermediate term, whoſe baſe 
is x, we have this 


RULE: 


Let a, b, c, 1 &c. be the ſeries, M any 
fixed point, and | 
for MN, NP, PQ, QR, RS, &c. 

put * 2595 7. » 5 Ke. and 


Dr 1 D= C1—-C 
7 Ci B-, er ES N. 


Le, 77 Dis rer. | 


ec. 
Then the term n anſwering to the baſe x, is 


y=A+BX * TD 
ID X x—n+p+g+E +E X = -p x 
— 

ee + &c. ; 


where 


Sec. I. Mr Hod 


where M may be taken at pleaſure, and may be Fig. 
either without or among the ordinates. And here 8. 


x is ſuppoſed to lie towards the right hand; but if 
it be taken to the left from M, it muſt be made 
negative. And if any of the terms of the ſeries 
a, b, c, &c. be negative, the ordinate repreſenting 
it, muſt lie below the baſe MS. ; 
Cor. Suppoſing B, C, D, E, Sc. found as be- 
fore, and let M fall upon N at the firſt ordinate, 
then will n = 0, and let p, q, r, 4, Sc. be the ſeve- 
ral diſtances of the ordinates from each other. Then 


putting x for any baſe reckoned from M; then will the 


correſponding term to be interpolated be, | 
J=A+Bx+Crxxx—p +Dxxx—pxx—p—q+EXX 


DNN + &c. continued to 
as many terms, as there are terms in the given ſeries. 


SCHOLIUM. 


They that would ſee other methods of interpo- 
lating the terms in a given ſeries, may conſult the 
Philoſophical Tranſadlions, No. 362; or Sterling's 
Summiation of ſeries, engliſhed by Mr. Holliday. 


PROP, VIIL 


To finda curve line of the parabolic kind, which ſhall 
| paſs through any given number of points. | 


D 


Let the points be A, B, C, D, E, &c. and 10. 
from them to any right line MT given in poſition, 
let fall as many perpendiculars, AM, BP, CQ, 
DR, ES, &c. Then to find other points through 
which the curve muſt paſs; aſſume any point X 
and put x for the baſe MX, and y for the correſ- 
ponding ordinate XY, Then if the diſtances of 
the ordinates AM, BP, 9 &c, be all equal; "oP | 

4 e 


24 
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Fig. the value of y by Prop. IV. But if their diſtances 
10. be unequal, find the value of y by Prop. VII. 


which gives the point Y, through which the curve 
is to paſs; and thus you may find as many points 
as you will; through all which draw the curve re- 
quired. | 8 
Cor. Hence, the interpolation of the terms of a 
ſeries comes to the ſame thing, as finding the ordi- 


_ nates in a parabolic curve of ſome degree or other. 


As ſuppoſe the equation to the parabolic curve be 
y =A+Bx+Cxx+Dr Ex, &c. where the pow-- 
ers of x muſt aſcend to as many dimenſions as there are 
ordinates wanting 1. Therefore if ſuch a parabola 
be deſcribed as above directed, whoſe ſeveral ordinates 


repreſent the particular terms of a given ſeries; then 


to find any other term of that ſeries, is no more than 
finding the correſpondent ordiuate of the curve. 


ROE. 1a. 
To find the area of any given curve. 


RULE. 

Thro' any number of points in it, deſcribe a 
parabolic curve (by Prop. VIII.); and find its 
area, which will be nearly equal to the area of the 
curve propoſed. LY 

Thus let ADF be the curve, and ſuppoſe any 
number of equidiftant ordinates to be erected, as 
AM, BP, CO, DR, &c. and thro' A, B, C, D, 
& c. ſuppoſe a parabolic curve to paſs, and let any 
baſe MX = x, and its ordinate XY = y; and the 


equation of the parabolic curve is y = A+Bx+_ 


Cx*+Dx3 &c. continued to as many terms as 
there are ordinates. Then to find the area of this 
3 ſuppoſe x divided into an infinite num- 

r of equal parts, according to the Arithmetic of 
Infinites. Then (by Prop. I. Sect. I.) the ſum of 
885 | _ | all 


r a. a am 


wH_ \ 5 © * PTY 


Sea. II. ME T HO p. 


all the A's is = Ax. And (Prop. II.) the ſum of Fig. 


B * 
all the By is = . And (Prop. III.) the ſum of 


Cx3 | 
al the C = = And: (Prop. IV.) the ſum of 


Dx ;. ; 1 
all the Dx = 7 and ſo on. Therefore (by 


Prop. VII.) the ſum of all the y's, or of all the 
A+Bx+Cx*+Dx3, &c. that is, the area of the 
Bx* Cx3 Da- f 

C2 


curve is = Ax+ __ Is. + 8 

AF Br TC &c. X *, or put L for 
* the length of the baſe; then the area = 
ATZBTT ICT Di, &c. x L. 

Now let a, 5, c, d, e, &c. be the ordinates of 
the given curve placed at equal diſtances; and let 
MP, 8 QR, &c. each = 1. Then from the 
nature of the parabolic curve, 0 y=A+Bx+Cr, 
&c.) putting x S o, 1, 2, 3, 4, &c. and you'll 
have the following equations. 

4 = 
b=A+ B+ C+ D- E, &c. 
c=A+2B+ 4C+ SD- 16E, &c. 
d=A+3B+ g9C+27D+ 81E, &c. 
e = PAM EO ONT TION &c. 
&c. 

Theſe are continued to as many terms as there 


are equations or ordinates. Then if the quantities 
A, B, C, D, &c. be expunged, by help of theſe 


equations, 'out of the area (A+2:Bx+:Cx:, &c. 
XL); you'll have the area expreſſed by the ordi- 
nates, a, b, & 6 &c. | 


1. For one orfiinate. 


Here a = A, x = o, and AL = area. Therefore 
AL = area. 


2. For 
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2. For two ordinates. 
Here x = 1, a = A, S = A+B, therefore B = =-, 


and the area = AT ABL AT 2 L; that : 


een Box, 


3. For three ordinates. 
Herex=2,and a = A 


b=A+ B+ C 
6 2 Arz B TAC 


b—a—=B+ C 
c—b = B+3C 


c—2b+a = 2C 
SD = C, | 
Then my area xl 3 


—qa+2b—zc 1 


or ga TUT XxL = . the area. 


4. For four ordinates. 
Here x g, area = A+3B+3C+22 
| and a=A 
b= A+ B+ C+ D 
c = A+2B+4C+ 8D 
d =A+3B+9C+27D 


b—a = B+ C++ D 
c- = B+3C+ 7D 
d— = B+5C+19D 


— 


Fd 
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| c=2b+a = 2C+6D- 
d—2c+b.= 2C+12D 


D 
e | c==2b+a—d+ 3:—3b+a =2C 
5 or 26—86 44. a= = = 2 


e =D 
b—a—C—D =B= 44 


whence 4 
— 4 + 25— e ＋ 
+ 3023+ 258 XL = area. 
l. 
„ 5 . 
5. For ee | 
Here X =4, an ares = ALOE nn 
+ 255 — — E. 
ad 84A | 
3 A+ B+ C+ D+ E 
c = A+2B+ 4C+ 8D+ 16E 
d = A+3B+ 9g9C+275D+ 81E 
- e = A+4B+16C+64D+256E 


then þ—@ = B+ C+ D+ E 
c—2b+qa = 2C+ 6D+ 14E 
d—3c+ gb—e = 6D+ 36E 
e—4d+bc—4b+a = 2 

whence E = 4e—3d+3c—Sb+24:9. 

D= IHE =p -- 
C= — 3D —7E = He34+ 425 + Yar. 
B U- -C- D- EBS -KE +tjd=3c +45—Ho 


. | | | Theſe 


that 1s 18 area. 
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Theſe values of A, B, C, &c. fubſtituted in the q 


value of the area will give the area = Ze+433id + 


rc T + Za: x L; that is, the * a 


TXa+e+32xb+d+ 12c 
ba 
6. If fix ordinates be given. 


Here x = 5, and the area = A+5B+=C+ ; 


225D+125E+2*7 25Fy and proceeding as before, 


r 5 * . | 
we ſhall find the area = = 2 — 95 1 
So & cl“ | 
288 L 
For à = A 


= A+ B+ C+ D+ E F 
c = A+2R+ 4C+ 8D+ 16E+ 32F 
d =A+3B+ gC+ 275D+ 81E+ 243F 
e=A+4B+16C+ 64D+256E+1024F 
FS A+5B+25C+ 125D+625E+3125F. 


Then for 288 N ——þ, . 258% Te, and 


288” 288 * 288” 288” 


— J; put their reſpective values, from the equa- 
tions above, and we ſhall have 


us 7 
288 . 
- ee, . 
| 4. 288 . 288 1785 D + 25 E+ = F 
eerie er ins eee 
+204 Es We, go age; oy, 
A, Bas e- 200; Deas Bute, 


The 


FS me a... I. 


. 


* 4 4 Sj 


„ 


See, II. METHOD. 8 


The * of all theſe is the area, viz. 


750 7203 24900 , 9000 36000, 5 d 
to aw 7 28 r 

wa * + 23B ＋ 80 + 31D + 1z5E +. $g2o8P, 

= the area, as it ought to be. And thus you 

proceed to find the area, when more ordinates are | 

given. 


Cor. 1. F we put A for the ſum of the ff and 
laſt ordinates, B the ſum of the ſecond and laſt but 
one, C-the ſum of the third and laſt but two, Sc. 
and where the number of the ordinates is odd, let the 


laſt capital denote the middle ordinate. Al 2 put L 
For the length of the baſe, or the diſtance of the firſt 


and laſt ordinates; you'll have the following table of 
areas againſt the reſpedtiv number of ordinates. . 


Ordi- 
0 res 


A 


XL 
90 
619A +75B+50C bh 
288 
241A +216B+27C+272D FT 
| 840 
8[751A+3577B+1323C+2989D 7 
17280 | 
9 989A +5888B—g28C+ 10496D—4540E,5 
4 28350 


s|7A+32B+12C 
6| 


— 


Cor. 


2 
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Cor. 2. After the ſame manner, if a, 5, c, d, 
Sc. repreſent any equidiſtant ſections of a ſolid; A 
the ſum of the firſt and laſt, B the ſum of the ſecond 
and laſt but one, &c. the foregoing table will give the 
ſolidity, againſt the proper number of ſections, very 


nearly. 


„ 8 


Cor. 3. To reduce the curve to another with fewer 
ordinates ; take the ſum of the firſt and laſt for @ new | 
ordinate, the ſum of the ſecond and laſt but one, for 
another new ordinate next it, Sc. and laſtly, double | 
the middle ordinate if odd, for the laſt of them. You | 
will have a new curve with fewer ordinates; whoſe | 
area is eaſier found, and is nearly equal to the area of | 
the former. DET: 1 | 

Moreover, when the ordinates of this new curve 
are bad; if there be taken the ſum of the firſt and 
ſecond ordinates, the ſum of the third and fourth, the | 
ſum of the fifth and fixth, and ſo on. Or if you tate 
the ſum of the three firſt, and the ſum of the three || 
next, and ſo on; or if there be taken the ſum of each | 
four, or the ſum of each five ordinates, &c. for the i 
ordinates of another curve, it's area will be equal to | 
the area of the given one. And in each curve the baſe | 
muſt be diminiſhed in proportion to the number of or- 
dinates that were added together : and thus a proper | 
number - of ordinates, in any curve being given; its | 
quadrature will be reduced to the quadrature of anc- | 

ther curve, with fewer ordinates. | 


2 


2 


Cor. 4. Or when nine ordinates give not the area 
exaft enough, ereft more; and divide ibe area into 
ſeveral parts, and find all the parts ſeparately. And 
it will be moſt expeditiouſly done, if you take no more 
than three or four ordinates at once. | 


Les WH a> 192 2e — 


PROP. 


Sect. II. METHOD, 


d, | 
aA PROF Xx 
2nd ; | a i ; . 
the | To reſolve Problems by the differential Method. 
2 R U LE. 

: This i is done by making uſe of the foregoing Pro- 
T | poſitions, according as the nature of the queſtion 
requires. 
for When the firſt of any order of differences is 
ple & wanted, it is to be found by Prop. I. 
n When any term of 4 ſeries 3 is 9 it will be 
. had by Prop. II. 
ef } If you want the ſum of any number of terms, 

Hit is found by Prop. III. 
"Os To interpolate any term of a ſeries, then Prop. 
md Y. VE. Y vi, VIII, 1 their Corollaries, muſt be 
e made uſe of, as occaſion requires. 
ae And to find the areas of curves; proceed by 
er Prop. IX. 
cb When the ſeveral orders of differences happen 
tbe to be "rey great, it will be convenient to take the 
2 of the quantities concerned, whoſe 
afe | _ erences will be ſmaller ; and at laſt when the 
w— 0 garithm 1s obtained, the number or quantity 
-_ | daes to it, and which was required, will eaſily 

d. 


In working by the differences of quantities, the 
labour may in many caſes be abridged, by putting 
a number of cyphers, for ſo many terms at the 
beginning of the ſeries ; by which means you'll get 
ſeveral of the differences equal to o, and ſo the 
anſwer will be obtained in fewer terms. 


3 


3 THE DIFFERENTIAL - 
Ex. 1. 


To find the firſt of the 865 order of 8 in 
the geometrical PINE i 3; 9 2%, 81, Ce. 

Here (by Prop. I.) # = 8, A, 6, c, &c. = 1, 
3, 9, Kc. Whenee 
T = 1—8b+28c—564, &c. = 1—8Xx3+28x9| 
e TR N ILY + 28 X 729 —8X| 
2187 + 6561 = 32896—32640 = 256 ;. that is, 
'2 £61 is the firſt i of the eight order of differences. 


1: 1 24 . 

What i is the firſt of the 5th order of di Herences, of 
this:ferits, 1; 3, n ves Sc. | 

% ee. 2 5. 
then (Pr. I.) —T = 1 —5b+10c—10d + 56 — / 
8 r TED ZI — 375 = T3 5 
that 1 is, LEE — 8. | 

Ex. 3. 

What is the firſt of the _— order of differences 
of the ſeries of cubes,” 1, 8, 27, 64, 125, Sc. 

Let A, 3, c, d, &c. = 1, 8, 27, 64, &c. 
1 = 4. Then (Prop. I.) T = A—4b++6c—4d+e 
= I—32+162—256-+125 = 288—288 =o, ſo 
that T o, the fourth order of differences. 


. | 
What is the 20th term of the ſeries I, 8 » 27, 64, 
125, Se. 2 129 
Here put 1, 7, 12, 6, for A, AB 
B, C, DA S 0; then (Prop. 0 
II. ) the 2oth term will be = KA g 7 D 
18 8. | 
+198 + ——C+ SD OY, 
CTC 64 37 24 5 
$8000, the 20th term of the ſe- | | 
ries. 125 
| Ex. 


Ex. 


1, 4 9, 16, % 3% &e 


21+ 3un— 31 _— | 


Seit. H. METH QE! 
Ex. 8. 


2 


What is the 20th term of the triangular numbers 


Y, „ 0, 1 1s 21, Se. 


A 
Here A, B, C, D, are e- 3 
qual to 1, 2, 1, o; and 
n S 20; therefore (by Prop. 3 
II.) the 20th term = A+1 9B 6 
+ 19x9C = 1 +38 + 171 _ 
= 210. OO 
n 15 | 
Ex. 6. 


B 
C2 
2 D 
1 
1 
„ 
5 


To find the ſum of n terms of the arithmetical 


progreſſion 1, 2, 3, 4, 3, Sc 


Put a, d; d l, 1, 0, then thy 
Prop. III.) the ſum of u terms of _ 


—— 


* 


ſeries 1 is n+n. = + zun— 1 = 


un u 1 


2 — 


Ex. 7. 


I * 
1 1 . 

1 
82x 
4 * 


To find the ſum of n terms of the | ſenare numbers, 


Here a, dg, 3. 
2, Oz whence (by Prop. III.) 
the ſum of n terms is = = #+ 3% 


1—1 NXU—IXn—2 
8 4. 


* 


2 * 
g9—3 2mn—bn+4 


2 6 1 + 7 | WET as 


D 
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| 2nn+ 31n+1I z _ 8 Mm he 1 


6 t - 


x terms. 


Ex. 8. 


To find the ſum of n terms of the cube numbers, 1, 
8, 27, 64, 125, Cc. 


Here ſubſtituting the 
values of a, d', d, d“, p 
by Prop. III. we have ny 4 4” 
the _ ant terms = 7 


n+1X TX 7 +120 


. 111% —61 
4 


E 


3 
= 3 the ſum of n terms. 


Ex. 9. 


To find the ſum of n terms of the Hiquadrate num | 
bers, 1, 16, $1, 250, Os, 


Fere ſubſtituting a 4, 
„„ O = Sw 
&c. their values o, 1 4 * 
4, 14, 36, &c. and - -- 5 14 36 
the ſum of » terme 46 3 50 0 
of the ſeries 1, 16, 63 60 24 
81, &c. being the 2 1 
ſame as the ſum of 256 75 194 


+1 terms of the 
ſeries o, 1, 16, &c. 


therefore (by Prop. III.) ſubſtituting n ＋ 1 for 2 


the 


the 


d“, and urg for ny we 


Sect. II. M ETH OD. 35 


| . 3.— 
the ſum will be "= + N14. 


N= —t* ＋ 21 n—gnt+ 61 + 3 —6n | 
CO. * 


24 = ++ er, the ſum of terms 


required, of the ſeries 1, 16, 81, &c. 


Ex. 10. 


To find the ſum of n terms of the ſeries 1, 6, 20 
50, 105, 196, 336, 540, 825, Ce. 

This 1s the ſame thing 
as finding the ſum of »+ 3 
terms of the ſeries o, o, 
On I, 6, $% 36 ce 
Therefore writing o for a, 
4, d; and 1,3, wed” 


4 4 2 
o 4 
5 1 


W wm © © 8 


—S 


oO + = O 
[8 


have (by Prop. III.) the ſum 


2.2.4 
n+ 3X1 + 2X#+ In. 
2.3.4. 


21 + 14 40 +451 + 18% _ 
IG re OR the ſum of u terms 


of the ſeries 1, 6, 20, 50, &c. 


2 52 


x. 11. 


Given the logarithms of 101, 102, 104, and 105; 
to find the log. of - 103. 


Here are 4 quantities given; therefore by Prop. 
VI. againſt 4 you have a—4b+6i—4de =0; 


where c is ſought, and all the. reſt are given; there- 
4Xb+d—a+e \ 


fore we have c = — 7 


24 © = - 


36 THE DIFFERENTIAL 
4a = 2.0043214 
þ = 2.0086002 
d= 2.010333 
e = 2.0211892 


b+d = 4.0256335 

| + 
4xb+4d = 1b. 1023340 
ate = 4.0255107 


6) 12.0770233 
2.012832 the log. 103. 


Ex. 12. 


| There are given the cube roots of 45, 46, 47, 48, 
and 49; to find the cube root of 50. 


Here five quantities are given; whence (by 
Prop. VI.); againſt 5 you have a—55+1o0c—104 
+5e—f = o, where f is required; therefore f = 


a—5b +10c—10d-+ ge. 

N. Log. | 

45 3.556893 =a. a= 23.556893 

463. 583048 = 5. x0c = 36.088260 

473. 08826 = c. 5e 18.296530 

4803.634241 l. 2.41583 

4003.659306 = e. 17.915240 
36. 342410 
84.252550 


f = 384033 S cube root of 59. 


Ex. 


Sect If, METHOD: Ö 
Ex. 13. 


Given the natural tangents 75 88 54', 55', 56,, 
37', 58', 59, and 890; to find that of 880, 58”, 18”, 
Tangents 
A = 52.0806 Tg C 
= [3 8014.36 D 


5 = 52.88210 8 

e. 70858 TH: 626478 3 1193 76 G 

d 54.561 300 352713 27504 1262 83 7 x 
I 880217 1352 38 

e = 35.441317 28856 91 


— 36.280 909073 | 443 
= = 2» ods ore "99 

Here taking 880 54' from $88* 58” 18”, the re- 
mainder is 4' 18” = 4.3; therefore put = 44 


and (by Prop. V.) y = A+4.3xB + —— 12 —_ £23233 C + 


3e. . 
—— 3 D 4 E323: = 2 3E 5 
4.33. — 2.3 F. + 
4+ 3X3+- 3X2.ZXLI. 3X. 3X .—. 7 = 
720 
and collecting the terms, 52. 080673 
3.446173 
177673 
6489 
Me. 


Tan. 88 58' 18“ = 55: 711144 


11 
Given the log. fines ef 10 O, 1. 14.1% 25 228 
to find the fine of 11 40”. | 


Sines B | 
A xk 241 8553 C 
2 4 2490332 11079 — 1168 2 
8.2 560943 — 


46 
d = 8.2630424 . 
D 3 Then 
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Then ſubtracting 1* O.“ from 10 1“ 40”, there re- 

mains 1 40“ = 15 Su; then (Prop. V. )the fine to 
f „ n 

be interpolated is y =A+ 1 g c, that is; 


+ 8.241853 
TH + 119631 


S. 1* 1' 40” = 8.2537533 
Ex. 15. 


Given the ſeries „ ns FE ; to 1 
that which ſtands in the middle between r and 


To fave the trouble of reduction, take he 1 


garithms of the numbers. 

x —_ = C 
. 8600 D 
. — I. 71 933 — 82726 1605 _ i > 8. 
Te” ne Ts 7242759 — 81199 547 

**. — 17323938 


Then ꝓut & 22 the diſtance of the number to 
be interpolated, from 3%; then by Prop. V. y = 
A+5B+FC+-D—+5,E. In numbers 

— 1.6989700 
— 215005 


— 17264727 
+ 3133 
— 1.720194 being 


the log. of <— = the number ſought. 


5 
Ex. 


Sect. II. MWE T HOP. 39 


16. 8 
Given three diſtances of the ſun from the tropic, 8. 
and the times of Men. To find the time of the 


ſolſtice. 


viz, 'Dec. _ 39 
. 6 
24 74. | 
Comparing this mou Prop. VII we a 8 = 30% 
ö, „ ß], then B = 
C—b 68 _ B1—B 


552 . = 2+q 
5 = 1344 then (Cor. Pr. VII.) y = 39— 
3313, or y = 39-46 t 13 


So, becauſe y is nothing at the time of the ſol- 
ſtice. Therefore xx—3.3713x = —2.8024, and 


x—1.6856 t. * . 3724, and x =1. 3132, 
r = 2.0580. 


. 


5 | Ex. 15 
Given a comet*s diſtance from the ſun on the follow- 
ing days at 12 at _— zo find its diſtance Dec. 20. 
-Decemn. 12. dit: 30 . 
Cie. 620 = 6 
BESS» ok 715 e 
4/2 RA 


Here x = 8, the time after Dec. 12; and by 
VI. P 9, 423, 1 2 and B= Oh 


35.4444; BI = == 31.6666, B2 =2 =38. 53 


; 2 1666 
C = — 0 — —.3 148, C1 — — 


—.6333 D 2 = — . 0227; then 
1 5 


4 THE DIFFERENTIAL 
y = 301+35-4444X8—3148X$X—I—.0227X—I 


X—4 = 301+283.5555+2.5184—.0908, that is, 
y = 586.9831 the comet's diſtance Dec. 20, at 12 


at night. | 


Ex. 18. 
Given five places of a comet; to find it Nov. 16d.—17b. 


. 
Nov. 3 17, place Leo 29 5 
65 15 13 


1 10. 5 © + 18 32 

is 1 52 

20 17 . - « 28 10 

Proceeding by Prop. VII. we ſhall have 
Nov. 3 17 


ee: 22 = 1.9166 = p. 


. 5 11 24. 
* 6 ˖ä err. 


8 2 
3 za x 29 = 1.8333 = +. 

Leo 29 31 24 332 3.8333 = bg. 
Virgo 5 4 5 12 h 3. 
. 8 22 =4 33 20.= 33-3333 = 4c. 
Libra 3 [dong 9 . 


B = 1.8436, C g. o8 14, D Sg. o0o28, E= —. ooo 

BI = 2.4099, CI . 1246, D —. 0016 

Bz = 4.0609, C2 . 1008 e 

Bz = 5.0729 / 
from Nov. 16 17 l 
take Nov. 3 17 


3 | 
remains 13 O therefore x = 13, whence 


Cor. 1. Pr. VII.) y = a+1.8436xX13+.0814Xx13X- 
11.08 34 +.0028X13X11.0834Xx6.0417—.0003X13 


X 


Sek. II. 909 


X 11.0834X 6.41 X—2. 1666 = 44385 6982 = 

Leo 29 51'+38* 41 53" = Libra 8* 32' 53”, its 

place nnn 16d. 17h. | 
2 19. 

In the FE 1, xc, OX —X I, Ext x2 


wu ixZxt : T i *X1, Oc. ; find the 5 in the 
middle between the ſecond and third. 


to find the area of the curve AMO. 


By Cor. 1. Prop. IX. A AM+CQ = 5+8 

=13. B = BP = 7, then for three ordinates, the 
A+4B 8 

aca = L 10 5 TPO ng 


Ex. 21. 


_ the length of four equidiſtant ordinates (5, 


7, 8, 10), and baſe MR = 10, to find the area of 
the curve AMRD. 


Here A AMT DR = 15, B BP+CQ = 


A+2B I 60 
IX.) is - —— LS „% AN 
755 as required. | | 


15. Then for four ordinates, the area (Cor. 1. 


4 1 


A 3 By Prop. V 
E N am; — 3 
1 3 &c f — 22 r 
2 K 4 1 a * R om 1 —— 
2 7 1 — "7 | 
C N 1 nn 
27 TY So TEE) 7 
. „ V = 3457» &c 
27 3 > TO. * 
3 
＋ 
then y = — A. TIC DTF E— P- —_ &c. 
that is y = 4.357. 
Ex. 20. Fig. 


Given the lengths of three equidiſtant ordinates 10. 
(5, 7, and 8); and the length of the baſe MQ = 10; 


II. 


jo. 


| THE DIFFERENTIAL 


3 Otberwiſe, 5 
Put AM = 5 ＋10 = 15, and BP =7+8 = ij 
153 then put A AM + BP = 30; and the area f 


i TN O | 
for thefe two ordinates 1s = - *X La= x5 = 75. 


Ex. 22. 


Given the lengths of five equidiſtant ordinates, (10, 
11, 14, 16, 16), and the length of the baſe MS, 20; 
to find the area. | 

Here A =AM+ES = 26, B = BP+DR = 
27, C=14, L 20. Then (by Cor. 1. Pr. IX.) 

. 7A+32B+12C 1824864 +168 
the area 1s 90 _, = 90 X 
20 = 5 X80 = 2693. X 
Or thus, 

Reduce it to 3 ordinates, putting AM = 10+16 
= 26, BP =11-+16 , CQ = 2X14 = 28. 
Then A = AM+CQ = 54, B =27; then the 


A+4B 54 +108 - 162 
6 * 10 = 8 * 10 S X 10 | 


Or thus, 

In the laſt curve, the three ordinates are 26, 27, 
28; make AM = 26-27 = 53, BP =275+28 | 
=55, L = 5; and put A=AM+BP= 108; | 


108 | 
then the area =>L 0 5 270. 


: Ex. 23. 
Given the lengths of fix equidiftant ordinates, (10, 
12, 11, 7, o, 9,); baſe 20; to find the area. 
Here A = 10—9 1, B=12+0=12z, C = 
1177 = 18, L= 20; then (Cor. 1. Pr. IX.), 
ä area 


es. II. METHOD. 1 
19A +75B+50C 194+900+900 

„ Pd es 

20 = 288 20 1262 r; where note, as the or- 


181 
dinate VF is negative; the area SVF below the 
baſe, is 110 negative. 


- 


Or thus, 
Divide the area into two parts, one with four 
ordinates, the other with three. For the four or- 
dinates 10, 12, 11, 7; we have A = 17, B= 233 


F 1 86 
0 and the area = =, I = x 12 =7F ' 
X Wx 12 = 129. 
For the three ordinates 7, o, 9; we have 
= 


ts Mi Oy whence the area = L= 


—2 
2 8 


Then the 2 area = 129—2 = 11. 


. 

Let 18 ordinates be given in a curve, o, 2, 3, 4, 
6, 5, 3, 1, — 1, —3, — 4, —5, —5, —3, —1, 
o, 2, 5; and the baſe 17; to find the area. 

The ſhorteſt way is to take three or four ordi- 
nates at once. Thus for the four ordinates o, 2, 
3, 43 we have A=4, B=2+3=5; and the 
AB, 441g _57_ 

8 — ns 1 X 3 oy 7a 

Then for the area with _ four ordinates 4, 6, 5, 

35 here A=4+3=7, B=6+;5=11; and 


7 +33 | 
the area = F XZ = 15. 


Again, with the four ordinates 3, 1, — 1, —33 
here A So, B = = ©, and the area =o. 


'Then 


[ 


44 Tux DreyrzenTIat Metro. 
Then with the four ordinates —3, —4, —5, 
—5;; here A = —8, B = —9; and the area = 
85 
8 — X 3 1 33 = 13 T. 
Then with the four ordinates —5, —3, —1, 
o; here A= —35g, B=—4; and the area = 


Rk. 3 2 — x * 3 = —64. | 
Laſtly withthe * ordinates o, 2, 5; here A 5, 
5+8 13 . 


B=2; and the area =" NK 4 


Then the ſum of all theſe areas is 75+15—134 
62.5447 = 623 24 ; that is the whole area = 633, 
eſteeming theſe p parts negative, that are below the 0 
baſe. e 

| Ex. 25. 

Given 8 ordinates of a hyperbola between the aſ- 
Steves, 33, 4%, 35; 35.06 23% 33» 434 12 Ml 
the area. 
| Here . ='2.00000 

5 = 57 = 0.90909 
c =7+ = 0.83333 
4 0:76082 
e N = 071428 
-  f = IE: 0.66666 
2 0.028 
| 1 EE 0 0.408625 
then A B = 1. 58823, B = b+g = 1.53409, 
C =c+f =1.5, D = de = 43615 then 
(Cor. 1. Pr. IX.) the area = | 


251A +3577B+ 1323C29+89D 0 
7a L, where L = 7; 


that is, the area =} 5 NO 39 

1192-70 +5487-44+1984-5+4434-21 
17280 

5.3062, as required. 
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ELEMENT S 


OF THE 


ONIC SECTIONS: 


DEMONSTRATED 


n THREE BOOKS. 


Book I. Of the ELtiess. 
Book II. Of the HYPERBOL A. 
Book III. Of the PARABOLA. 


% 


— =_=_ * — 


t fi omnia d veteribus inventa eſſent : hoc tamen ſemper 
novum erit, uſus et inventorum ab aliis ſcientia et diſpoſitio. 
g | SENEC. 


"RINGS 


_—— 


17 


TT HE 


P'R E£ © AC 


2 7 is not my deſign in this Treatiſe, to lay down all 


the 


properties of the Conic Sections, but ſhall confine myſelf to. 


ed but few things that are either uſeful or curious. 
The moſt uſeful and remarkable curves, next the circle, 


thoſe that are moſt uſeful. For to ſay all that has been writ- 
ten, or may be written concerning theſe curves, would far 
exceed my intended brevity, and be attended with no advan- 
tage. Therefore ſetting afide all trifling and uſeleſs propoſi- 
tions, I have endeavoured to explain the chief and moſt conſi- 
derable properties of theſe curves, and I think I have omit- 


are 


the Conic Sections. T heſe curves mate a conſiderable branch 


in geometry. They are of great uſe in ſeveral parts of 
mathematics, Rakes Srv al 
figns ; likewiſe in the Projection of 


the 


in Dialling, for delineating the 
k ſphere, where ſeve- 


ral of the circles are projected into Come Sections; and the 


like in Perſpective; alſo in Optics, to reflect or refratt 


the 


rays to a geometrical focus; all Aſtronomy is built thereon ;; 
the Conſtruction of algebraic equations depends much upon 
them; they are very uſeful in natural Philoſophy for inveſ- 


tigating the phanomena of nature. A man cannot be a pro- 


ficient in the 22 parts of the mathematics, without the 
0 


knowledge of the Conic Sections, which leads the way to 
higher geometry. And it is abſolutely neceſſary to know 
fundamental properties, {iy all 400 perſons, as would make 
advances in natural philoſophy, and for underſtanding 


amazing diſcoveries of the laſt age, in the mechaniſm of the 


univerſe, 


the 
the 
any 
the 


As to this Treatiſe, I have comprehended all I had to ſay 
on this ſubject, in three Books, for the three Conic Sections 
ſeparately : which is better, at leaſt for beginners, than 
treating them altogether, in a more abſtract and general man- 


ner. The ſeveral propoſitions are delivered in ſuch order 


„ 4s. 


they 


— 


1 T-HE PEAEFACE 
they ſeemed moſt naturally to follow from one another; an, | 
for the ſeveral Sections, are laid down næariy in the ſame cr. 
der, and almoſt in the four words, that the relation they har 
to one another, may the better appear. | 

In the Hyperbola, many of the propoſitions comprehend (| 
great many particular caſes, which would require a vaſt nun. 
ber of cuts to deſcribe them all, as they relate to the oppoſe 
Sections, or to the conjugate hyperbola's. Therefore I hau 
treated them in as general a way as I could. And any parti. 4 
cular caſe may be eaſily inferred from the general propoſition, 
mutatis mutandis, attending duly to the nature of that pri. 
poſition. And to aſſiſt the reader's imagination, in the moſt re. 
markable propoſitions, I have denoted ſuch particular caſes h 
ſmall letters of the Alphabet. And in many 2 I bar 
done the ſame thing with the other Sections, where it appear- 
ed neceſſary. | | 

T have choſen to demonſtrate theſe their properties from their 
ſimple deſcription upon a plane, without making uſe of tht 
cone, as being eaſter to underſtand. For when the demon- 
ftrations are taken from the Sectians of a cone, they are mor: 
difficult to comprehend, by reaſon there are ſo many interſec- 
tions of planes with planes, and planes with ſolids, that the 
reader is confuſed with them. Whereas theſe properties ar: 
eaſily drawn from their mechanical deſcription upon a plane, 
and the demonſtrations are more ſimple and natural. 

At the end of each Book I have given a collection of the 
moſt uſeful Problems. And laſt of all I have ſhewn what 
fort of curves theſe are, which are made by cutting a cone by | 
a plane in ſuch and ſuch poſitions ; and have demonſtrated 
that theſe are the very ſame curves, we have here been treat- | 
ing on. So I hope the reader will be ue here with every 
thing that is neceſſary for him, in this branch of geometry. 


W. Emerſon. 
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DEFINITIONS. 


DEFENSE 
F two pins be fixed at the points F, S; and a Fig. 
thread PSFP, put about them and knotted at P; 1. 
then if the thread be drawn tight, and the point P 
and the thread be moved about the fixed centers F, 
S; the point P will deſcribe the curve PDpBEAP, | 
called an Elliꝑſis. 


| DEF I 
The points or centers F, 8, are called the Foci. 
DES. HE 
The line AB, drawn thro? the foci to the curve, 
is called the tranſverſe Axis. EY 
DEF. IV. 


The point C in the middle _ the axis AB, is 
the Center. 


W v. 


The line DE, (drawn thro' the center C) per- 
pendicular to the tranſverſe AB, is called the con- 


E DEF. 


Fig. 
. 


THE EI 1. 


DEF. 


Any line TO, drawn thro” the center C to the 
curve, is called a Diameter. And the extremity T 
(or O) its vertex. 


DEF. VIL 


TO be a diameter, then the diameter GK, 
drawn parallel to the tangent at its vertex I, is 
called its conjugate. And the two diameters TO, 


. GK, are ſaid to be conjugates to one another. 


DEF. VII. 
The line LR (drawn thro” the focus F, perpen- 


dicular to the tranſverſe axis AB,) is called the pa- | 


rameter or latus reftum. 


DE F. . 5 


A line drawn from any point of the curve (as HI) 


1 to the tranſverſe axis, is called an 


Ordinate to the tranſverſe. And in general, any | 


line drawn from the curve to any diameter TO, pa- 


rallel to its conjugate GK, (as HN,) is an ordinate | 


to that principal diameter TO. If it go quite thro' 
the figure, as Hb, it is called a double Ordinate. 


DEF. 


A right line meeting the ellipſis in one point M. 
but does not cut it, is called a 7. . to it in that 
point, as TM. 


DE F. II. 
* he part of the diameter between the vertex and 


the ordinate, is called the Axſciſſa: TN, AI. And 
the Vertex is the extremity of any diameter. 


PROP. 


d 
d 


pa 
-=4 
1 
4 
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Fig 


FRI. 


The ſum of the lines FP, SP, drawn from the foci, 
to any point of the curve, is equal to the tranſverſe 


For by conſtruction, PF+PS = AF+AS = 
AF+AF+FS = 2AF FS. And the ſame PF + 


WPS = 2BS+FS; therefore 2AF+FS = 2BS+ 
FS; and 2AF = 2BS, or AF = BS. Whence 
pres =2AF+FS = AF+BS+FS = AB. 


Cor. The two foci are equally diſtant from the ver- 


eres, and alſo from the center: AF = BS, and 


bC = 
For it is proved that AF = BS; and fince AC 


= CB (def. 4), therefore AC—AF = CB—BS, on 


FC = SC. E 


PN 


A line drawn from the end of the conjugate axis, to 


the focus, is equal to half the tranſverſe, DF = CA. 


E 


1. 


Draw DS to the other focus. Then the two 


Wright angled triangles CDF and CDS are ſimilar 


and equal. For SC = CF, the angles at C are 
right, and CD common; therefore SD = DF; and 


ſince the ſum SP+DF = the tranſverſe (Prop. I.), 


one of them DF = half the tranſverſe CA. 
Cor. The diſtance of the foci is a mean proportional 
between the ſum and difference of the tranſverſe and 


conjugate axes, SF* = BA+DE x BA—DE. 

For CA.” a DF* = DEC* SCF? ;, and CF? = 
CA*—CD* = CA+CD x CA—CD, and 4CF? 
or SF* = 2CA+2CD x 2CA—2CD. 


E. 2 PROP. 


* a . * * 4, 5 . 
b ö : 


3. 


TRE NX IS. 


PROP. III. 
The rectangle of the focal diſtances from either ver. 


tex, is equal to the ſquare of * ſemiconjugate : AFxl x| 


= DC”. 


For DC* = DF*—CF* = (Prop. II.) CA. 
CF* = (Geom. I. 12.) CA+CF x CA—CEF = * 
| BEFCF x CATF = BFxFA. N 


PR U Iv 


As the tranſverſe axis to the conjugate, ſo the con b 
92 to the latus rectum of the tranſverſe: AB: DER 


DE: LR. 
For SL+LF = BA = 2CA (Prop. I.); ant 


SL = 2CA—LF, and by ſquaring (Geom. I. 11.) ; 
SL. = 4CA*—4CAXLF +LF*. And in th 
right angled triangle SLF, SL* = SF* +LF'j 


whence TAC "CALF +LEF "= SF* + LF 


and 4AC*—4CAXLF = SF* = 4CF?, and 4 AC} 
=4CAxLF+4CF* = =4CAXLF+4DF * —4DC* 
and 4AC*+4DC* = 4CAxXLF+4DF*; but CA 
= DF* (Pr. H.) h 4DC* = 4CAXLF | 


2CAXx2LF ; that is, DE* = BAXLR. 

Cor. 1. As the ſemitranſverſe is to the ſemi-conju 
gate, ſo the ſemiconjugate to half the latus rettum; 
AD: LE 

Cor. 2. As the ſemitranſverſe, to the di bauer q 
the focus from the center; ſo is the ſame diſtance, | 


_ the difference between the ſemitranſverſe and half th 


latus reltum: FC. = CAXCA—LE. 
For 'CF* = DF ob” = (Pr. II.) CA 
CD* = - CA'—CAXLEF (Pr. IV. 1.) 


Col 


B. I. THE ELLEPSESR 
Cor. 3. The rectangle BFA = half the tranſverſe Fig. 

x half the latus rectum = CAXFL. By Cor. 1. 3. 

and Prop. III. 

Ell SCHOLIUM. 


Since the tranſverſe axis is to the conjugate, ſo 
the conjugate to the latus rectum, of the tranſverſe 
axis. Therefore in any other diameters, the third 
proportional, to the diameter and its conjugate, is 
called the /atus rectum of that diameter. | 


FRF: V. 


From any point M in the curve, drawing the lines 
MF, MS; to the two foci ; and the ordinate MP per- 
pendicular to the tranſverſe axis BA; it will be, 

As the ſemitranſverſe, CA: | T = 
to the diſtance of the focus from the center, CF : : 
So the diſtance of the ordinate from the center, CP: 


MS—MF 
to balf the difference of the lines MF, MS, or —— —— . 
For make SD = CA, then SM = CA+DM, 
AC and FM = 2CA—SM = CA—DM. In the right 


CW angled triangle SMP, SM“ or CA* +2CAXDM+ 


CY D- (Geom. I. 10.) = SP* +PM* = CFFCP 
+PM* = CF* +2CFx CP+CP*+PM, and in 
the right angled triangle FMP, FM* or CA*— 


un 2CAXDM + DM* = FP* +PM* CFP 

+PM* = (Geom. I. 11.) CF*—2CFxCP+CP* + 

ico M“; then ſubtracting the latter equation from the 

. former, SM*—FM* = 4CAxXDM = 4CFxCP, 

If th and CF CP = CAXDM. But fince SM = CA 
TDM, and FM = CA DM; therefore SM 

1 M = 2D M; therefore CF x CP = CA x 
SM—FM | 


2 - 


Ca | — Cor. 


$ THE EC LEFeTS HR 
Fig. Cor. 1. If F, S be the foci, MP an ordinate, i 
+ thenitisCA : CF : : CP: CA—MF or SM CA. 
For CPXCCP = CAXDM, and DM = SM— | 
CA = CA—FM. 3 
Cor. 2. If F, S be the foci, MP ar ordinate ; then 
the difference of the ſquares of the lines SM, F M, i 
that is, SM*—-FM* = 4CFxCP. Y 
Cor. 3. If F, S be the foci, MP an ordinate; b. 


then CA SFM = 2CFxCP. I 0 
For SM. — FM* = SM+FM x «== is 
(Geom. I. 12.) = 2CA x SM—FM = 4CFxCP, 1 2 
and CA x SM FM = 2C FCP. 3» 
SCHOLIUM. = c 
If PM falls on the other fide of F, as pm, then 3 
FF = Cp—CEF, and its ſquare the ſame as before, 
and the reſt of the demonſtration the ſame, J 
PROP. VI. : 
PE If an ordinate MP be drawn to the tranſoei 7 
F axis; it will be, | 
As the ſquare of the tranſverſe, 3 f 
to the ſquare of the conjugate, NE. th 
So the rectangle of the ſegments of 5 nj BPA: MP 
to the ſquare of the ordinate, PM)). 
For make SD = CA, then DM is half the dif. H“ 
ference of SM and MF; therefore by Prop. V. 15 
W and (Propor. 13.) 8 


TA: CA+CForBF: CP: Cp DM, and (Pro. 4.) 
CA:CF:: BY: CP-+DM, and (Propor. 13.) 
LA: CA+CP or BP : : BF: BF+CPÞ+DM. 

But BF. = BC+CF = SD4+CF; and BF+CP} 
+DM = SD+CF+CP+DM = = SM+CS+CP 
= SM+SP; whence 

CA: BP : BF: SM+8SP. 
Again, 
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Again, ſince CA: CF: : CP: DM; then Fig. 

(Pro. 13.) CA: (CA CF) AF:: CP: CP DM; and 4. 

(Propor. 4.) CA: CP : : AF: CP—DM, and 

(P. 13.) CA: (CA CP) PA:: AF: AF=-CP+DM. 

But AF = CA—CF = SD — SC; therefore AF 
—CP+DM = SD—-SC—CP+DM = SM—S8P; 
therefore | | 
CA: PA:: AF: SM—S8P, and we had 
before, CA: BP : : BF: SMS; then multiply- 
ing theſe proportions together (Propor. 18), we have 
X CA* : BP PA:: BF eFA: SM*—SP* (Geom. 12.) 
23 But (Prop. III.) BEFA — CN“, and Geom. II. 
P, 21. Cor. 1.) SM*—SP* = PM“; therefore CA“: 
BPA: : CN“: PM?, or alternately . 

CA*:CN* BEA FR”. 5 
or BA* (4CA*) : NE“ (4CN*) : : BPA: PM. 
en Cor. x. CA* : CNR : : BFA: PM. 
re, . Cor. 2. As the tranſverſe BA : 
- to its latus reftum :: 
So the reftangle BPA: 
4 10 ſquare of the ordinate PM“. 


7: | For (Prop. IV.) latus rectum A whence ſince 
5 BA“: EN* :: BFA : PM”. 


2 


therefore BA : —_ or latus rectum : BFA: PM* 


(Propor. 6.). | 
Cor. 3. The re#angles of the ſegments of the tranſ- 
ib ver/e, are as the ſquares of the ordinates. 
For every rectangle is to the ſquare of its ordi- 
nate, in the given ratio of CA* to CN, or of BA 
q to the latus rectum. LD 
+ Cor. 4. As the ſquare of the ſemitranſverſe CA* : 
Rectangle of the focal diſtances from vertex BF A: : 
-p So rettangle of the ſegments BPA: 
=p| Square of the ordinate PM. 


E 4 PROP. 


in, 1 | 5 


1 
8 
$ 
* 
3 
©c 
' 
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3 
: 
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| CP* : : CD* : CD*—PM* or CD*—CG? ; and al- 


on both ſides; theſe ordinates muſt be equal. Like- | 


being in a given ratio to the ſquare of theordinate ; | 


ordinates are equal at equal diſtances, 


and by Prop. V. DM = S CI by con- 


THE ELLIPSIS- 


N 4 

If the ordinate MG be drawn perpendicular to the 

conjugate DE, it will be, : 

As the ſquare of the ſemiconjugate, DC* : 

to ſquare of the ſemitranſverſe, CA:: 4 

So the rectangle of the ſegments of conj. DGE: 

to ſquare of the ordinate, GM“. | 

For by Cor. 1. Pr. VI. CA“: CD* :: BPA: PM*. | 

But BPA = AC+CP x AC—CP (Geom. I. 12.) 

= AC*—CP* = AC'—GM:; therefore CA: 

CD' : : AC*—CP:* : EM, and alternately CA: 
CA —CP: : : CD* : PM; and by diviſion CA“: 


ternately CA*:CD*: : CP*::CD*—CG* or CD+CG | 
X ©D—CG that is, EGxGD; or CA“: CD*:: | 
Cor. The whole ordinate to the tranſverſe or con- 
jugate axis, is biſſefted by that axis; and equal or- 
dinates are equally diſtant from the center. „ 
For the rectangle of the ſegments of the axis 


and that rectangle being the ſame, for the ordinates . 


wiſe that rectangle remains the ſame, at equal diſ- 
tances on each fide the center; and therefore the | 


ROOF, 


If MP be an ordinate, to the tranſverſe; F, S the 
foci; and you make CA: CF: : CP: CI; then the 
rectangle SMX MF = CA*—CEF. 


For make SD = CA, then DM = 
CFxCP 


SM—EFM 


ſtruction; 
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ſtruction; and SMxMF = CA+DM x CA—DM Fig. 
= CA*—DM* = CA*— CI. | 6. 
„ cor. #FCA:CF::CP: CI; then FM = 
Al, and SM = BI. 


4 For DM = CI, and SM = CA+DM = CA 
CIS BI, and therefore FM = Al. 
Cor. 2. CA: CF :: CP: CA—FM or SM—CA. 


| PROP. IX. 
bs ; If F, 8 be the foci, C the center, MP an ordinate 6. 
+) = 7 he tranſverſe, CE. the ſemiconjugate; then CM* 
Q_= CA'+CE SMF. h 
| : For in the triangle SMF, (Geom II. 28), SM“ 

= . +MF* = 2CF*+2CM-. But NM NMF = SM* 


u- 

6 TSM MF + MF? ; therefore SM* + MF* = 

:: 8 SM+MF — 2SMxXMF = BA*— 2SMx ME. 
= whence BA*—2SMxMF = 2CF*+2CM?. There. 

. fore 2CM* = BA*—2CF*'—2SMx MF = 4CA-: 

r- i —2CE*—2SMx ME ; and CM* = 2CA—CF⸗ 
= —SMxMF = CA*+CE*—SMx ME. 


SY Cor. 1. If CA: CF:: CP: CI; ther CM = EE 
Cc, BY It follows from this and the laſt Prop. 

tes Cor. 2. f CA: CF:: CP: CI; then rectangle 
e. BPA = redtangle SIF + PM”. 

li For BPA = CA*—CP* = CA*—CM*+PM* 


he BY = SME—CE*+PM* = (VIII) CA. CI- CE- 
IPM = CF. CI- PM = SIF＋PM⸗ 


5 PROF. 4. 

ble If from the foci, two lines SM, F M be drawn to 7. 
any point in the curve, as M they will make equal 

M angles with the curve in that point. 


Take m infinitely near M in the curve, and draw 
oy Sw, Fm; and from S and F deſcribe the ſmall 
n; | arches 


12 T HK „ 


Fig. arches Mr, mt, thro' M and n. Then ſince SM 

7. +MF = Sm+mF, by Pr. I. that is, SM+Mz+ 
iF = Sr+rm+mEF; and taking away the equal | 
quantities SM, Sr, as alſo -F, mF ; there remains | 
Mz = rm. Therefore in the infinitely ſmall tri- | 
angles Mrm, and Mzm, right angled at 7 and , we 
have Mz = mr, and the hypothenuſe Mm common; 
therefore the ſides Mr and mt are equal, and the 
oppolite angle Mmr and Mt; that is, MmS and 
mMF are equal; but m being infinitely near M, the 
angle MmS = GMS the external angle at M; 
whence MMF = GMS. 

Cor. If a line MO be drawn perpendicular to the 
tangent MT in M; the angles FMO and SMO are 
equal. | 

"F or they are the complements of the equal angles 
FMT and SMG. | 


PR.O 3; 


8. MP be an ordinate to the tranſverſe; and MO | 
perpendicular to the tangent at M; and 8, F the foci, | 
ne TA* CF” :*: CF CK = 


For (Geom. II. 25.) in the triangle SMF, where 
MO biſſects the angle SME, it is SM : MF:: SO: 
OF; and by compoſition (Propor. 13.) SMM: 
SM—MF : : SO+OF : SO—OF, that is, 2CA : 
SM—MF : : 2CF : 2CO : : CF: CO, and 


SM—MF | 

CR": ——— x CA : : CE2CO. But(Prop. 
SM—MF 

V4 — CA = CFxCP,; therefore CA* : 


2 
CFxXCP : : CF: CO: : CF* : CFxCO. And al- 
ternately CA: : ; CEXCF 2: CEXCO::0ÞP: 
© $3 | | | 
Cor. 1. CA“: CD“: CP: PO, 


For 
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For CA*: CF* :: CP: CO; and by diviſion, Fig. 
CA“: CA*—CF* or CD* : : CP: CP CO or PO. 8. 


Cor. 2. 20 : latus reftum : : CP : PO. 


For CA* : CD* :: CP: PO, and 2CA : 2 f 


or the latus rectum: CP: PO. 

Cor. 3. CA: MF :: CF : OF. 

For we had 2CA : SM—MEF : « CF 1 CO, and 
by diviſion 2CA : 2CA SMM: F: CE,— | 
CO; that is, 2CA : SM+ME—SM—+MF : : CF: 
OF; that is, 2CA : 2MF, or CA: MF:: CF: FO. 


PRO P. II 


If S, F be the foci, and MO perpendicular to the 
tangent in M; then MO* = SM x MF—SOXxOF. 


For ſince MO biſſects the angle SMF; there- 
fore (Geom. II. 26.) MO*+SOF = SME ; and 
MO? = SMF—SOEF. | 

Cor. i. MO 5 VS SMXxMEF; or ca- : 
D:: SMF: | | 

For (Geom. II. 25.) SM: MF:: SO: OF, and 
by compoſition, SM MF or 2CA : MF:: SO+ 
OF or SF : OF. 

or CA :CF :: MF: OF; in like 
manner CA : CF : : SM : SO, ane multiplying, 
CA CF- :: SMF: SOF; 
and CA,: CA*—CF*or D;: *SMP : SME—SOF. 
that is, CA* : CD* : : SMF: MO, by this Prop. 

Cet. . SME = MO- +BOA—CD*. | 

For SMF = MO* +SOF. But SOF = SC 
CO = BC*—CD*—CO* = BOA CD!. 


PROP. 


1 


Fig. 
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PROP. XIII. 


Tf thro* any point M, the line SG, equal to BA, 
be drawn from the focus S, and FG from the other 
focus F; and the line MD be drawn to the middle of 
FG ; then MD will touch the curve in M. 


For draw FM, then MG = AB—SM = FM; 
therefore MD is perpendicular to FG, whence FM 
8 

To any other point m, in the line DM; draw 
Sm, Gm, Fm; then in the triangles GmD, FD; 
the angles at D being right, and the including 
fides equal, the hyp. n = mF. In the triangle 


Som, the ſum of the two ſides Sm nm is greater 


than the baſe SM+ MG, (Geom. II. 5.); that is, 


1 10. 


- CD*—-CQ». But (Prop. VI.), AC* :- CD.: : BPA 


Sm is greater than SM MF; and therefore 
by conſtruction of the ellipſis, the point m is with- 
out it; and ſo are all points except the point M. 

Cor. 1. The tangent at M, biſſefts the external 
angle FMG, - made by two lines drawn from the 


focus. 


Cor. 2. The tangents at A and B are perpendicular 
to the tranſverſe axis AB; likewiſe a tangent at the 
end of the conjugate is perp. to the conjugate. 


PR OP. XIV: 


F PM be an ordinate, AD a line drawn from 
the ends of the tranſverſe and conjugate axes, and 
PQ parallel to AD; then PM. = CD*—CQ* = 
DKE. | 
For by the ſimilar triangles ACD, PC, AC: 
GD:-PC: CO; and AC*: C3 >: PC*:CQs ; and 
(Propor. 13. laſt caſe) AC:: CD* : : AC*»—PCz : 


ar 
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or BCG TD=ET. - 
PROP. XV. 


If MP ze an ordinate to the tranſverſe axis, 1 1 


MH be drawn perpendicular to the curve at M, 


cutting the tranſverſe and conjugate axes at O and 


H. It will be as OP: OC: : CD»: CF, F being 
the focus. 


For (by Prop XI. ) CA: : CF: : CP: CO. And 
by diviſion, C K. — CE-: : F:: C EO; 
that is, CD» : CF* : : OP : CO. 
Cor. 1. CD*: CF® :: MO: OH:: : MP: CH:: 
PO : CO. _ 


This follows from the ſimilar triangles MOP | 


and HOC. 
* if L be the latus reFum of AB; then, 
L: AB—L:: MO: OH: : OP: OC : : MP: CH. 
For CD-: CF* or CA*—CD* : : MO: OH, &c. 
CD». 


G 
(by Cor. 1.); therefore =o: : CA — + EX * : MO: 


OH (Propor. 5. Cor. 1.); that is, (by Pr. IV. Cor. 1.) 
xL: CAL: : MO : O; or L: BA—L : : MO: 
OH, &c. 

Cor. 3. CA: CH PM: PM:: O 

For CD* : CF: : MP: CH; and compounding, 
CD.: CD*+CF* (CA): Mp: MP+CH: : CP: 
OP. 

PNF. XVI. 


if PM ze an ordinate to the tranſverſe, Mr. 4 
tangent at M; then CP, CA, CT are continually 
proportional; C being the center. 


For draw MO perp. to MT, then (Prop. XI. 
Cor. 1.) CA*: CD* :: CP: PO:;: FC CPRPFOL 
and 


15 
or AC*—PC* : PM:; therefore PM* = coe. Fig. 


12. 
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and drawing PQ parallel to AD, then CA* : CD* : : 1 


CP: : CO., by ſimilar triangles; whence CP; :CP 8 5 


PO: : CG: CO., therefore CP PO = CQz; 


Ax. 7. Proportion. But in the right angled * 


gle OMT, where MP is perp. to OT, OPx PT 


= PM (Geom. H. 20. Cor:2.) 5 GD. CQ. 
(Prop. XIV.) = CD*—CPxPO, by what is juſt . 


proved. Therefore OP xPT+OPXCP = CD-; 
that is, OPXCT = CD», 

r : CP: : (Pr. Xi. 
Cor. 1.) CD* : CA®; that er:: 
. 

Therefore (Ax. 7. Propatt, } CPXCT = CAz; 
or TE: CA: CT== : 

Cor. 1. If C be the center, PM an ordinate, MT 


a tangent, MO perp. to MIT; then OP, CD, CT, 


are continually proportional, or OP XCTT = e. 


Cor. 2. If C be the center PM an ordinate; then 
BP: PA:: BT: AT; and therefore BT is bar- 


monically divided in the points P, A. 

For ſince CT: CA:: CA: CP; therefore 
(Propor. XIII.) CT CA: CT- CA:: CA+CP: 
CAI; 
that is, BT: AT:: BP: AP. 


PROP. XVII. 


If MG be an ordinate to the conjugate, MV a 


tangent at M, C the center; then CG, CD, CV, 
are continually proportional, 


By ſimilar triangles CV : VG : : CT : GM or 
CP: : (laſt Prop.) CA* : CP* or GM-: (Prop. VII.) 

CD- DGE « or CD*—CG?. 

And by diviſion CV : CV—VG or CG: CD- 


CG*; whence. (Propor. 12.) CV x CG* CG 4 
'& or CVxCG CD.; therefore CG: CD Þ 
are —, | | 


Cor. 


* 
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Cor. 1. F C be the center, MG an ordinate to Fi | 


the conjugate, MV a tangent, and MH perp. to the 13. 


tangent MV ; then HG, CA, CV, are continual 
proportionals. | 
For CGxCV = CDs; but CGxCV : HGxXCY :: 
CG or PM: HG (by ſimilar triangles) :: OP: GM or 
CP (Prop. KI. Cor. 1.).:: H:; CA*;- thaw is, 
CD»; HGx CV: : CD» : CA; therefore (Ax. 7. 
Propor.) HGxCV = CA. 
Cor. 2. If C be the center, MG an ordinate to 
' the conjugate, MH perp. to the tangent MV; then 
EG: GD: : EV: DV; and EV zs harmonically di- 
vided in the points G, D. 
For ſince CV : CD : : CD : CG, by compoſition 
and | $1 
diviſion, CV +CD: CV—CD:: CD-+ CG: CD- CG. 
that is, EV: DV: : EG: DG. 


PROP. XVIII. 


If a ſemicircle AFD be deſcribed on the tranſverſe 14. 


or - conjugate axis AD of an ellipſis AKD, and the 
ordinate PM be drawn cutting the circle in I; the 


tangents MT, IT, drawn from the points M, I, 
will inter ſelt the axis in the ſame point T. 


For (by Prop. XVI, and XV II.) the tangent MT 


will interſect the axis in T, ſo that CP, CA, CT, 


be in e. progreſſion. And (Geom. IV. 
26.) If a tangent IT be drawn to touch the circle 


at I, it will interſe& the diameter in T, fo that 


CP, CA, CT be in' geometrical progreſſion, the 
{ame as in the ellipſis, | 


F 


Fig. 


15. 


16. 


THE K l 


PROP AM: 


If on the tranſverſe axis AB as a diameter a cir- 


cle AKB be deſcribed , and the ordinate PM be drawn 


cutting the circle in N; then PN will always be to 
PM, in the given ratio of the ſemitranſverſe CA, to 
the ſemiconjugate CD. 


For (Geom. IV. 17.) PN. = BPA; and (Prop. 


VI.) CA» : CD- :: BA or PN: : Pal“, and there. | 


wore A: CD:: PN; PNE 

Cor. If a circle be deſeribed on the conjugate axis 
DE as a diameter, and an ordinate QR be drawn 
cutting the circle in I; then QI will always be to QR, 
in the given ratio of the ſemiconjugate CD to the ſemi- 
3 — 

For (Seom. IV. 17. QÞ= 3 And (Prop. 
VII )-CD* :CB*:: DE or N : (. There- 
* DC: CB : : Q : QR. 


PROF. AX. 


If the line FD be drawn from the focus, perpendi- 
cular to any tangent MD; then the interſection D 
will be in the circumference of the circle ADB, de- 
ſcribed on the diameter BA the tranſverſe axis. 


For produce SM from the other focus, and FD 
till they interſect in G. Draw CD, FM. Then 
in the right angled triangles FMD, GMD. The 


angle FMD (by Prop. XIII. Cor.) = GMD, and | 


MD being common; therefore FD = DG, and 


FM = MG ; and ſince FC = CS, therefore CD 


1s parallel to SG (Geom. II. 12. Cor. 1. ). There- 
fore the triangles FCD and FSG are ſimilar; there- 


G 
fore, ſince FD = FG, CD = 5SG = — 


—— 
— 


{ _w wy WW 


bs 


Indy 3F &f Rl RG BB W 


ul 


FP 


* 


circumference ADB. 


- — BCA, therefore D is in the 


* 19 


Fig. 


16. 


And by the ſame reaſoning, if S is the other fo- 


cus, and SH be perp. to MH; the point H is in 
the circumference of the ſame circle ADB. 


Cor. 1. If a circle be deſcribed on the tranſverſe 


J AB, and à tangent at M, cuts it in D, H; and the 


lines FD, SH, be drawn from the foci, to the points 
D, H ; then FD, SH are perp. to the tangent HMD. 


Cor. 2. If F, S be the foci, C the center, MD 8 
tangent at M; then if CD be drawn parallel to SM, 
to cut the tangent in D; then CD = CA half the 
tranſverſe. | | 

Both theſe corollaries follow from the demon- 
{tration of this Prop. | 

Cor. 3. If a tangent HD inter ſects the circle AHB 
in D and H; the perpendiculars to it, DF, HS, will 
paſs thro' the foci F and S. 

Cor. 4. F CT be drawn parallel to the tangent at 
M; then IM = CA. 

For then IM = CD, and CD = CA, by Cor. 2. 


6 - BREE. NE | 
FS, F be the foci, HT @ tangent at M; if 
SH, FD be drawn perp. to the tangent MT ; then 
SHxFD = BSN SA. | 8 
Deſcribe a circle ARH about the tranſverſe, and 
produce HS to cut the circle at R; and draw CR. 
Then ſince T H is right, RHD (Geom. IV. 14.) 


ss a ſemicircle = BHA , therefore RB = DA, and 
RCB = < DCA. Therefore in the triangles 


SCR, FCD, the ſides SC, CR, are equal to FC, 
CD, reſpectively, and the included angles at C 


equal; therefore SR = DF. (But Geom. IV. 20. 


17. 


Cor. 2.) HS SR = BSX SA; that is, HS DF 


= BSXSA = BF FA. 
. Wy, F Cor, 


20 


Fig. Cor. The refangle HSK FD = ſquare of the -| ; 


a 


= 


18. 


THE ELLIPSIS. | K 


miconjugate. This is plain by Prop. III. 


PRO AE. = SI 
If HT be a tangent ; FD, SH perpendiculars on : V 
it, from the foci; then HM: MD:: HT: TD. | 
For deſcribing the circle BHA, about the tran. | th 
verſe BA, and drawing SM, F M; then the tri- . 
angles SMH, FMD are ſimilar, for the angles at ( 
H and D are right, and SMH = FMD (by Prop. 
X.); therefore HM: MD: : HS: DF. Alſo the 5] 
triangles TSH and TFD are ſimilar ; therefore HS: : 
DF: : TH: TD; whence HM: MD:: TH: TD. 
Cor. Hence HM : MD: : TC+CF: TC—CF. Wl /: 
For HM: MD :: TH: TD: : (by ſimilar tri. 
angles) TS: TF: TC ACS? T x. | 
PROP. XXII. 2 
If HMD 37 @ tangent at M, and SH, FD, pe. 7 
pendiculars, on it from the foci 8, F, C E the "ſemi 
conjugate. Then the rectangle HMD = SMF —CE. T 
For deſcribing the circle BHDA, and drawing BI 
the ordinate PM, and producing it to the circle at 
N, and V ; we have (Geom. IV. 20. Cor. 2.), HMD 
= NMV = NP+PM x NP—PM = NP*—PM' | 
= BPA—PM* (Geom. IV. 17.) = BPA CM 
CP: ; but BPA = CA*—CP:, and BPA+CP: I BI 
= CA“. Alſo CM* = CA*+CE*—SMF (Prop. 1a 
IX.); therefore HMD = CA*—CM* = CA*'— I 
| - 
* 


PROP 


e F 

If S, F be the foci, HMD @ tangent at M; FD, g. 
SH perpendiculars on the tangent HD, CE the ſemi- 
conjugate. It will be SM: MF:: CE* : FD*; and 
MF: MS:: CE-: SH», 


For (by Prop. X.) the angle SMH = FMD; 
therefore the triangles SMH, FMD are ſimilar ; 
whence SM: MF:: SH: FD : : SHXFD : FD» :: 
(Prop. XXI. Cor.) CE* : ED. a: | 
And FM: MS:: FD: SH : : FDxSH or CE-: 


SH. | 
9 PROP. . 
If MP be an ordinate to the tranſverſe, HMT 3 19. 
tangent at M, C the center, AK, CG, BH perp. to 
AB. Then AK: PM:: CG: BH. 5 


For (Prop. XVI.) TC: CA:: CA: CP. And 
by compounding, TC : TC+CA or TB:: CA: 
CA CP or BP. And (Propor. XIII.) TC : TB: : 
TC—CA : TBB; that is, TC: TB : TA: TP. 

But all the triangles TAK, TPM, TCG, TBH 
N are ſimilar; therefore TA: TP:: AK : PM, and 
TC: TB : : CG: BH; whence AK: PM:: CG: 


ng BH. g's 
at Cor. TA: TP:: TC: TB. | 

D | 2 

N. PRO P; NI. 


T If PM be an ordinate, C the center, AK, CG, 19. 
P. B perpendicular to the tranſverſe BRA; HMT 3 

P- BY tangent at M; then AKXBH = PMXCG SCD, 
be ſquare of the ſemiconjugate. 


For (Prop. XXV.) AK x BH = PMxCG; and 
— 112 ng PM : D:: CD: CG; whence PM 
xXCG CD. _ 


P; T4. | Cor. 


22 
Fig. 
+ 


20. 


is half the latus rectum. 


THE ELLIFSTS. 
Cor. 1. AKXBH = PMxxCG = BA x lat 
redtum = BSA, S being the focus. 
This follows from Prop. IV. Cor. 1. and Prop. III. 


Cor. 2. Lines drawn from H and K to the focus 
make a right angle HSK. 

For by Cor. 1. HB: BS: : SA: AK; therefore 
(Geom. II. 16.) the triangles HBS, SAK are fi 
milar, and < BHS = ASK. 

But HSK = HSA—ASK = HSA—BHS 3 
HBA a right angle. | 


Cor. 3. Hence à circle deſcribed on the diameter 
HK wil paſs thro the foci 8, F. | | 


E RO. XXVII. 


if S, F be the foci, HMD a tangent at M, M0 
erpendicular to it, and OG perp. to SM; then MG 


— 


For draw SH, FD perp. to HD; then (by Prop, 
XXI. Cor.) SHxFD = CEL the ſquare of the 
ſemiconjugate. And by the ſimilar triangles SMH, 


FMD, MOG, MS: SH : : MO: MG, 


and MF: FD: : MO: MG; 
and multiplying, MEXMS: : SHxFD:: MO*:MG# 
or (XXI. Cor.) MFxMS : MO: : CE* : MG 


But (XII. Cor. 1.) MFxMS : MO: : CA.: CE- 


therefore CA* : CE. : : CE* : MG* 


or CA: CE :;:4E? MG =; latus rectut 
by Prop. IV. Cor. 1. 


Cor. 1. If MO be perp. to the tangent at M; U 
= latus rectum of the tranſverſe axis; then ABL. 
L: : relangle SOF: MO. | 

For we had before SMF: Mo-: CA: CE. 
CAL: : CA: L; and by diviſion SMF Mo. 

MO: CAL. L:: BA—L: 2 z but 9 

AI. ) SMF MO - = — SOF. 5 
Colt 


Hdd. 22. 8 
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Hg Cor. 2. If MH be perp. to the curve at M, cut- Fig. 
ing the two axes in O and H; and 8, F be the foci. 11. 
en SOF = MOH. 

| For SOF: MO*z : : BA—L : L:: (Prop. XV. 
Cor. 2.) HO: Mo:: MOXHO: MO»; therefore 
SOF- = MOTH. - 
Cor. 3. Therefore à circle may be deſcribed from 
ſome point yy the conjugate CD; which will paſs thro? 
the foci, S, F, and alſo thro M and H. 


PN AATUL 


IF FH be an ordinate at the focus, TH a tangent 21. 
at H, PM any other ordinate, continued to the tan- 
gent at G; then this line PG = FM, the line drawn 
from the facus to the top of the ordinate. 


"= 
8 


1. For FH is + the latus rectum; and (XXVI. 
Cor. 1.) FH CN - latus rectum X CA = FH 
Xx CA; whence CN = = CA. | 
= 2. Draw AL, BZ, perp. to AB; then (Prop. - 
XVI.) CA:CF::CT: CA. And by diviſion | 
(CA—CF) AF: CF : (CF CA) TA: CA; and | 
compounding, AF : (AF +FC) AC:: AT: (AT 
+AC) TC: : (ſimilar triangles) AL: CN or AC, 
therefore AF = AL. : 

we Likewiſe (XVI. Cor. 2.) AF:FB:: TA: 
: (fimilar triangles) AL or AF: BZ, there- 
5 BZ = BE. 

4. By Prop. XVI, CA: = cFxCT = n 


FFT CF*+CFT, and CA*—CF* or CD. = 
CFx Fr. 

5 By ſimilar triangles, TF : FH: : TC: CNor 
CA: TCXCF: ar Ca: : CAx CF: CA: CF; 
that is, TF : FH:: CA: CE. 

6. By the laſt art. CA;CF:: TF: FH: : (fimi- 
lar triangles) TP : PG. 


F 3 And 


24 THT ELLIPSIS. 
Fig. And (Prop. XVI. and VIII. TCT: CA : 
21. Cer. 2.) CA: CF: CP: FM——CA 3 
(compounding) CT+CP or TP: FM; therefore 
TP:PG:: TP: FM, whence PG = FM. 3 
Hence are drawn the following corollaries, 


Cor. 1. If TZ be the focal tangent ; ſs 
BZ perpendiculars on AB; then N 


Cor. 2. AL = AF, and BZ = BF. 
Cor. 3. CEXFT = CD®. 
Cor. 4. TF: FH:: CA: CF. 


Tae: 5. HA; ::. 


For by ſimilar triangles, :: TP: 
(PG) FM, 


Cor. 6. CA: CF: : TP: FM. : 
For CA: CF: : TF: FH:: TP: PG or FM. 


» 
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PROF Xxx. 


Tf AB be the tranfoerſe axis, C the center, F the 
* 2 feng; and if CF: CA:: CA: CT; and TE be perp. 
to TB. Then if from any point M, MF be drawn 
to the Focus, and ME parallel to TB; it will be CF: 
! CA:: FM: ME. 


Par if the ordinate FH be drawn, and the tan- 

gent TH, then (Prop. XVI.) it will be CF: CA:: 

I CA : CT. And therefore (Prop. XX VIII. Cor. 6.) 
| CF: CA:: FM: FP, or CF: CA:: FM : EM. 


Cor. MF is to ME always in a given ratio, where- 
ever the ee M is talen. ; 
Scuot ky i | 


The line TE is by the writers on conic ions 
called the Direarix. 


PROP. 


21 THE ELLIPFSIS 
FLOP. XXX: 


If BA, DE, be the tranſverſe and conjugate ares; 
and if the difference between the ſemitranſverſe and 
ſemiconjugate, be ſet from the point G in the conju- 
gate, to J in the tranſverſe, and continued to M, till 
IM = ſemiconjugate CD. Then M will be in the 
curve of the ellipfis. 


For draw MP perpen. to AB, and MR parallel 
to it, then the triangles GRM and MPI are ſimi- 
lar; therefore GM: RM:: IM: IP; that is, CA: 
CP :: IM: IP; and CA* : CÞ*: : IM: IP-. And 
by diviſion CA“: CA*—CP> or BPA: : IM or 
CD.: IM*—IP>. | - 

But IM*—IP: = PM*. Therefore CA:: CDs: : 
BPA: PM; which is the property of the ellipſis 
by Prop. VI. 


Cor. If from any point M in the elligſis, MI = 
CD (the ſemiconjugate) be drawn to the tranſverſe, 
and continued to the conjugate at G; then MG is 
equal to the ſemitranſverſe CA. 


— 


PROP, XXL 


F two circles BDA, KLV ze deſcribed about the- 


tranſverſe and conjugate diameters ; and CD be drawn, 
and from D, DP perpendicular to BA; and from L, 
a perp. to DP; then the point I will be in the el- 
pfis. 1 


For ſince LI is parallel to CA, CD: CL:: DP: 
IP (Geom. II. 12. Cor. 4.); that is, CA: CG: : 
DP: IP, which is the property of the ellipſis by 
Prop. XIX. 5 e 
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Fig. 
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Fig. 
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26. 


then CQ. = APXPB. 


or) AT:: (Propor. XIII.) CP CA or BP: PA : 


Q, and Prop. VI. Cor. 3.) APB : AQ B:: PM: 


r : CP : + FP: CON rec 


* CA = AQXQB. 


THE ETI. 


PROP. XXXI.L 


Any diameter MN is biſſetted in the center C. 


From M draw the ordinate MP on the tranſverſe | 
AB; take CQ = CP, and ere& QN perp. to AB | 
to cut MN in N. Then the triangles CPM and 
CON are ſimilar, for all the angles are equal, alſo 
cQ= CP; therefore CN = C 3 


PROP. XXXIII. 


I ML, VR be two conjugate diameters, and , 
from the ends thereof, there be let fall the perpendi- 
culars MP, VQ ordinates, to the tranſverſe axis AB; 


For (Prop: XVE.) CP:EA::CA:CT. : 
And CP: (CA—CP or) PA:: CA: (CT—CA I 


AT or PT; whence CPXxPT = APxXxPB = AC*— 
CP*. And AC. = CPxPT+CP:. 

Alſo, ſince CV 1s paralleb to the tangent MT 
(def. 7.), the triangles TPM and CV are fimilar. 
And OB = AC -C = CPxPT+CP:— 


Q (ſimilar triangles) : : TPI: CQ; that is, CP 
PT: CPx PT+CP*—CQ+: : TP: CQ, and by 
ee CPX PT: TP> : : CP PT +CP:— 

Q.: CQ and by adding, CEXPT+TP:: 1 
CP x PT + CP* : CQ+*; and by permutation, 


CP+PT x FT:* CP+PT I: 


rer, or CPxTP = = CQz, or APxPB=CQ-z. 


Cor. 1. A B = CP. 
For CP. = AC-— CPT = CA. —CQ. CA+CQ 


Cor. 


_— QA. As Ah Aa 


3.1. THIN ELI 27 
Cor. 2. CP. +CQ® = APB+AQB = CA.. Fig. 
For APB = COQ. = AC*—CP:, 26. 

and AQB = CP. = AC*—CQ», and adding, 

APB+AQB = CP*-+CQ: = 2AC:—CP*—CQs 

and 2CP*þ2CQ*® = 2AC» 
or _ CP*+ CQ* AC 
Cor. 3. F ML, VR be two conjugate diameters, 

MP, VQ ordinates to the tranfoerſe axis; then 

PM*+QV* = CD., the ſquare of the conjugate. 
For Ow BPA or CQ: PM:: BA 

or CP* : QV?, 

and CA.: CD*® : : CQ*+CP* : PM*+QV?, and al- 

ternately | 

CA* : CQ*+CP*» or CA» : : CD* : PM. Q, 

therefore (Propor. 2.) PM*+QV* CD. 


Cor. 4. CA: D:: CP: QV::CQ 2PM: 

For CA*: CD* : : BPA or C: PM. 

and CA.: D:; BQA or 'CF*: QV*; © 
whence CA: :: M:: CP: OV. 


P:'R © P,- XXIV: 7 
The ow of the ſquares of two conjugate diameters, 26. 


is equal to the ſum of the ſquares of the two axes : 
ML*+VR+* = AB*+DE-z. | 


For CM = CP*-+PM, and CV* = CQ*+ 
'x QV*; whence CM*+CV* = CP*+CQ*+PM*+ | 1 
oy WH QV* = (Pr. XXXIII. Cor. 2.) CA*+PM*+QV* 
2 = (1b. Cor. 3.) CA*+CD*+. | | 


n, PROP. XXXV. | 
If MN, KR be two conjugate diameters; then the 

— rectangle of the diſtances of the foci, from the vertex, 

: of the diameter MN is equal to the ſquare of its ſe- 


miconjugate CK: FMX MS = CK-. 


Q For (Geom. II. 28.) FM Ms! = 2MC'+ 
2 FC.; but FM+MS = 2AC, which ſquared is 
| | FM. 


28 THEIELEIPSTS. 

Fig. FM* + MS*+2FMxMS = AAC, from which ſub- 

27. tracting the firſt equation, 2FMxMS = 4AC*'— 

2MC*—2FC:, or FM x MS = 2AC*!—_-MC*—FC:, 

But AC*—FC* = CD*,. whence FMS = AC*+ 

CD*—MC*; but (Prop. XXXIV.) AC*+CD* = 
CM*+CK?*, therefore FMS = CK-*. 


: | | Shorter thus, 
By Prop. IX. CM = CA*+CD*—SME, there- 
fore SMF = CA* + CD*— CM*; but (Prop. 
XXXIV.) AC*+CD* = CM*+CK?, and AC! 
CD—_CM = CFE = SMF. ary 


Cor. 1. If F, S, be the foci, then FM SM = 
MC latus reftum of the diameter WM x. 

For KR* = MNx latus rectum of MN (Prop. 
IV. Schol.), and dividing by 4, KC = MCx; 
latus rectum = SME. 


Cor. 2. FMO be perp. to the tangent at M; then 
CA: CD:: CK: MO. 5 
For (Prop. XII. Cor. 1.) CA“: CD:: SMF or 
CK* : MO, and CA: CD:: CK: MO. 


" 43 8 l : * 
g * N 9 — * 2 PFF - c // n NY * 
2 825 . . — ͤvi ͤ l SS 8 
Le N D . | e 2 : N 


PROP. XXXVI. 


28. J F, 8, be the foci; TH a tangent at any point 
M; FT, CI, SH perpendiculars on the tangent ; 
| MC, CK ſemidiameters conjugate to one another; 
1 then FM is to FT, or SM to SH, as CK to CD the 
S . ſemiconjugate axis. pe 


For ſince CF = CS, FT SH = 2CI. The 
triangles FMT and SMH are ſimilar ; whence MF: 
FT : : MS: SH : : (Propor. XIII.) MF MS: 
FI+SH;: 2AC: . (.. 
Again, AC: CI: : MF: FT a 

and AC: CI: : MS : SH by ſimilar triangles, 


there- 


E 
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7 AE, MT, two tangents at A and M, interſefting 


ellipſis in M; then (Prop. XXXVI. Cor.) BC: 


B. I ' THEE ELLIPSIS. 29 
therefore AC* : CI* : : MSX MF: SHxFT, Fig. 

but (Prop. XXXV.) M$SXMF = CK", and (Prop. 28. 

XXI. Cor.) SHxFT = CO, therefore AC* : CF :: 
::! 2 FAG. . | 
and AC: CI ::CK: CD:: MF: FT: : MS: SH. | 


Cor. MF: Fr:: AC: CI: CK : CD. 
From the demonſtration. | 


% 


PEOE NENT - 
All circumſcribing parallelograms, whoſe" fides are 29. 


parallel to two conjugate diameters, are equal to the 


rectangle of the two axes. GHNQ = RTAZ. 
For let CI be perp. to GH which touches the 


CI: : CR: CD, therefore CIxCK = BOXED 3 
that is, MCKH = DCB T, and 4 MCKH = 4DCBT; 
that is, GHNQ = RTXZ. | 


PROP. XXXVIIL 
If BA be the tranſverſe axis, MV any diameter; 30. 


BA and VM in T and E; then the triangle CAE. NE. 
= CMT. 1 


Draw the ordinates MP, AD, to CA and CM; 
then the triangles CPM, CAE are ſimilar, and 
lkewiſe CDA, CMT, are ſimilar; whence CD: 
CM ä CA: r: XVE) CHOY CR £ 
CM: CE; therefore (Geom. II. 12. Cor. 1, 4.) 
the lines DP, MA, ET are all parallel to one ano- 


ther; whence (Geom. II. 10), triangle AME = j 
triangle AMT , to which add the triangle CMA, U 
then triangle CAE S triangle CMT. | 


Cor. 


30 


THE ELLIPSIS. 


Fig. Cor. 1. The lines DP, MA, ET are parallel i- 
38 one another. | 


. 
3 NM, Q ordinates; AE, MT, tangents; QIF perp. 


From the demonſtration. 


Cor. 2. The triangle AIT — triangle MIE. 
This appears by taking CAIM from the equal 
triangles CAE, and CMT. | 


Cor. 3. Triangle MPT = triangle ADE = = tra- 
pezoid MPAE = trapezoid MDAT. 
For ſince AME = AMT, add the triangle AMP, 


then PMT = MPAE, or add AMD bz AMP) 
"men ADE = (MPT =) ADMT. © 


Cor. 4. Triangle CDA = triangle CPM. 
For & : CM : CP: CA; whence CDA = 
CPM (Gedin. II. 17. Cor. 1.) 


| PROP. XXXIX. | 
If BA be the tranſverſe axis, MV a diameter 


10 AB; then the triangle QR = = trapezoid TAEF. 


By fimilar triangles CA: AE: CP : PM: : CE 
IF; and CA: AE: : (Propor. XIII.) CA+CP : 
AE+PM : : CA CI: AE-HIF. 


But rectangle BIA = AI x CA-+CI, and rec- 


tangle BPA = AP x CAC; therefore BIA: 


BPA :: Al x CA+Cl : AP x CAFCP : : AI x | 
AE+IF AE PM 


„* AP x : : trapezoid AEIF : 


PAEM. 


The triangles MPT, QIR are ſimilar, had 
triangle MPT : QIR : : MP: : QF : : BPA: BIA:: 


trapezoid PAEM : trapezoid AEIF; but MPT = WW 


PAEM by Prop. XXX VIII Cor. 3. therefore 
_— AEIF. 


The 
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The demonſtration is the ſame thing for the'point Fig. 
4, uſing the ſmall letters inſtead of the great ones. 31. 


Cor. 7 be triang LF = the trapezoid LMTR. 

For (Prop. XXXVIIL CAE = CMT, ſubtract 
CLR from both, and then LRAE = LMTR, but 
LRAE = LRIF+F AE = LRIF +RQI= — LQEF 
= LMIR. 


PROP. XL. 


Let CK be the ſemiconjugate to MC, LQ an or» 31. 
dinate thereto , then CM“: CK* : : rettangle MLY : 


LQ * 


| "ww the tranſverſe axis AB, and Ko perp. to 
it. Then (Cor. Prop. XXXIX.) FQL = LMTR, 
and for the ſame reaſon, OKC = CMT. But 
triangle CMT: CLR : : CM“: CL, and CMT: 
CMT CLR: : CM“: CM*—CLz; that i is, triangle 
CMT: trapezoid LMTR : : CM*: rectangle VLM. 
But the triangles OKC, FQL are ſimilar + there- 
fore CK* : L : triangle KC : triangle FL; 
or CK* : LQ*: triangle CMT: trapezoid LMTR:: 
CM“: rectangle VLM; or CK: CM*: ne, rec- 
tangle VLM. 


Cor. 1. As the tranſverſe MV : to its latus e 
fo the reftangle MLV: to ſquare of the ordinate LO. 
For MV : latus re&um : : MV* : MV x latus 


rectum or 2CK* (Sch. Prop. IV.) : : rectangle 
MLV: LQ. 5 


Cor. 2. The reftangles of the ſegments of any dia- 
meter, are as the ſquares of their ordinates. 


Cor. 3. The diameter biſſedts all its double ordi- 
nates; and the ordinates are equal at equal 4 ances 
from the center. 

For 


g2 
Fig. 
31. 


32. 
33 


THE ELLIPSIS. 

For the proportion being the ſame for the ordi. 
nates, at the ſame point, on each ſide ; theſe ord 
nates muſt be equal. And ſince all the terms of 
the proportion remain the ſame at equal diſtances 


from the center; the ordinates will be equal at e- 
qual diſtances. 


P RO AL. 


If two right lines Gl, HP be drawn parallel ty 
two conjugate diameters DK, MV, to interſelt in 


R; then CM" : CK* : : reffangle HRP: rectangl: 


GRI. 


For (Prop. XL.) PN* : : IO* : : DNK: DOK; 
and (fig. 3.) PN* : PN*—IO* : : DNK : DNK 
DOK. But PN*—IO* = PN*—RN* = PRH. 
And DNR DOK = DNxNO+OK— DN NO 
OK = DNxNO—NOXxOK = DN-—OK x NO 

=-GRxNO = GRI. 

Alſo (fig. 33.) PN* : IO*—PN: : : DNK : DOK 
DNK. Ber 10 - EN. = RN*—PN* = PRH; 


and DOK—DNK = DO x ON +NK — DO+ON 


x NK = DOXON—ONxXNK = DO—NK x: ON 
= DN—OK x ON = GRxON = GRxRI. 
Therefore PN* : PRH :: DNK: GR, 
or PRH : GRI: : PN*: DNK: ; CM": CD*. 


Cor. Hence if two other lines be draws parallel 
#o HP, Gl; the redtangles of their ſegments will be 
as the reftangles PRH and GRI parallel to them. 


PROP: 


P: 


CE FCM CE CF 


i — 
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P R O FP. - 2 


| a line as HG interfect any diameter AB in D, 34. 
and a 3 FK be drawn _— to HG; then 35. 


the reJangie ADB: re#angle GDH : : as CB* : CF. 


Draw the conjugate MV, and Al * to GH; 
and the triangles CDE, CAI, are ſimilar, whence 


CAXCE 
cies: on Eb and CI: AI:. 
CE DE alſo (by Prop. XL.) MC? « 


CF : : CW—CE ; EP = CP — N 


Hence (fig. 34.) rectangle ADB = AC*CD* = 
, CA*'XCE' CI*— CE: | 
AC! — _—_ =— TA" X ci Again CF: 


CM* : : AF : CM*—CF, whence CM*XxAF = 


_CFxCM*—CF*xCF, and CM*xAF +CF*xCF = 


CFM. But the rectangle GDH = EH'—ED* 
c CE*XCF* APXCE* * 

2 F* — . C N * R 2 — 

CENCE CI +APxCE*XCM" 


CM*xCT- = CF 


= CF* — = C50 


CRP © "OE" 
therefore rectangle ADB: : GDH : 


CH 
ee. 

And in fig. 35, the demonſtration is the * 
only ADB = CB. AC., or — ADB = AC*— 
CD, and —GDH = EH*—ED*; whence the n 
concluſion will follow. 


PROP. 


— — — Cr 


36. 


37 · 


THE EELLIPSIVS. 


PROP. XLIII 


F two lines GH, LE interſef one another in D, 
and the ſemidiameters CF, CK be drawn parallel to 
them ;, the One GDH is to the retangle LDE: 
CF: CK. 


Thro' D draw the diameter AB; then by the laſt 
Prop. rectangle GDH : rectangle ADB : : CF* : 
C5o*. And rectangle ADB: rectangle LDE : : CB': 
CK. Therefore GDH : LDE:: CF: CK. 


Cor. 1. If any line AB cut two parallels GH, EF, 


in D and L; the reciangle ADB: relays GDH :: 


39- 


refangle ALB: reftangle ELF. 

For EF, GH, being parallel to the ſame dia- 
meter; theſe rectangles will be as the ſquares of 
che ſemidiameters parallel to theſe lines. : 


Cor: 2. Tf two parallel lines EF, GH, cut other 
two parallels MN AK ; their ſeveral reftangles will 
be in the ſame ratio; ABK: GBH: : MDN : GDH:: 
ACK : ECF: : MLN: ELF. 

For each Fee will be ſeverally roportional to 
the ſquares of the ſemidiameters parallel to theſe lines. 


* 


PRO P. XLIV. 
1 DM be a tangent at M, and DN any ** cut- 


ting the ellipſis in O and N; and if the ſemidiameters 


CF, CK be drawn parallel (x DM, DN; then DM-: 


CD xX DN. CF: CK. 


Although chis may be inferred from Prop. XLII, 


by ſupppoſing the points G, H, to coincide in M 


(fig. 35.); yet I ſhall give the demonſtration of it 
mn in particular, in reſpect of the diameter DACB. 
| Throꝰ 


B. I. H irn 

rnro' the center C draw DAB, and draw AI pa- Fig. 

| rallel to DM. 39. a 

By ſimilar triangles CT : AF : CM.: DM, ü 
XL.) AF: 


_ GP: MIV: CF: CM., 

T herefore, | 
(Propor. XVII.) CF : MIV : : CF* : DW, 
Again by ſimilar triangles, 


| CF ': CM* :: CA*: CD), Roe 
by * CF : CM. CI-: : CA® : CD*—CA*, 
that is, CI“: MV: : CA*: ADB. 
whence CA* : ADB :: CF*: DM. 
ut (Prop. XLII.) CA“: ADB : : CK: ODN. 
whence CF* : CK : : DM*: ODN: 


Cor. 1. if DM, DN be two tangents, and CF, 40. 
WCK be drawn aral thereto from the center C; then 
DM: DN:: CF: CK, 

For drawing DCB; DM* : ADB : : CF* : CB), 
End ADB :,DN*:: CB: CI; whence DM“: 
N:: CFH: CK, and DM: DN:: CF: CK. 


Cor. 2. F two parallel tangents DM, TG, meet @ 41. 
bird tangent Tone, then DM: PN:: TG: TN. 

For if CK be drawn parallel to DT, and CF to 
M and TG; it will be DM: DN:: FC: CK, 


nd TG: TN : : CF: CK; therefore DM: DN :: 
[G: TN, - - 


Cor. 3 If PQ be parallel to the tangent DT, and 42. 
RS to + two tangents DM, TG; then POQ : 
20S : : DN* : DM:: T'N*: TG*. 

For drawing CK, CF parallel to PQ, RS, by 
'rop. XLIII. TK: CF: : : LE ROS STand Cor. 

J:: DN* : DPM (Cor. 2.): 3 NET 


Cor. 4. If M, N, G, be the points of contał⸗ of 43. 
re. 55 MD, DT, TG; and MD, TG, OE 
parallel to the ſemidiameter GE. and DT, HR 

G poralle 


36 


Fig. parallel to the ſemidiameter CK; then CF* : CK. 
43. IOE: NO“: GT“: NT” : : GR*: LRP: : MHY 


45. 


MN be drawn, and any line RL parallel to Di | 


fore RGL = GH", and RG: GH : : GH : Gl 


Cor. 2.) HB: AK (ſimilar triangles) : TB: V 


THE ELLTtPSES. 


PHL. | 
All this appears from that was before dem 


ſtrated.' 
PROP. XLV. 


If DM, DN, touch the ellipfis in M and N, 


cutting DM, MN, in G and H; then GR, Gf 
GL are continually proportional F 


For (Prop. XLIV. Cor. 4.) RGL : GW 
DN* : DM:: (ſimilar triangles) GH“: GM*; 


Cor. If FP be parallel to DN, and touches Il 
ellipfis in P, and cuts DM in O, then OP = OF. 
For then GL will fall on F P, R and L upon! 
G upon O, and H upon F; whence FO = ON 
GR and GL = OP; whence OP = FO, 4 
OP ='F©, | 


PROP. MI. 


If MT, a tangent in M, cut the diameter BA | 
'T, and the ordinate MP be drawn; then CP, Ch 
CL, are continually proportional. 


For draw AK, BH tangents at A and B, to 
MT in K and H. Then ſince AK, PM, I 
are parallel, BP: AP: : HM: MK :: (Prop. XII 


By diviſion BP—AP : BP: : TB TA 9 1 
is, 2PC.: :: BA: TB; and takin 

antecedents PC: PB :: BC: BT. ey by a 5 
88 = ad : BC: BT—BC; that i is, PC: : Buy 


— OC EEE Ine m IIS — ARIES. ACNE RI" 


Pag 5 


ta 
ti. 
ſer 
in 
A. 
Ti 
th 
X 
4 


2 


R. THE ine AM 


Cor. 1. F MT ze a tangent. at M, MP an or- Fig. 
dinate; BP: PA:: TB: TA; and therefore BT is 45: 
harmonically divided i in A and P. 

T his appears from the demonſtration. 


Cor. 2. If MT be 4 tangent at M, MP an ordi- 
nate; then PC: PA:: PB: PT. 

For by the demonſtration, C.: PR: «RC: : 
and by diviſion PC : PB: : BC—PC:: BT—PB: 


Fl 
25 
= AP: T. 


Car. 3 . If MT be a tangent at M, and MP an 


: * "then TA: TP:: TC: TB. 


For fince CT:CA: CA: CP, CT—CA : CT:: 


Y CA—CP: CA; that is, AT:CT:: AP: AC; and 


{Propo r. XIII.) AT CT: AT AP: CTA, 
or AT: CT :::. 


Cor. 4. Two tangents drawn from equal digs 


en each , de the curve, meet in the diameter. 


P RO P. XLVI. x 
If AB be a diameter, and AK, BH two parallel 46. 


tangents, at A and B, and HT a tangent at M, cut- 
ting the others in K and H; MP an ordinate, D 


ſemidiameter parallel thereto ; ; then AK, CD, BH are 
in continual proportion. 


Continue CD to = And by ſimilar triangles 
AK: EM:: TA : (Prop. XLVI. Cor. 3.) 
TC TH: : (fimilar . CG: BH. Alſo ſince 
the tangent MG cuts CD in G; therefore (Prop. 
XLVI.) PM: CD:: CD: CG. Therefore (Propor. 
XVII.) AK : CD: : CD : BH. 


Cor. r. I AB be any diameter, CD its ſemiconju- 
gate, PM an erdinate; AK, BH, HM, tangents at 
A, B, M; then AK BH = PMXCG = = CD = = 
AB Xa the latus rectum. 


„„ For 


Fig. For ſince AK: PM:: CG: BH; therefore AKy | 


THE EKS. 


46. BH = PMxCG = CD* = (Schol. Prop. IV.) 


47. 


AB x latus rectum. 


Cor. 2. If the two parallel tangents AK, BH, be 
cut by the two tangents KH, GR; tben AKXBH = 
. 

For they are both equal to CD-. 


Cor. 3. AK: 6: : Ol. 


For AK : BG :: AR: BH: : AR—AK: BH— 


| BG: : KR: GH (ſimilar triangles): : KO: OH. 


Cor. 4. A line drawn thro' RH wwou'd interſec the 
line drawn tbr KG, in the diameter AB produced. 


Cor. 5. If the tangent GR was to touch the oppoſite 
fide BDA, as gr; it will ſtill be AKXBH = BgxAr. 


PROP. XLVIII. 


If two tangents HK, HE, touching the ellipfis in 
D and R; cut any diameter AB produced, in K and 
E, ſo that AE = BRK; and if FG be a third tan- 
gent; then the reflangle EFXGK = KHXRE, » 
given quantity. 


Compleat the parallelogram KH EL, by draw. 
ing the lines EL, KL parallel to KH, HE, which 
will touch the ellipſis in O, P. Draw the diame- 
ter RP; then the figure RAC is ſimilar and equal 


to PBC, and REC to PKC, whence RE = PK. 


Then in reſpect of the diameter RP it will be (by 
Prop. XLVII. Cor. 3.) PK or RE: FR:: KG: 


; and by compounding, RE: FE: : KG: KH; 


whence KGXEF = REXKH, a given quantity. 


Cor. 1. VEX KZ = KHXRE à given quantity. 
For by ſimilar triangles. VE: EF:: GK: KZ. 
whence VEX KZ =EFxGK = KHxRE. 5 
| or, 


) 


be 
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Cor. 2. And if the third tangent (FG) touch the Fig. 


¶ curve on the other fide (OP), and interſeft the tangents 48. 


HK, HE produced; the rectangle EF GK will ftill 


e the ſame. 
For the figure on the other ſide of KE, will be 
che ſame as VEKZ, and therefore that MG. 


is the ſame as EVxKZ = KHXRE. 


PROP. XLIX. 


If two lines IF, TG, touch the ellipfis in H and 
K, and if HK be drawn, and biſſefted in O; then if 


S ;be line TO is drawn thro' O, it will biſſet? all the 


lines IN within the ellipfis, which are parallel to HK. 
That is, if HO = OK, then IP = PN. | 


Thro' the center C, draw FG pat allel to HK 5 
then ſince HO = OK, FC = CG. And ſince DE. 
paſſes thro* C, it will be a diameter, and HO, OK 
ordinates parallel thereto; and IP, PN, being pa- 
rallel thereto, will alſo be ordinates; ; therefore (Prop. 
XL Cor: 23.) 1 IF. 


Cor. 1. If LM be drawn parallel to HK; the 
parts intercepted between the curve and tangent, on 
each fide, are equal; LI = MN. 


49: 


For ſince HO = OK; therefore LP = PM, and 


IP being = PN, the remainder IL = NM. Like- 
wiſe ſince CD = CE, therefore DF = EG, &c. 


Cor. 2. The tangent at A is biſſelted in that point. 


Cor. 3. HO, OK, as alſo IP, PN are ordinates 
to the diameter paſſing thro T, the interſettion of the 
tangents. ED, 


G 3 do f. 


THE ELLIPS1S8S 
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50. 


(Prop. XIX. Cor. 1.) LI = 


PROP. I. 


If two lines TL, TM, touch the ellipfis in H an 
K, and HK be drawn thro the points of contati 
and from T, any line TI de drawn, cutting HK in 
and the curve in Fand I > then TF * TI: : DF: Dl; 


Thro' F, I, draw AC, LM parallel to HK, the 
NM, and AF 
BC, whence MI = LN, and CF = AB. 
a triangles rn TI. 
- - andCF: M:: W: TL 


and multiplying, AFXCF : LXNI: : T#* : 1 


HA“: HL. 


. CT; and alternately CM : LA: 'CH: CT; whence 


that is, AFXAB : LIXLN :: TF* : Tf 
But (Prop. XLIV. Cor. 3.) AF AB :LIXLN: 


:: (ſimilar triangles) DF: D1*; therefore 
TF* : TF : : DF: DF, and TE: M:: PF: N 


Cor. If it be TF: TI: : DF: DI; % line joi 


ing the points of contacts, ( of the tangents TH, IX. 
will paſs thro the point D. 


PROM 45. 


If MT, AH be two tangents at M and A; aw 
if the ſemidiameters CM, CA be drawn, and pr 
duced to inter ſect the tangents in H and T; then th 
triangle MNH = ia ANT. 


Draw PM parallel to AH; then = ſimilar tri 
angles CM: CH:: CP: CA:: (Prop. XLVI.) CA: 


(Geom. II. a7. Cor. 1.) the triangle CAH = ti 
angle CMT. Then ſubtracting (or adding) the 


quadrilateral figure CANM, the triangle MN Hz 
ANT. 


Cor. The triangle CAI = triar5!- cr. 
From the W 


ScHC 
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| =_ 
52. 


SCHDOLEDUM:: 


What has been demonſtrated in Prop. XXXVIII, 
and Cor. 1. in regard to the tranſverſe axis; is 
here proved univerſally for any diameter whatever. 


PROP: un 4 


If ML, RV be two conjugate diameters, and MP, 53. 
VQ ordinates to any other diameter AB, DE the ' 
conjugate of AB; then C = APXPB. 


This Prop. is demonſtrated from Prop. XLVI, 
and Prop. XL. Cor. 2. in the ſame manner as 
Prop. XXXIII. is from Prop. XIII. and Prop. VI. 
Cor. 3. And the ſame corollaries will follow, viz. 


Cor. 1. Ae QB = CP“. 

Cor. 2. CPC = APB+AQB = CA. 
Cor. 3. PM. = CD). 

Cor. 4. CA: CD: : CP: QV : : CQ : PM. 


Cor. 5. Hence alſo the triangle CPM = CQ. 

For imagine PT = PC, then triangle PTM = 
PCM, and (Cor. 4.) CP-or-PT : QV : : CQ: PM; 
therefore (Geom. XVII. Cor. 1.) CQV = TPM 
="CTFM. | 


PROP. LIL. 


If ZH be a tangent at any point A; ML, VR 54. 
8 two conjugate diameters cutting the tangent in Z and 
H; DE. the conjugate to AB; then the reftangle 
N : 


Draw the ordinates MP, VQ, to the diameter 
AB; then by ſimilar triangles CP: PM:: CA: AZ, 
whence CPXAZ = PMx CA (Cor. 4. Prop. LII.) 
= CTQXCD ; therefore CP: CQ: : CD: AZE. 

| ER. Again, 


| 
| 
| 


rar 
Fig. ain, 2. QV : : CA: AH, and CQX AH= 
54. QVxCA S (ib. ) CPxCD ; therefore CP : : CQ:: 
AH: CD:: CD: AZ; whence AZ x AH = CD*. 


Cor. If SN be drawn parallel to CD; then SFx 
FG+FN* = CD.. 


For CA: AZ: : CF © FG (by ſimilar triangles). 


and CA: AH :: #0, 

. whence CA“: AZXAH or-CD*: : CEF: : FSXFG. 
and dividing, CA* : CD* : : CA*—CF* or AFB: 
CD*—SEFG: : (Prop. XL.) AFB: FN*, Therefore 
CD*—SFG ='FN?*, and FN*+SFG = CD-. 


PR 0 P. LIV. 


Th If TP, TQ be two tangents at P. Q; and PQ 


be drawn, and any line LD, cut PQ and the curve in 
S, A, B; then SL* : SD* : © refangle ALB: rec 
tangle BDA. 


From the center C, draw CG, CM, CF parallel 

to TP, TQ, LD; and draw LI parallel to QT. 
Then the triangles SLI, SQD are ſimilar, as alſo 
II.. PQT z whence SD: L.:: DQ: LI. But 
the ratio of DQ to LI is compounded of the ratio 
of D to PL, and (PL to LI or) PT to TQ; 
therefore DQ: LI: : D PT: PLx TQ ; there. 
fore SD: SL: : DQxPT : PLATUQ. Take the 
line E a mean proportional between AL and LB; 
and H a mean proportional between BD and DA; 
then ALB. = E', and ADB = H*. 

Then (Prop. XLIV ) GC: FC*::LP*: ALBor 
E'. And FC* : MC* : : BDA or H;: DO. There. 
fore extrafting the roots, GC: FC:: LP: E, and 

FC: MC:: H: DQ; therefore GC: : MC: PL: 
8 but (Prop. XLIY: Cor. x.) PT-: QT :: 

: MC : : PLXH : DOE, and multiplying 

— * and extremes, PTXDQXE = QTxPLxH. 

whence 


1 Tar I „ 6 


whence H: E:: DQXPT : PLxTQ-: : SD SL; Fig- 
and H“ or ADB: E' or ALB:: SD* 3 58 


Cor. Hence in any circumſcribed trapezium LNDO, 

the diagonals LD, NO, interſect in the ſame point S, 
where the lines PQ, KR, inter ſect, that join the op- 
poſite points of contact. \ 
For if LD cuts the tangents PL, QD; we have, 
SL: SD* :: ALB or EE : ADB or HH; and 
SL: SD: : E: , and SE+SD or DL: SL:: 
E+H : E. | | 

Again, for the tangents KL and RD, it will be 
SL* : SD* : : ALB: ADB; whence as before it 
will be, LD: SL:: EH: E. Therefore PQ 
interſects LD in the ſame point S where KR inter- 
ſects it; or the diagonal LD paſſes through the 
common interſection 8, of the lines PQ, KR. And 
by the ſame reaſoning the diagonal NO paſſes thro? 
the ſame interſection S. 


PKOF- 


If GM be any diameter, GT, MD, two tangents, 56. 
at G and M, DT a tangent at N; then if NC be © 
drawn, and its ſemiconjugate CK; the rectangle DNT 
= TB. TRE 


om draw the ſemiconjugate CF parallel to MD; 
en | 
(Prop. XLIV. Cor. 1.) CF: CK: : DM: DN 
and CF :CK :: TG : TN; then 
multiplying, CF“: CK* : : DMx TG : DNXTN. 
But (XLVII.) CF* = DMXTG, therefore CK. 
= DNxNT. : 


PROP. 


: 
7 4 q b OH > 4 Th 
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PROP. LVI. 
37. FF AF, AG be two tangents, and FG drawn thro 


—LRXAQ = QRXAR+LRxQR = ALxM 


38. 


point Vin the line AV; let the tangents VH, VI, & 
drawn; then the line drawn thro . the points of cot 


the points of coutaff. And thro A, the interſefing 
of | the tangents, AV be drawn parallel to GF. Then 
if from any point in it as V, there bedrawn VL thre 
O, the middle of FG, to cut the ellipfis in P and IL. 
Then will VP: VL: : OP: OL. 


From L draw AQRL, and from the interſe&ian! 
Q., draw QSP parallel co FG. Then (Prop. L.] 
AQ: AL:: RQ: RL, and AL RQ = RLxAQ, 

The ratio of PQ to SQ is compounded of the n. 
tio-of PQ to OR and OR to SQ. But by ſimilar tri. 
angles, PQ: OR: : LQ: LR; alſo OR: SQ: : AR 
AQ ; therefore PQ: S:: LQXAR :LRXAQ; and 
by diviſion, PS :SQ : : LOXCAR—LRNAQ: LM 


AQ. But LQXAR—LRXxAQ = LR+QRxAR 


=. LRXAQ, by what went before ; therefore P$ 
= SQ and conſequently, as QS is an ordinate 
(def. 9.), P is in the curve. Laſtly, by reaſon of} 
the parallels FG, PQ, VA; VP: VL: : AQ: AL 
(Prop. L.) RQ: RL : : OP: OL. | 


P R. OP. LVIL 


If FA, GA be two tangents at F and G; andi | 
GF be drawn, aud AV parallel to it. And from an 


tat?, HI, will paſs thro the point O, the middle of FG. 


Thro' O draw VL cutting the ellipſis in P and 
L; then in reſpect of the ordinate FG, it is (Prop 
LVI)VP:VL::OP: OL. And in reſpect 1 


Cn a” FLEET EN 


* 
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Wn. THE ELLIPSIS: | 
the line Hl, it is (Prop. L.) VP: VL: : OE? Fig 
therefore O is common to both lines GF and HI; 58, 

therefore HI paſſes thro' O. ; 


Cor. 1. If FA, GA be any two tangents, and FG 
be drawn thro' the points of contact; and likewiſe HV, 
IV, two other tangents, and HI be drawn thro' their 
points of contact; draw AV thro the concourſe of 
the tangents, A, V. Then O, the interſeftion of FG, 
HI, will be the point thro” which all lines paſs, which 
join the points of contat# of any two tangents, drawn 
from any point in the line AV. | 


| Cor. 2. If GO be an ordinate to any diameter BE, 
GA à tangent at G, meeting the diameter BE at A; 
and if AV be drawn parallel to GO; alſo through 
O, draw any line HI; then two tangents drawn from 
H and I will meet ſomewbere in the line AV, as at V. 
Otherwiſe it could not be VP : VL : : OP : OL, 
as by Prop. LVI. | | 


Cor. 3. If IH be continued to D, and the tangents 
DP, DL drawn; then LP paſſing thro' the points of 
contact, will paſs thro O. 


.-P RO PF. . Lvik 


If VH, VI be two tangents at H, I; and IHD 58. 
be drawon thro the points of contatt; and any line VPOL 
be drawn ibro V; and the tangents PD, LD be 
drawn; they will meet in the line ID. 


For thro? O (the interſection of VL and IH) draw 
. FG, fo that GO ='OF; and draw VAD parallel 
to FG. Then (Prop. LVII. Cor. 2.) PD, LD, (tan- 
cents at P, L) will meet ſomewhere in the line VA, 
as at D. Then if DO, does not paſs thro' the 
points of contact H, I; let a line drawn from D to 
N pals thro' the points of contact. Then (Prop. L.) 
we ſhall have VP: VL: : NP: NL. But by _— 

| 5 


46 TRE ELLEPESES. 

Fig. of the tangents HV, IV, we have VP: VL: : OP: 

58. OL; therefore the former proportion cannot be 
true, except N and O coincide. Therefore DO 
paſſes thro' the points of contact, H, I; that is, 
the tangents PD, LD, meet in the line IH. 


59. Cor. If FA, GA be two tangents, and GFB br 
drawn thro* the points of contalt; and from any point 
B, the tangents BH, Bl are drawn. Then IH drawn 
thro* the points of contact, will paſs thro A. 
For a line drawn thro' A will paſs thro? the points 
of contact H, I, and therefore no other can. 


P-R O P; M. 
60. F any line MN, be drawn thro the focus F, and 
the tangents MR, NR, drawn from M and N; then 
the line RF, drawn from the interſection of the tam 
gents to the focus, will be perpendicular to the line MN. 


Make CF, CA, CT continual proportionals ; at 
T erect TL perp. to the tranſverſe axis BAT. Then 
(by Prop. XVI.) a tangent drawn from the end of 


the ordinate erected at F, will cut the axis at T. 


And (by Prop. LVII. Cor. 2.), two tangents drawn 
from M and N will meet ſomewhere in the line TL 
as at R. Produce SM to G, ſo that SG may be 
equal to BA; draw GF which will be perp. to MR 
at D, by Prop, XIII. Draw ML parallel to BA. 
The triangles SFG, MOG are fimilar, whence 
SG or BA: SF:: MG: MO; that is, CA: CF:: 
MF: MO. But (Prop. XXIX.) CA: CF: : ML: 
MP; therefore MIL: MF : : MF: MO, and ML 
MO = MF. But the triangles MDO and MLR 
are ſimilar, being right angled at D and L; whence 
MD : MO: : ML. : MR, therefore MD e MR = 
 MLXxMO = MF; and MD: MF:: MF : MR; 
therefore the triangles MDF, MFR are fimilar, 
whence the angle MFR = < MDF = a right 


angle. 
Cor. 


.. %% kk, A Tu 
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Cor. F a circle be deſcribed about the diameter MR, Fig. 
it will paſs thro* the focus F, and thro the points L, G. 60. 
For MFR and MLR are right angles, and the 
triangle MG being equal and ſimilar to MFP, is 
contained in the oppoſite ſemicircle. | 


LEMM A. 


IF EM, EN be two lines meeting in E, and if it 61. 
be CA: CM :: DB: DN, @ given ratio, and AB, 62. 
CD, MN be drawn. And if it be made CA: DB:: 
AE: BG: : EP: GE. Then if OHK be drawn 
thro” the middle of PE, EG; it will biſſect all the 
lines AB, CD, MN, Sc. - 
nd For take any of the lines, as MN; and make 
NF = GE, and draw MF. Make ES = EG, and 
draw PS, and OR, EI, HO parallel thereto; alſo 
| draw VEL parallel to OH, then GN = EF, RE = 

| EH, EI = HV; but by the ſimilar triangles OEl, 
at OQH ; it is OE: OQ :: EI or HV: HQ; but 
en ſince RE = EH, OE s = EQ, or OE = 40Q;, 
of therefore HV = HQ, and HO is biſſected in 
. V. But ſince EM is to GN or EF, and alſo EO to 
un ER, or EQ to EH, as AC is to BD; therefore 
L IF the triangles EHQ, EFM are ſimilar, whence MF 
be is parallel ro HQ. Therefore ſince HQ is biſſected 
R by EL, MF will be biſſected in L; therefore draw- 

ing LK parallel to EN; it will biſſect MN at K; 

ce and meet OHK at K, becauſe LK = EH EG 
27 = FN. And thus any other line as CD is proved 
a: to be biſſected by HK. | 


- Cor. 1. Hence if a line biſſects two of the lines AB, 
ce CD, MN, Sc. it biſſects all the reſt. | 
_ Cor 2. The line VEL is the locus of all the middle 


B Points of the lines MF. And HOK is the locus of 
Wy the middle points of all the lines AB, CD, MN, Cc. 


I, 3 S Cc HO- 
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61. 
62. 


by the right line OHK ;' if inſtead of making EH 
E OO to OP in the ratio of MK to KN as deſigned, } 


64. 


thro' the center. Then (Prop. XLV 


. 


THE ELLIPSIS 


SCHOLIUM. 1 
Any line MN might be divided in a given ratio, 


= HG, and EO = OP, we make EH to HG, and 


PROP. IX. 


If a trapezium be circumſcribed about an ellipſis, as | 
ABFE ; and if the diagonals AF, BE, be biſſeced; 
the line drawn thro the points of biſſettion, will paſs } 
thro? the center C. | 


Thro' the points of contact of any two oppoſite | 
fides, AE, BF, draw the line HI, and the diame- * 
ter GD parallel to it. Then (by Prop. XEVIIL 
and Cor. 2.) GA DB = GExXDF, whence GA: 
DF : : GE: DB. Therefore if AF, GD, EB be 
drawn; then (by the Lemma Cor. 1.) the line that 
paſſes thro* the middle of AF, EB, paſſes thro 
the middle of GD. But as GD is parallel to HI, 
the middle of GD is the center C. = 


Cor. And if any four lines touch the elligſis, as AF, | 
EF, FB and BA; and the diagonals EB, AF be | 


drawn to the oppoſite interſections. The line drawn |} 


thro the middle points of theſe diagonals will paſs thro 
the center. : | | - 
For draw HI thro? the points of contact of Wo 
oppoſite ſides EG, FB; and GD parallel to it. 
= GAN DB; and GE: DB:: GA: DF by divi- 
ſion:: EA : BF ;. therefore if GD, EB, AF be 
drawn, then (Cor. 1. Lem.) the line paſling thro 
the middle of AF, EB, paſſes thro' C the center. 


PROD. | 


2 
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FR OP. LXI. 


Fa circle be deſcribed about the conjugate avis DE, 65. 5 


and MG be any right line; and if MN, GQ be 
drawmw parallel to the tranſverſs axis AB, and QP pa- 
rallel to GM; and if it be mads, as AC: C:: 
MN: ON : : PN: IN:: GL: QL. Ther I ſay 
GM will be to LO in à given ratio, wherever MG 
be placed, in a parallel tuation. 


Produce MG, NQ to F; then ſince NM: NO:: 
QG : QL, OL produced will fall in F. And be- 
cauſe PQ is parallel to MG, it will be NF: NQ: : 
NM: NP:: (by conſtruction) NO: NI, or NF: 
NO:: NQ: NI; therefore (Geom. II. 12. Cor. 1.) 
FO (or LO) and QI are parallel, and OLQI is a 
parallelogram ; therefore Q = LO; whence MG 
will be to OL; as QP to Q. 


Cor. If M (the end of MG) be in the curve of 
the elligſis; then O (the end of OL,) will be in the 
periphery of the circle. | | 

This appears from Prop. XIX. Cor. 


PROF — 


If AB be any diameter, and if thro any point of 
the curve as P, two lines APH,. BPN, be drawn, 
and alſo the ordinate DF, interſeting the lines in E 
and G. Then DE, DF, DG will always be in con- 
tinudl proportion. —- 


Draw the conjugate IL, and PO parallel to it, 
and the tangents AN, BH. Then by ſimilar tri- 
angles, 

AB : BH:: AO: OP 
and BA: AN:: BO: OP 
| then 


RR... 


{90 
Fig, 


606. 


THE FELIPS1S. 
then by multiplying, AB* : ANXBH : : AOXOB: 
OP: : : (Prop. XL) AB!: IL*; therefore ANxBH 
= IL. 

Again (Prop. XL.), AB“: ADB :: IL* : DP. 


and by ſimilar triangles AB: AD: : BH : _— 


and AB: BD: : AN: 
and multiplyi ing, „AB!: ADB:: : ANXBH : DGDE 
| therefore IL* : DF :: ANXBH : DGE. 
But IL* = ANXBH, therefore DF* = DG XDE, 
whence DE: DF : : DF: DG. 


Cor. If from the ends of any diameter AB, two 


lines AH, BN be drawn, thro any point P, of the 


curve, to interſe3 the tangents AN, BH in N and 
H. The rettlangle of the tangents is equal to the 
fquare of the conjugate : ANXBH = II. 

From the demonſtration. 


PRO P. II. 
C be the center, F the focus, and if CF: CA:: 


"CA: CT, and the diredtrix TO be drawn perp. to 


CA. And if any line MNO be drawn; and from 
the focus F, MFH, FN and FO be drawn. Ther 
FO b:iſſeFs the angle NFH. 


Draw MP, NQ perp. to TO, and ND paralle] 

to MF. Then by ſimilar triangles, MP : . 
MO: NO:: MF: ND; and alternately MP: 
NQ: ND. But (Prop. XXIX.) CA: F Mp: 
MF : : NQ: NF; cheeks ND = NF; therefore 
< NED =NDF = DF H, by reaſon of the pa- 
rallels ND, F H. | 


{] 


el 
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BI THE ELLINSIS. 


PROP. LXIV. 


F AB, ED be the tranſverſe and conj jugate axes, 
and if the diameters GCK, and HCL be drawn pa- 
rallel to AD, AE ; theſe diameters will be equal, and 
conjugate to one another. 


For ſince EA = AD = DB = BE, ADBE i is 
a parallelogram, and BE parallel to DA which is 
parallel to KG ; therefore the angle EBA = GCA. 
And fince BC = CA, therefore EF = FA; and 
conſequently. GK is the diameter of EF, FA, and 
HL (parallel to EA) its conjugate. Likewiſe the 
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Fig. 


68. 


— 


< GCA = EBA = DBA = LCA, conſequent- 


y CG = CL, or GK = > HL. 


Cor. 1. There are 10 FE conjugate diameters e- 
qeal to one another but GK, HL. 

For GK grows greater in approaching to A, and 
its conjugate LH grows leſs towards E; or GK 
grows 5 
greater towards A, and G and 1 cannot both ap- 


proach to A. 


Cor. 2. The 8 diameters GK, LH comprehend 
the leaſt angle of any two conjugates. _ 
For whilſt CL approaches to A, CG approaches 
to E, and the angle GCL continually increaſes, till 
L come to A, and G to E, where it becomes a 
right angle ECA. 


P R o P. LXæV. 
If. AB be any diameter, BG a tangent at B, and 


| equal to the latus rectum; and if AG be drawn cut- 


ting the ordinate = ( produced ) in D. Then PM* = 
BP PD. 


By Cor. 1. Prop. XL. AB: BG : : APB : PM-. 
But from the ſimilar - APD, ABG; 105 


towards E, and its conjugate LH grows 


„ THE ELIITSIS. — 
Fig BG :: AP: PD :: AP PB: PD PB; therefore 


65 APB : PM. :: APB: PDXPB; whence PM: = if 
PDXPB. - 


. Cor. The ſquare of tbe ordinate, PM* is 1%. BY 
3 the rectangle BP BG (the refangle under the Q 
parameter and abſciſſa), by the rettangle PB x FG, 
which is fimilar to the rectangle ABXBG. And h 
reaſon of that defet?, the curveis calledan ELLIPSIS, WM 

For if DF be parallel to AB, the rectangle DFG MW a; 
is fimilar to ABG; becauſe from the ſimilar tri . 
angles ABG, DFG, it is AB: BG : : DF : FG. C 


SCHOLIUM. 


| The rectangle under AB the diameter, and BG N de 
its parameter, is called the Figure of that diameter: 


PROP. LXVI. 


70. ff OT be a tangent at M; and a line MF z. 
drawn from the point of contatt to the focus; and CO 
be drawn from the center parallel to MF, to inte- e 
ſe? the tangent in O. Then CO = CB balf tht 
tranſverſe axis. 


Draw the ordinate MP perp. to the axis BA. 
Then (Prop. VIII. Cor. 2. EE Xx CP = CA*—CA 
FFM, and CA FM = CA*—CFXCP, But (Prop. 
XVI.) CA! = CPxCT; therefore CAXPM = * 
CPX CT- CPX CF = FF CP. But by ſimilar 
triangles, IC: CO: : TIF: FM: : TF CP or 
CA x FM: FM CPH; whence COXCAXFM = 2 
TCx CPX FM, and COXCA = CTP = CA, ; 
and CO =-CA. 4 


Cor. If MT be a tangent, 5 the focus, MP an 
ordinate; then CAXEM = TCE. 


PROP” 


K 1, THE ELLIPSIS. 
re 1 | Os : 
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Fig 
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If F be the focus, C the center, QZ any 471. 


© Wl MN parallel to it drawn thro the focus. Then AB, 


be QZ, MN, are in continual proportion. 


I. MN; and MP parallel to it, an ordinate to QE; 
draw MO the tangent at M to cut CQ in O. Then 
tr. (Prop. LXVI.) CO = CA. And (Prop. XVI.) 
. CP, CQ, CO are in AI] eee, 5 that is, 
LM. CO. CA, are in continual proportion. And 
* doubling the terms, MN, QZ, AB, are propor- 
tonals. | — 


ter! CT 

cor. C; = LMxcA. 

2 PROP. LXVII. 

coll # ay line GP be drawn thro the focus F; the 
er- angle GFP = i1GPx+ latus refum. 

' the | 


Draw HK parallel to GP thro' the center C, 
and CD biſſecting GP in L. Then (XLII.) CH*: 
GFP : : CB*: AFB: : (IV. Cor. 3.) CB* : CBx#+ latus 
rectum : : CB: L:: CBXGL : LGL. But 
(LXVII. Cor.) CH* = GLXCB; therefore GFP 
= GEXiL = OP latus retum. 5 


PROP. LXIX. 


if QT, PT be two tangents ; and 5 QF, EF, 
be drawn from the points vf contact to the focus. Then 
the line I F will biſſed the angle QFP. © 


Make CF: CA: : CA : CG, and draw the di- 
rectrix MGR perp. to BG. Produce TF to K, 
and draw LR, KR tangents at L, K (Prop. LVIII. 
| 1 and 


Draw the diameter CLD, thro' the middle of 


74. 
75. 


72. 
73. 
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Fig. 


75. 


76. 


draw the diameter MK, which will biſſect the p 


redtangles on the oppo te fides; ERXEH will E 


AR or E SD or FG: AG. 


— 


THE EB IS. 


and Cor.). Let , be perp. to MR. Tha 
(Prop. XXIX. Cor.) QF3 FF i: D: FEE :; 
milar criangles) QR: PR: (prop. L.) QN : PNY 
Therefore (Geom. II. 25. Cor. 1. ) FN biſſects th 

angle PFQ. 


PRO P. LXX. 


Fa trapezium ABD C be inſcribed in an elliphs; 
and any point E be taken in the curve, from whit 
two lines EN, EH, are drawn parallel to any iu 
of the adjoining ſides, as AB, AC; to interſed th 
oppoſite ſides in N, Q; and H, R. Then taking thi 


be to ENXEQ, in a given ratio. 


Be DFG, BPL parallel to AC; thro' Lal 
C, draw OC LS. Thro' the middle of AC, BL 


rallels DF, TE; and alſo SG, OR terminated I 
AB, CL. Then will SD = FG, OT = 
which would alſo be ſo if SG, RH were tangenty 

- By ſimilar triangles, and the parallel lines; HQ} 
SD : : OC: SC:: AR: AG; and alternately HO: 


Again, 5 or ER : PN : : DG: GB; and by 
multiplying, HOXER : EQxPN : F SY G: : AG 
XGB : : (Prop. XLIII. Cor, 2.) ERXRT or ERX 
EO : RAXRB or EQXEP. And by compound 
ing, FGxDG : AGXGB : : HOXER + EOxER! 
EQxPN+EQxEP : : EHxXER : EQXEN. Bu 
it is plain, as long as the points A, B, D, C, are fi 
ed; that FGD to AGB is a given ratio; and them 
fore that of REH to QEN. 


Cor. 1. The ſome things ſup . it will be, El. 
EN-;: EO EP: ; ⁵ PR. 

For EH ER: EQXEN : : FGXGD : AG YB; 
HOXER: EQXPN; therefore EHXER: 289 


EQ EN 


1 
* 
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N; and by e EH: E 
EN : Ep. 


Cor. 2. F the points A, B, C, E, be fixed, and D 


? PN, in the given ratio f EO to EP or RT 70 RB. 


Cor. 3. If the points A, B, coincide, AG becomes 
a tangent; and if C and D aſp coincide; DH be- 
comes a tangent, and then Q, N coincide. 


Cor. 4. F BC be drawn u cut EH in I. And 
if it be EH: EI: : EN EV; then if BV be drawn, 
it will touch the curve in B. 

For (by Cor. 2.) If D be moveable, it will be 
EH: EN: : EO: EP, wherever D is. Therefore 
ſuppoſe D to move round, till it coincide with B, 
then BND will become a tangent at B, and N will 
fall upon V; that is, BV will be a tangent. 


Cor. 5. If you make EH: EN:: EO: EP; and 
draw OT, BP, they will meet at V in the curve. 


For ſuppoſing V a point in the curve, it will be 


(Cor. 2.) EH: EN: : EO: EP. Therefore 15 can- 


not be out of the curve. 


Cor. 6. If there be five points B, D, V, C, E, 
in the curve. Thro any point E, draw EPN, EOH, 
cutting BD, BV, DC, VC, in N, P, H, and O; 


in the curve. 


This is the reverſe of the laſt Cor. according to 


which, if A were out of the curve, V would not 
be in it. 


Cor. 7. If A, B, coincide, then AB becomes a tan- 
gent. And fo of any other two Points. 


— 1 442% PN; and by equal diviſion EH : Fi ig 


any how changed; it will ail be EH : EN; and HO: 


H 3 - PROP. 
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ſo that EH: EN: : EO: EP. Then if CA, BA 
be drawn parallel to EH, EN, * will meet at A 


THE ˙·-‚„ 
Fig. S 
PROP. LXXI. 


79. If a trapezium ABDC be inſcribed in an elljy. 
is; and from amy point E of the curve, four ling 
EL, EK, EO, EM; be drawn to the four fids 
of the trapezium, in any angles whatever, equal 
unegual; cutting them in L, K, O, M. A 
likewiſe from any other point e, four more lines ol 
ek, eo, em, be drawn to the fides of the trapezium, 
reſpectively parallel to the former, cutting them in 
8, k, o, m. Then taking the rectangles of the op. 
poſite fides, the rectangle ELXEM : ecm: : EKx 

5 2 : ekXeo. | 

Thro' E, e, draw EN, eqn, parallel to AB; 
and ERH, erb, parallel to AC. Then by ſimilar 

triangles. 

ER: ar: : EL: &, and EH; &:: EM : an 
and multiplying, ERXEH : erxeb : : ELXEM: 
ehem. Again 

e K o:. 
and multiplying, EQXEN : eqxen :: EK EO: 
-»ekxeo.. But (Prop. LXX.) ERXEH : erxeb : : EQ 

XEN: eqxen. Therefore EKXEO : ekxeo : : ERX 
EH: erxeh: : ELXEM : elxem. 


30. Cor. 1. F ABCD be an inſcribed trapezium, and 
to oppoſite fides AB, CD be produced to interſedt ir 
X, and the diagonals AC, BD be drawn to interſett 
* and Xe E be drawn. Then EX: eX 2: EI; 
- EX 5s g 

Eu For (in fig. 79.) ſuppoſe EL, EK, EO, EM, 
and el, ek, 16 | 1 5 in one line Ee; and 
that AB, CD interſect in X, and AC, BD, in Y ; and 
that Ee paſſes thro X, Y, (fig. 80.) which is a par- 
ricular caſe of this Prop. then L, 4, M, w,. coin- 
cide in X; and K, k, O, o, meet in T. Tu | 

. f | 


kLTHEELLIPSIS 8 
the proportion ELXEM : elxem : : EK EO: ekxeo, Fi ig · 


becomes EX“: eX* : : EX : eY*, whence EX: 80. 1 
3 Ex eY. | 


lip Cor. 2. Ad if two tangents be drawn from * 8 123 
liner ¶ end the line joining the points of contalt paſſes thro 

ade T. It will be EX: X:: EX: &Y. 

/ ol For let C approach to D, and A to B, till „ 
Ari coincide; then the lines AC, BD coincide in one, 
s 0), joining the points of contact, E through Y ; 


zu, WM there ore it will ſtill be EX: EY: eL. 
R in „„ 
5 PR 


gate; 8, F, the foci, PM an ordinate. Draw © 
DF, and make DO = CP, and draw Ol OO” to —— 
; then SM = BI. | „ 


a Cor. 2. Prop. V.) CA: CF :: CP: SM—- 
erefore multiplying means and extremes, 

ICP = CAN SM CA“; and CAXSM = CA* 

CFP. But by reaſon of the para * . 

F : CI,; that is, CA: CF : 

hence multiplying, CFyeCP = ABS, Le 

lore CAXSM = CA. ＋CAx CI; and 15 equal di- 

lion, SM = CA+CI = BC+Cl = 5 


Cor. 1. The ſame conſtruction remaining, "FM = Al. 


Cor. 2. F the circle CR be deſcribed with the ra. 
bus SC, to tut SM in N, and NI. be drawn perp. 
BA. Then BC—SL, CD, and SM are continu-. -- . ³ 
ly proportional. But if PM "falls between B and . 98 
tis BC SL. „ 
For by ſimilar triangles SM : SP: : SN or SC. © 


and 
rar- NL whence SLXSM = SCXSP = CEXSP CFC 


, E but we had before CE 
2 CAXSM—C A“; therefore SLXSM = = - 
. C.. 


If BA be the tranſuerſe axis; CD the Aka: 92. 5 ; 72 
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Fig. CF*+CAXSM—CA?, and CAXSM—SLYSM = 
82, CA*—CF* CD!; whence CA—SL : CD:: CDs 
SM. 


Cor. 3. Pat = or the cofine of the angle ASM, 
D- | 


then SM = CA S And when ASM is great- 


er than a right angle, then it is +2XCS. 
| For it is (by trigonometry) Rad. (1) : SN ot 
SC: :s. NL. : SE = DOC. 


83. As the tranſverſe axis, is to the conjugate : : ſo the 
area of a circle whoſe diameter is the tranſverſe, tt 


| A. PROP. LXXIII. 
| the area of the ellipfis. 
Draw NMP parallel to the conjugate CD ; then 
(by Prop. XIX.) the ordinate of the circle and 
ellipſis NP, MP; are every where to one another 
as CE or CA to CD. Therefore if AB be divid: 
ed into an infinite number of equal parts, and or. 
dinates erected, according to the method of indi- 
viſibles. Then it will be as CE: CD : : ſo any or- 
dinate PN: to the correſpondent ordinate PM :: 
(Prop. X.) ſum of all the ordinates PN : to the 
ſum of all the ordinates PM:: that is, as the are 
of the circle, to the area of the ellipſis. 


Cor. 1. The area of a circle deſcribed on the cu. 
Jugate : is to the ellipfis : : as the conjugate, to tht 
tranſverſe. 

For the ſame reafon as before. For all the cor- 
reſponding ordinates are in that proportion, by Cot. 
Prop. XIX. 5 


Cor. 2. The correſpondent ſegments of the cirilt 
and ellipſis, are in the ſame proportion as the wholts 


Cor, 


ie ES 


„ „%% „%%% 2 544 „„ „„ 
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Cor. 3. The ellipfis is a mean proportional, Be- Fig. 
tween two circles deſcribed on the tranſuerſe and con- 83. 
jugate diameters. © 5 
For (Cor. 1.) the circle on the conjugate : el. 
lipfis : : CD: CB: : (this Prop.) ellipſis: circle on 
the tranſverſe. £7 


Cor. 4. The ellipfis is equal to a circle whoſe dia- 
meter is a mean between the two axes. 

For circles being as the ſquares of the diame- 
ters; ABxDH will be the ſquare of the diame- 
ter of the mean circle, which is equal to the el- 
lipſis. And hence, 


Cor. 5. An ellipfis : is to the reftangle of the two 
axes : : as any circle: to the fquare of its diameter. 


Cor. 6. The areas of ellipſes are to one another as 
the rectangles of their tranſverſe and conjugate axes. 


P-R:© P. ·˙· 


The ſolidity of a ſpberoid, generated by an ellipfis 
revolving about either axis, is 5- the circumſcribing 
cylinder. TT 


Let C be the center; CA = t, the axis of re- 
volution; CD =; f jnuenS 
3.1416. Suppoſe AC divided into an infinite num- 
ber of equal parts, and planes be ſuppoſed to paſs 
thro* them, then according to the method of Indi- 
viſibles, all theſe circular planes make up the ſo- 
lid. Now (by Prop. VI. and VII.), zt : cc:: 2tix—xx: 
»Y= 75 X 2x — * = PM", and — X 21x—xx = 
2XPM*, which is one of the circles conſtituting 


the ſolid. Now the ſum of all the 7 * 2tx (Ar. 
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5 nf mes E . And the fum of all 


the © = ax (Ink. Prop. III. Jis e. Therefore the ſoli- 


—ñkͤæ [êk Aê et 
{ 


dity of the ſegment AMF is = | ar = 


cc 


* 2 9+. And when ons becomes AC, 


—_ xc 


But the folidity of the e whoſe baſe is DE 
and height CA, is = pxCD*XCA, whence the ſphe- 
xoid is 5 the cylinder. 


Cor. 1. The ſolidity of the ſegment AMF = a 


exlinder * height is AP or x, and baſe +. circle 


MF + = * circle AP. 
Cor. 2. The folidity of the ſpberoid DAE, is to 


the ſphere whoſe radius is AC; as DC* to AC. 3 and 


their correſpondent parts are in the ſame ratio. 


For the hemiſphere is 2px AC: (Arith. Infin. Ex. 
6.); and the ſegment, of the height AP, is 


pix px X x, which is to the ſpheroidal ſegment, 
as it to cc. 


Cor. 3. The ſolidity of the middle zone MDEF 


3s. = to a cylinder whoſe baſe is + circle DE Ly circle 


MF, and height CP. 
Put v = CP = =, chen x = #—v, put this 


pecxx I 
for x in the ſegment, and it becomes TXT 


— 1 2pcct cv 
** X 7 1+Jo = Fompeev ＋ git 5 


ſubtract 


erer 


n e e ey TY 
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ſubtract this from the whole DAE = 5 put, and Figs 


there remains, pccv— 57 for the zone DMFE, 
„ „ 
But prov — 7 * Pecv + x Pecu *% 


peevs® 


EF”. 2 1 
7 Je N N 


DE x v. + > the baſe MF x v. 


cCOVU 
it 


1 5 A ſpheroid whoſe axis is the tranſverſe: is 


to a ſpheroid whoſe axis is the conjugate: : as the con- 
jugate : to the tranſverſe. 
For they are to one another as cct to Fic. 


PROP. ASAY. FR 
To deſcribe an ellipfis by motion. 
1 Way. „ 


Let CP, PD be two equal rulers moveable about 


P, E a fixed point in PD. Then if CP be moved 
about the fixed point C, whilſt the end D moves 
along the right line AB. Then the point E will 
deſcribe an ellipſis AEB. 


It is plain by the conſtruction, that CG = CP 


—PE, and CB = CP-+PE, make CO = CB, and 
draw EK parallel to AB. Then ſince CP = PD, 
therefore PK = PE = PO. And ſince the line PL 
biſſecting the angle KPE is perp. to KEiand bif- 
ſects it; therefore OE which 1s parallel to it, will 
be perp. to KE or to AB. Therefore (Prop. XXXI) 
the point E is in the ellipſis. | . 


84. 


Cor. The difference between the ſemitramverſe and 


ſemiconjugate, or CB=CG, is = 2 PH. 
| p 2 Ha * 


8 


Fig. , 
23. 


gate CD; then if the ruler be ſo moved that the 
end G may ſlide along CE, whilſt the point I 
| Nlides along CA. The point M by its motion will 


$6. 
the diſtance of the foci. And let DE be movea- 


Cor. 1.) biſſects the angle at P, and alſo DF, ES. 


THE ELLIPSIS. 


5 2 Way. | 
Take the ruler MG, equal in length, to the 
ſemitranſverſe CA; and make MI = ſemiconju- 


deſcribe the ellipſis AMD. 
This conſtruction is plain from Prop. XXX. 


— 3 May. 
Take two rulers FE, SD, each equal to the 
tranſverſe AB, and a third ruler DE equal to FS 


ble about the points D, E. Then cauſe the rulers 
EF, DS, to move round, about the fixed points 
F, S. Then the interſection P will deſcribe an ellipſis 
AFB... -- | | 


Draw the tangent GPH, this (Prop. XIII. and 


Therefore the triangle FPG is ſimilar and equal to 
the triangle DPG ; and SPH to EPH ; therefore 
PE = PS, and FP+PS = FP+PE = FE = 
AB by conſtruction. Therefore P is in the curve 
of an ellipſis by Prop. I. 


Cor. If two lines FE, SD, equal to the tranſverſe 
AB, be drawn thro any point P in the elligſis, and 
the ends D, E, joined; then DE = FS the diſtant 
oor foe 8 

For the ſide DP = PF, and PE = PS, and 
<< P vertical; therefore DE = FS. 


SCHOLIUM. 


' The ellipſis may alſo be deſcribed by defini- 


tion 1. 
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THE ELLIPSIS. 


PRO P. LXXVI. Prob. 


"Ty deſcribe an ellipſis, by finding ſeveral points in 
the curve. 9 5 
1 Way. 


Let AB be the tranſverſe axis; F, 8, the foci. 
Make PX = AB, and divide PX into as many 
equal parts as you pleaſe, as PQ, QR, RT, TV, 
&c. Then take any diſtance from P (greater than 
AF), as PV; and ſetting one foot in F, deſcribe 
the arch D. Then take the remainder XV, and 
ſet one foot in S, and croſs the former arch at D; 
then D is one point in the curve. Do ſo for all 
the other points R, T, &c. finding as many points 
D. Then a curve drawn thro? all the points D, 


making no angles, as ADB, will be the ellipſis re- 


quired. | 
This conſtruction is plain from Prop. I. 


| 2 Way. 
Let AB be the tranſverſe or conjugate axis; di- 
vide AB into an infinite number of equal parts CL, 
LL, LL, &c. On the diameter AB, deſcribe 
the circle AEFB. On C the middle of AB, make 
CE perp. to AB. And thro” all the points L, draw 
the lines FL, FL, FL, &c. parallel to CE. Then 
in all the lines FL, make as the ſemitranſverſe 
CB, to the ſemiconjugate CD; ſo LF to LN; and 
produce NL to u, ſo that Ly = LN. Then a re- 
gular curve drawn thro? all the points N, , as 
ADNBzdA will be the ellipſis required. y 
4 This conſtruction is evident by Prop. XIX. and 
or. a 
. 3 Way. 2g „ 
About the axis AB, deſcribe the circle AEB, 
divide CB into any number of equal parts 5 Io 


3 


87. 


88. 


88. 
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=: THE ELLIPSIS 
Fig. LL, LL, &c. and draw LF, LF, LF, &c. paral- 
88. lel.to CE. Draw DB, and Lo, Lo, Lo, &c. paral- 
lel thereto. Or rather from L neareſt to C, draw 
Lo parallel to DB, and divide CD into parts, e- 
qual to Co, draw or, or, or, &c. parallel to AB, 
and each equal to its correſpondent LF; then x, r, 
7, &c. are in the curve of the ellipſis. 
For by the praperty of the circle ALB = LF 
2 3 or* ; therefore (Prop. XIV.) r 
is in the curve of the ellipſis. | 


PROP. LXXVI. Prob. 


Given two conjugate diameters; to deſeribe the el. 
bipfis H points. | 

55 1 Method. 

89. _ Let AB, DE be the diameters ; thro* A draw 

© FF parallel to DE. And AO perpendicular to it, 

and equal to CD; and draw OC. About the cen- 

ter O with radius AO deſcribe the circle NAN, 

From C draw any number of right lines CF, CF, 

&c. to interſect then from O to theſe inter- 

&Cftions, draw OF, OF, &c. cutting the circle in 


to OC, to cut CM, CM, &c. in M, &c. 


ä | 
And if MC, MC, &c. be produced till Cm = 
N then the points m, m, &c. will be in the el- 


For draw MP, NQ parallel to FF, and join 
PQ ; then by ſimilar triangles, CA : CP: : CF: 
CM : : OF: ON : : OA: OQ,; therefore PQ is 
Parallel to OC, and to MN ; therefore NQ = MP. 

Ihen fince CA: CP: : OA or CD: OG; there- 
fore CA* ; CP* : : CD* or ON* : OQ*; and by 
diviſion CA“: CA*—EPF* : . ON* ; ON*—OQ:* or 


NQ 


N, N, &c. From N, N, &c. draw lines parallel 
Then M, M, M, &c. will be in the curve of the 


k. I. THE. ELLIPSHS mA 


NQ*; that is, CA* : APB: : CD* : PM*. There- 
N XL.) the point M is in the <ellipfis, 2 
And ſince Cm = CM; therefore (Prop. XXXII.) 

m is alſo in the curve. | | 


. 2 Method. © . 

Let AB, DE, be the two diameters. With radius 90. 
CB and center C, deſcribe the circle B60; let CO 
be perp. to CB; divide CB into any number of 
equal parts, at F, E, F, &c. and divide CD into 
the ſame number of equal parts at P, P, P, &c. at 
F, F, &c. draw FG, FG, &c. perpend. to BC. 
Thro' P, P, &c. draw PM, PM, &c. parallel to 
AB, each equal to the correſponding line FG. Then 
the points M will be in the ellipfis. 

And if MP be produced beyond DC, ſo as to 
be equal to PM, theſe points will all be in the 
ellipſis BD. : 

For ſuppoſe BD drawn, and FP parallel to it. 
Then fince CF is the ſame part of CB, as CP is 
of CD, then CF: CP : : CB: CD; whence CB* : 
CD*:: CF* : CP*. And by diviſion CB* ; CD* : : 
CB*—CF*: CD*—CP* ; but BC -CF? = BFA 
= (nat. circle) FG* = (conſtruction) PM“; there- 
fore CB* : CD“: PM* : CD*—CP* or DPE or 
CD“; CB* : : DPE : PM*. Whence (Prop. XL.) 
M is in the curve of the ellipſis. : 


3 Method. 

Let AB, DE be the two diameters. Draw the 91. 
tangent AL, find a third proportional to AB, DE, 
which ſet from A to G, this is the latus rectum of 
the diameter AB ; draw GF parallel to AB. Thro' 

A, draw any number of right lines AF, AF, &c. 
Make AL, AL, &c. equal to the correſponding 
GF, GF; and from B, draw BL, BL, &c. to in- 
terſect AF, AF, &c. Then the interſections M., 
a M, 


66 F - 
Fig M, &c.. of the correſpondent lines AF, BL, will 
91. be in the ellipſis. 

And a like conſtruction may be made by means 
of the tangent Bg, at the end B. The reaſon be- 
ing the ſame for both. | 

For draw the ordinate PM. Then by ſimilar 
ttiangles, GF: GA :: AP: PM. And BA: AL 
or GF:: BP: PM; aud by multiplying, BA: GA : : 
'APB: PM“. Therefore (Prop. XL. Cor. 1. ) the 
Poe M is in the rt. 


P R O P. LXXVIII. Pros. 


92. ur” right line DE being given in an ellipfis ; to find 
ts diameter, and the center. | 


Draw HI reli to DE ; biſſect DE in O, and 
HI in G. Thro' O, G, draw AOGB, which is 
the diameter. Biſſect 'AB in C, and C. is che center. 

For the diameter biſſects all the whole ordinates 
(Prop. XL. Cor. 3.); and the diameter is biſſect. 
ed in the center (Prop. XXXII.) 


P RO P. LXXIX. Prob. 


93. Am diameter AB being Res. in an ellipf 3 
find its conjugate. | 


Draw HI parallel to AB. Biſſect AB, HI, in 
C and G. Thro' C and G draw the conjugate DE. 


PROP. LXXX. Prob. 


93. Aa» diameter AB being given; 10 draw an ordinate 
to it from a given point in the curve as H. 


＋ hro? the center C, draw HK; and KL parallel 
to AB; then draw- LI which will be che Aeuble 

oo ordinate required. 1 
or 


L 


del 


le 


or 


x1 THE ELLIFSI1S 
therefore HO = : OL. 4 ah | 
| o * | . 


Draw HI parallel to AB. Draw. DE through 


= 
For ſince HC = CK, and AC, LK parallel; Fig. 


93+ 


the middle of AB, Hl; and draw HL paralle] to 


it; then HO 1s the ordinate ſought. 
For DE is the conjugate, we the laſt TO and 
HO is parallel to it. 


"PROP. LXXXI. Prob. 
An E llipfis being given to find the two axes. 


ML; biſſect them, and thro' the middle points 
bow IN, biſſect IN in C, for the center. On the 
center C deſcribe an arch of a circle, to cut the 


W-llipſis in two points G, and H. Draw GH and 


biſſect it; then thro? C and the middle point of GH, 
draw BA for the tranſverſe axis; al o through C 
aw DE parallel to GH, for the conjugate. 


ſince CG is = CH, CB paſling thro” the middle of 
H, will be to it, and alſo perp. to the dia- 
Wneter DE. ( which | 18 * to FG); therefore AB, 
WE are the AXES, 


P R O P. LXXXIL : Prob. 


Waking a given angle with one another, if poſſible. 


Draw any diameter FG, upon - FG deſcribe the 
W2ment of a circle FNG, to contain the angle 


cut the ellipſis in N; draw NG, NF and biſſect 
: *x and thro* the — of biſſe&ion a the 
| lame- 


Wen (or its ſupplement, for it will be all one), 


94. 
Draw two parallel lines thro' the ellipſis as F K, 


For AB paſling thro' C muſt be a diameter; and 


An ellipfi being given; to find tee diameters, 95: 


- 
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Fig. diameters AB, DE; theſe will be the diameter 
95. required. If the circle does not cut the ellipf 
the problem is impoſſible. | 
For ſince GN, FN are biſſected, they will be 
ordinates to CD, CB. And ſince FG is alſo biſ 
ſected in C, therefore CD is parallel to FN, and 
CB to GN; whence < BCD = FNG = the give 
angle.  - | 
| PROP. LXXXIII. Prob. 


From am given point M in an ellipfis, to dray 
a tangent. | | 
1 Way. 
96. From the given point M to the center dns 
MC, and find its conjugate CB (by Prop. L XXIX) 
then from M draw MG parallel to CB, for the 
tangent, 


1 2 Way. ho 
Draw the ordinate MP to the diameter CF; then 
take CP: CF: CG continual proportionals; an 
draw MG for the tangent, by Prop. XLVI. 


3 Way. 
97. Draw two lines MF, MS, from the given point 
to the foci; make MD = ME of any length, an 
draw DE, then from the point M draw MT pa 
rallel to ED, for the tangent at M. 
For ſince EM = MD, the <D = <E. And 
ſince MT is parallel to ED, the TMD = MDE 
= MED = EMR; therefore (Prop. X.) MT 4 
tangent at M. 


4 Way. | ny 
96, If KF be one of the axes, deſcribe a circle about 
EKF as a diameter, and where it cuts the ordinal 
PM (produced), as at n, draw the tangent m0 u 
the circle; then draw MG which will touch the 
ellipſis at M, by Prop. XVIII. _ 7a 


11 Dult BALI A£b 


* 3 
Let F, 8, be the foci, produce FM to G, ſo 9. 
mat MG = MS, draw GS and biſſect it in O. Then 


Mo drawn, will touch it in M, by Prop. XIII. 


' PROP. LXXXIV. Prob. 


From a point given without the ellipſes,” to draw a 
tangent to it. 


1 Way. : 
Let G be the point given, thro' G and C draw 96. 
the diameter FK. Make CG, CF, CP continual 
proportionals, and at P draw the ordinate PM to 
the diameter FK; then GM will be a tangent. By 
Prop. XL VI. | SO, 
. 2 Way. | | | 
If KF be the axis, draw CG, on which deſcribe 
the ſemicircle CMG, and on the diameter KF de- 
ſcribe an arch Fm to cut the former in . Draw 


up perp. to CG, to cut the ellipſis in M. Then 
draw GM for the tangent. By Prop. XVIII. 


poink 3 Way. 
„ Let T be the point given; thro' T draw the 98. 
T PW diameter AB, and (Prop. LXXIX.) find its con- 
mn CD. Draw any line TS = TB, and make 
* TR = TC. Draw RA, and SP parallel to it, 
Mor cutting the diameter AB in P. Draw the ordi- 
T 151 nate PM parallel ro CD; then TM is the tangent 
required. 8 : | 
Por by ſimilar triangles, TS: TR:: TP: TA; 
about WW that is by conſtruction, TB: TC: : TP: TA; and 
dina I by diviſion, BC: TC : : AP: AT; and by divi- 
n fion again BC: TC : : BCA or CP: TC AT 


or CA; that is, CP: CA:: CA: CT; therefore 
Prop. XLVI.) TM is a tangent, + 
no I 2 PROP. 


Fig. 
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Fig. 
PROP. LXXXV. Prob. 


99. There is given the focus F; and alſo three punts if 
the. ellipfis, M, N, P; to deſcribe the elligſis. 


Draw NMK thro* two of the points, and NH 
alſo thro* two; and draw MF, NF, PF, to the 
focus. Then make FN: FM: : NK: MK. Alb 
FN: FP: : NI: PI. Then draw KI, and MH 
rp. to it. And FT perp. to it from the focus; 
and make FA: AT:: FM: MH. Then produce 
TF to B, ſo that BF may be to BT in the ſame 
ratio. And AB will be the axis, and the middle 
point C, the center. And make CS = CF, and 
S will be the other focus. Whence the ellipſy 
may be deſcribed by the foregoing propoſitions. 
Draw NG, PL, perp. to KT. Then by con- 
ſtruction FN: FM: : NK: MK : : (ſimilar ti. 
angles) NG: MH. And FN: FP: : NI: PI: 
NG: PL. Alſo FA: AT:: FM: MH. Ther 
fore FN : NG: : FP: PL:: FM: MH: : FA: 
AT:: FB: BT. Which (Prop. XXIX. and Schol) 
is the property of the-ellipſis, where KT is the d 
rectrix; and therefore the points M, N, P, ar 
in the ellipſis. Alſo ſince BT: BF :: AT : Af. 
Therefore AT: AF: : BT—AT : BF—AF:: 
BA: SF : : CA: CF; which is the property d 
the directrix. | 


PROF. . Prod. 


ro. Given two conjugate diameters of an ellipfis ; if 
find the axes. | 


Let the given diameters be HI, LM ; product 
CH, and make CH, CM, HN continual prop 
ionals; let GK be a tangeat at H; biſſect CN , 


Pl. XI. a. 70. 
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R, and draw RO perp. to it interſecting GK in O. Eig. 
About the center O, with radius OC deſcribe the 10%. 
circle CGN K, cutting GK in G, and K. Thro' 
K, C, and G, C, draw AB, ED, for the two axes, 

For by conſtruction CL. = CHN = (Geom. IV. 
20. Cor. 2.) GHK; therefore (Prop. LIII.) AC, 
| EC are conjugates. And ſince GOK is the dia- 
meter of the circle; GCK is a right angle, and 
therefore AC, EC are the ſemiaxes. <; 


Cor. if HP, HQ be drawn parallel to EC, AC. 
And there he taken CA a mean between CP and CK; 
| and CE a mean between CQ and CG, you'll have the 
length of the axes. / 15 
By Prop. XVI, XVII. Becauſe GHK is a tan- 
gent at H. 25 | 5 


PRO P. LXXXVIL Prob. 


To deſcribe an ellipfis about a given parallelogram 1 os. 
EGHEF, to paſs thro a given point P. | 


Biſſect the © oppoſite ſides of the parallelogram 
| EF, GH; and EG, FH; by the conjugate dia- 
meters AB, ID. Draw PQ parallel to ID; and 
| he 2 „ 2 EIL | 

take AC* = 2 2 Anden 
C14 2 . 2 2 7 
— EEE And AC, CD being had, 
AL, and its equal KB will be had, from whence 
the ellipſis is eaſily deſcribed. | 

For (Prop. XL} AO: M.:; A; EL: > -- 
AQB: PQ. That is, AC*: CD“: : AC*—CL*: EL“: 
AC: PQ*. Hence AC - CL x PO = 

AC'—CQ* x EL*; therefore AC* x PO*—EL* = 

CL. X PQ'=CQ*XEL*. Whence AC is deter- 
mined, 2 | 1 5 


I33öð— 
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Fig. Again, ſince AC* : CD:: AC'—CL* : EL-; 
101. by diviſion, AC* : CD* : : CL: CD*—EL-, And 
ſince AC'—CL* : EL. :: AC - CQ: PO. by 
diviſion, AC'—CL* : EL* : : CO- CL“: EI. 
PQ*. Therefore CL* : CD!—-EL! :: CQ -L 
EL*—PQ*. And by addition, CL“: CD*—EL-:: 
CO: CDP; therefore CL* x CD*—PQ* = 
CO. CD*—EL? ; whence CD* x CL*—CQ: = 
CL*xPQ*—CQ*xEL?. And therefore CD is de. 
termined. : 
Cor. Hence Ac“: CD:: CL*—CQ*: PEL. 
For AC x PQ!—EL* = CL? x PQ CQ. 
EL. = CD* x CL 5 


PROP. LXXXVIII. 


102. Va cylinder be cut obliquely by à plane; the ſeflin 
will be an elliꝑſis. | | 


Let AGH, RIS, be the baſes of the cylinde, 
AMB the ſection; AB its diameter interſecting the 
axis of the cylinder KO in C; then ſince AO = 
OH, therefore AC = CB. Take any point P, and 
ſuppoſe two planes parallel to the baſe AGH, u 

paſs thro C and P, cutting the ſection in the line 
CD, PM. Thro' CD, PM, draw the planes KG, 
NE. If the plane RH be ſuppoſed perp. to AGH 
and AMB, then (Geom. V. 15.) CD, PM will be 
perp. to AB, and GO, EF, to AH. And KI = 
CD. OG, and NL = PM = FE. By the ns 

ture of the circle, the rectangle AFH = FE: = 
PM*. Then by fimilar triangles, AC: AO:: AP: 
AF, and AC: AO: : PB: FH; then multiplying 
AC“: AO or CD*:: APB: AFH or PM.. There 
fore (Prop. VI. Cor. 1.) the curve AMB is an el 
Iiplis. - 8 
. ot. 


10% 


| ACG, cut the plane HCK, in the line OM. Then 


or CD: OM; whence OK = OM ; therefore EMK 


its Ades; the ſection BNDK will be an elliꝑſis. 
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Cor. If the plane be parallel to the baſe of the cy- Fig. 
linder, the ſection will be a circle. 102. 


PROP. LXXXIX. 


F au oblique cone ABD be cut by a plane EF, in 103. 
ſub-contrary poſition, the ſection ELF will be a circle, 


Let the plane ABD be drawn thro' the axis of 
the cone AC, perp. to the plane of the baſe BGD. 
And let another plane ELF alſo perp. to ABD, cut 
the cone, ſo that the angle AFE may be equal to 
ABD. Then the cone is ſaid to be cut in /ub-con- 
trary poſition. 5 

Thro' any point R in the diameter EF, draw the 
plane HLK, parallel to the baſe BGD, cutting the 
plane ELF, in the line LR. Alſo let another plane 


(Geom. V. 11.) OM and CG are parallel; whence 
by ſimilar triangles, CD: OK :: AC: AO:: C 


is a circle. 3 

Again (Geom. V. 15 and Cor.) LR is perp. to 
the plane ABD, and alſo to EF and HK; and ſince 
the angle KFR = EBD or EHR; therefore the 
triangles ERH, KRF are fimilar, and ER: HR:: 
KR: FR. And ERF = HRK =(Geom. IV. 17.) 
RL“; therefore ELF is alſo a circle. | p 


Cor. If a cone be cut. by a plane parallel ts the 
baſe, the ſeftion (HLK) will be a circle. © 
This appears from che demonſtration. 


1 


If a cone ABC, be cut by a plane paſſing thro bath 104. 


Draw the plane ABC thro? the axis of the cone, 
und let the plane DN pals thro? the tangent at B. 
on —— T4 and 
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Fig. and let BH = HD, and thro' H and any point l, | 
104. of the diameter BD, draw two planes, parallel to fri 
the baſe of the cone BC; cutting the plane BNDKk tut 
in the lines KN, LO, which will be parallel to 
one another (by Geom. V. 11.); and the ſections 1. 
FNGK, and OQPL will be two circles (by Cor. o H 
the laſt Prop.). H 
Then by the nature of the circle, OIxIP = 
IQ* or IL*, and FH x HG = KH or HN*. By 
the ſimilar triangles DIP, DHC, and BIO, BHF; 
DI: IP:: DH: HG, and BI: IO: : BH: HF, 
And by multiplying, DIXIB : Olx IP or IQ :: 
BH HD: FHxHG or HN*. Therefore (Prop 
XL.) the curve BNDK is an ellipſis. 


Cor. 1. The ſquare of the conjugate is equal tt 
the reftangle of the diameters of the fruſtum: KN. 
'= EDXBC. | | 

For draw DE parallel to BC ; then by ſimilar 
triangles, ſince DB is biſſected in H, therefore FH 
= ED, and GH = BC; and the rectangle FH 
= KH* = + BCXED; and KN* = BCXED. 


| - - =  BDXIC 
Cor. 2. The latus redtum of the ſection is i 


For (Prop. IV. Schol.) the latus rectum is equal 
KN* 


to BB 


„ ant end pm, e © oof 


105. Cor. 3. If it be à right cone, the ſquare of tht 
tranſverſe is equal to the ſquare of the fide of tht 
fruſtum, and the reftangle of the diameters of iht 

baſes. BD* = DC*+EDxXBC. 
| | BC—ED 
Let DW be perp. to BC; then WC =————-. 
And (Geom. II. 23:) BD* = BC*+CD*—2BCVW 

| BC—ED 

= BC*'+CD*'—2WC x = CD* +BCXED. 


— 2 
Cor. 
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, Cor. 4. In a right cone, the diſtance of the focus 8, Fig. 
to i from the center, is equal to half the fide of the fruſ- 105. 
K um: HS = FB. 5 | 
to For (Cor. 3.) BD*—CD* = BCXED = (Cor. 
ns 1.) KN*. And dividing by 4, BH*—BF* = 
to Bl HN*, and BF“ = BH* — HN! = (Prop. II.) 
HS“, and BF = HS. Ss | 
Cor. 5. If Al be perp. to the baſe of the cone, and 106. 
pep. 7 MH the diameter of the ellipfs. Aud 
"; Wil / AN = AB, and FND be drawn parallel to the 
. baſe CM. Then FD is = the latus rectum; and DS. 
bk (parallel to MH) is = HZ the diameter at top. 
. Draw AL, AG parallel to MC, MH, and let R 
= latus rectum; then the triangles ABL, ANG 
15 are ſimilar and equal, and AG = AL. The tri- 
NV. angles MCH, DFS, GFA, are ſimilar; whence 
| MC: M:: DF: DS:: GF: GA or AL:: 
(fimilar triangles GFA, LAH) AF: AH : : (ſimi- 
x lar triangles AFD, AHZ) FD: HZ; therefore 
G DS = HZ, and MHXFD = MCXHZ = (Cor. 
I.) ſquare of the conjugate = (IV. Schol.) MH x 
R, therefore FD = R. 


Cor. 6. In a right cone, if F be the focus, C the 107. 
o center of the ellipfis; AG = AF. The circle GOI 
parallel to baſe of the cone, will cut the plane of the 

4 CAH in the line ED, the direktrix of the el- 
ip}iS. 
* For (Prop. XXVIII. Cor. 2. and XXIX. Schol.) 
he if DH be the focal tangent, DE. will be the direc- 
5 trix; where CH = CA, and AF, are ſet perp. to 
AM. Bur if they be not perp. but in any other 
0 ſituation parallel to each other, as CB and AG; 
= then BG will cut AM in the fame point D, 
and ſtill DE, is the dire&rix. And DB will be 
parallel to MN; for (Cor. 4.) CF = AP or AN; 
5 and PC (drawn thro' the middle of AN, AM) 
will be parallel MN. And (XVI.) CA: CD: 5 5 : 


76 THE ELLIS ISV. 
Fig. CA : : (by diviſion) AF : AD; that is, PA: CA:: 
107. AG: AD; therefore DG is parallel to PC or MN. 


108. Cor. 7. Is aright cone, if AG = AF, and the cis 
- cle GNI be drawn 8 to the baſe. Then the diſ 
Iiance of any point P from the focus, FP; will be .. 


qual to PN the diſtance of Þ from the periphery of 
Ibe circle GNI. | 


For DE is the dire&rix; draw DR the focal tan. 
2 then (Prop. XXVIII.) if the ordinate PQ 
xe produced to the tangent at R, then QR = FP; 
but QL parallel to AG, being made equal to QR 
(as in the laſt Cor.), then DL will be parallel to 
the baſe HM. Whence FP = QL = PB (becauſe 
5 plane Es is parallel to the plane DBL) = 
=*% . | 


Cor. 8. And fince there are two foci; another ſuch 
rircle drawn the ſame way below the baſe HM, will 
Save the ſame property. And their diſtance along the ih 
Ade of the cone will be equal to the tranſverſe axis. 


 SCHOLIUM. 


Hence appears the reaſon why the Ellipfs is 
called one of the Conic SefFions. For a cone cut 
by any plane which paſſes thro? both its ſides, will 
always make the figure of an ellipſis, whoſe proper- 
ties have been demonſtrated in this book; except 
it Happen in ſome particular caſes, that the two 
axes of the ellipſis be equal; and then the foci co- 
incide in the center; and the ellipſis becomes a cir- 
cle; which therefore may be reckoned one fort of 
an ellipſis. | : 
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B O OR II. 
Of the HyPERBOLA, 


DEFINITIONS. 


DFE F3 MN 


F the ends of two threads SPQ, FPO, be Fig. 
| | faſtened at the points 8, F. And be m de to Ts 
paſs thro' a ſmall bead, or pin P, and knotted to- 
| gether at Q. Then takin hold of Q, Q, and' draw- 
ing the threads tight; if the bead be moved along 
the threads; the point P will deſcribe the curve 
APM, called an Hyperbola. 


. 

And if the end of the long thread be ** at Fs 
and that of the ſhort one at 8 and the curve NBR 
be deſcribed after the ſame manner; that curve is 
called the oppoſite Hyperbola; and both curves to- - 
gether, MAm, NBR are called oppoſite Sections, or 
oppoſite Hyperbolas. ; 


DEF. mY | 
The two fixed points F, S, are called the Foes. 


W 
The line AB (paſſing thro? the foci, ER: con- 
tinued), contained between the two parts of the 
curve, is called the tranſverſe Axis. * K 4 


K — — 
— e etaamacts — 

- — 

* 


4 ˙ —„—» ——— 
— 2 — — P - 
% 
\ 


THE HYTEERBOL A; 


: „ 

The middle point of AB, that is C, is called 

the Center of the hyperbola, or of the oppoſite ſec- 
tions. 
DEC 

If VY be drawn thro? the center C perp. to AR, 

and with radius CF, and center A, an arch he 

deſcribed, cutting VX in V and Y; then VY i; 
called the conjugate Avis, 


DE F. VI. 


Any line TO drawn thro' the center C, and 
terminated at the oppofite ſections, is called a Di. 
ameter; and the extremity T (or O) its Vertex, 
And the line drawn thro' the center, parallel to the 
tangent at the vertex, is called its conjugate Dia- 
meter. | | 


AD Et ML 


Tf any diameter OT is continued within the 
curve, the part within, TP, is called the 43/ci/a. 


DE FF. <IR.' | 
Any line PM, drawn parallel to the tangent at 
the vertex T, and terminated at the abſciſſa and 
curve; is called an Ordinate to that diameter TO. 
And if it go quite thro' the curve, it is called 3 


double Ordinate. 
DE. 


The line LI, drawn thro' the focus F, perp. to 
the tranſverſe axis AB, and terminating at the 
curve, 1s called the Parameter or Latus Redtum. 


3 „ 
If the ends of the two axes be joined by vhc 
lines BY, BV; and thro' the center C, two _ 


ed 


mn THE HYPERBOLA: 

SCH, CG, be drawn parallel to BY, BV ; or (which F 
is the fame) if VY be placed at A perp. to BA; 
End the lines CH, CG, be drawn from the center 
c, thro' the ends E, D; theſe lines CH, CG, are 
called the Aſſymptotes, of the hyperbola, or of the 
' oppoſite hyperbolas. 8 


DEF. XI. 
When the tranſverſe and conj ugate axes are equal, 


AC = CV or AD, the curve is called an eguilateral 
Hpyerbola, or right angled Hyperbola. 


DEF Ml - 8 
A right line which meets the hyperbola in one 


point T, but does not cut it, as IH, is called 


Tangent to it, in that point T. | - 
DEF. 2; 
If two oppoſite hyperbola's KO, TW, be in 


like manner deſcribed to the tranſverſe VY (= DE), 


and conjugate AB; theſe are called conjugate Hy- 
perbolas, with regard to the former. 


PROP; L 


The difference of the lines SP, FP, drawn from 
the foci, to any point P of the curve, is equal to the 
tranſverſe axis AB. | | 
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ig 


I, 


For by conſtruction PS— PF = AS — AF =- 


| AB+BS— AF = (becauſe BS = AF) AB. 
Cor. Hence CF = CS, or the faci are equally diſ- 


tant from the center. 


PROP. 


Þ 
Fig, 


From the two vertices, is equal to the ſquare of tht 


3. As the tranſverſe axis, is to the conjugate ; ſo the 


THE HYPERBOLA: 


PROP. II. 


The ſquare, of the diſtance of the focus from th 
center, is equal. to the ſum of the ſquares of the ſemi. 
tranſverſe and ſemiconjugate. CF. = CA*+CY*, 


For make AE equal and parallel to CY, then 
the radius CE = CF; and in the right angled tri. 
angle CAE, CE = CA*-+AE:; that is, CF = 
CA*+AE* = CA*+CY*. | 


Cor. CF: AE- = CA“; and CF. =CA* = 
— Cr. - N 
| PROP. III. 
The rectangle of the focal diſtances from either ver. 


tex, is equal to the ſquare of the ſemiconjugate, FA x 
al = CT”. . 15 


For making AE = CY, by the property of the 
cirele, FAX AS. = AF* 3 CY». 
Cor. The rectangle of the diſtance of either focus 


ſemiconjugate, FA x FB = AE = CY*. 
For SB = FA, and SA = FB; whence FA x 
FB = FAXSA = AE*. 


PROP. IV. 


conjugate, to the latus refum of the tranſverſe ; AB: 
V : Y: LI. / 2 


For (Prop. I.) SL — LF = BA = 2CA; and 
L 2CATLF; and SIL.“ = 4CA* +4CA Xx 
LF+LEF* : and in the right angled triangle 1 7 


— 2 rr 15 


t 


8 


he 


B. l. THE HYPERBOL A: 


8 SL* = SF*+LF*, and ſubtracting LF* from Fig. 
theſe two values of SL.“; then 4CA*+4CA x 3. 


LF = SF* = 4CF*; and CF* = CA*+CA x 


LF. But (Prop. II.) CF* = CA*+CY* CA 
CAN LF; therefore CY* = CAXLF; and 


multiplying by 4, VI = BAXLI. 


Cor. 1. As the ſemitranſverſe, to the ſemiconju- 
Cale, jo the RO 40 half the latus rectum, 


| CA :CY:: 


Cor. 2. 4s the ſemitranſverſe, to the diſtance of 
the focus from the center; ſo is the ſame diſtance, ta 


the ſum of the ſemitranſverſe and half the latus rec 


tum, CA: CF : : CF: CA+LF. | 
For (Prop. II.) CF. = CA* +CY*.= CA* + 


CAXLF = CA x NX EL. 
Cor. 3. The reftangle BFA = + tranfoerſe x? 


latus retum = CA x FL. 
By Cor. 1. and Prop. III. 


SCHOLIUM. 


Since the tranſverſe axis is to the conjugate, as 
the conjugate to the latus rectum ef the tranſverſe 
axis. Therefore in any other diameters, the third 
proportional to any diameter and its conjugate, is 
called the Latus Rectum of that Diameter. There- 


| fore in a right angled hyperbola, every diameter is 


equal to its latus rectum. 


PROP. 


2 * r 
5 2 — — ö 
— ens. - HR roots, — A ( <nipSIe Þ c2 — — 
6 > Mu 
—— * 1 


| 
i 
1 


$2 
Fig. 


. 


PF; 


zo balf the ſum of the lines MS, MF, 


THE HYPERBOLA:. 
"FROM -'v: 


From any point M in the curve, draw the line, 
MF, MS, to the foci ; and the ordinate MP perp. 
to the tranſverſe axis AB, Then, 

As the ſemitranſverſe, CA: 0 
to the diſtance of the focus from the center, CF : : 
So the diſtance of the ordinate from the center, CP : 


. — 
1 


Make SD CA; then SM = CAT DM, 
and FM = SM —2CA = DM— CA. In the 
right angled triangle SMP, SM“ = CA*-+2CAx 


 DM+DM* = SP* +PM* —=CF+CP + PM*' MM. 


= CF* +2CFxCP+CP* +PM-. — wil 
And in the right angled triangle FM, FM* = As 


DM* — 2DM x CA + CA! = FP* + PM“ = to | 


* * = CP* —2CE Xx CP+CF*+ 1 
23 f Y 
And ſubtracting the latter equation from the 
former, SM* — FM* = 4CAxDM = 4CF xCP. N 
And CF CP = CAN DM. 5 
But ſince SM = DM +CA, and FM = DM— . 
Sz therefore SM+FM = 2DM, and DM = 
M+FM : | SM+FM 
x — — whence F = CA x —— 


Cor. 1. If F, S, be the foci, MP an ordinate; 
then it is CA: CF :: CP: SM—CA or FM CA. 

For CF CP E CAXDM, and DM = SM 
CA = FMA CA. 


f Cor, 2. If F, S, be the foci, MP an ardinate, 
then the difference of the ſquares of the lines SM, 
FM; that is, SM. — FM* = 4CFxCP. 


Cor. 
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Cor. 3. F F, S, be the fort, MP-; an ordinate; Fig 
then CA SNM＋ENM = 2CF N CP. 1 ga. 2 
For SM* — FM*\= SM+MEF x SN NF = 
2CA X CA x SMTNMF = = 4CF x CP. And CA x 
FN = 2CFX CP. AT Wen Png 


— — 


ScHoriuM, | 


When Þ falls between A and E, then FP = CF 
CP, and its ſquare the ſame as before, and the 
reſt of the demonſtration the ſame. 1 


p RO P. VI. 


7 Mr be an ordinate on the rranſoerſe alt, # 4. 
wil = 

4 the fquare of the tranſverſe, BA“: 

= Wh /quare of the conjugate, NE“ : : 

} WH 1:8 angle of the ſegments of the ranfors BPA: 
0% ſquare of the hs 4 PM. 


SMA FM 
: Make SD = CA. then DM = _ . And 


2 
cop. v.) CA: CF: : CP: DM. And by com- 
— poſition, CA: CAACF or BF:: CP: CPTDM; 
| and alternately, CA: CP :: BF: CP+DM. And 
again by compoſition, CA: CA +CP or BP: BF: 
bF+CP+DM. 

But BF = BC+CF. = SD+CF. And BE 
PDM — SD+CF+CP+DM = SM SP. 
herefore CA: BP: : BF: SMA SP. | 
Again, ſince CA: CF : CP: DM; by divi- 
on CA: CF CA or AF:: CP DM -C; 
ind alternately, CA: CP: AF: DM— C; and | 
y diviſion, CA: CP—CA or AP +: AF: DM. 
CP Af. 5 
6 | But 
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Fig. 
4. 


— SP. | 


CN“. 


THE HYPEBRBOLA. 
But AF = CF - CA = SC—S$D; therefore 
DM — CP — AF =DM — CP+SD—SC = SM 
—SP ; therefore, 4 
CA: AP: : AF: SM—SP 
and before CA: BP: : BF: SM Sp, 
and multiplying, CA“: AP x BP : : AFXBF : SM. 


Make CN or CE perp. to AB, and equal to half 
the conjugate; then (Prop. III.) AF x BF = 
And SM* — SP* = PM*. Whence 
CA*: APX PB: : CN*: PM* or BA* : NE :; 


. BPA 2 PM. l th 
Cor. 1. As ſquare of the ſemiconjugate : to te Mc. 
ſquare of the ſemitranſverſe : : rectangle of the diſ 


ref. : : BPA: PM.. | 


tances of the ordinate from the vertexes : to ſquare if 
the ordinate. CA* : CN* : : BPA: PM. 


Cor. 2. As the tranſverſe axis, to the latus ret. 
tum: : ſo the rectangle of the ordinates diſtances from 
the vertexes, to the ſquare of the ordinate. BA: la. 


For BA : lat. re&t. : : BA* : BA & lat. re&. :: 
(Prop. IV.) BA* : NE : : (this Prop.) BPA: PM. 


Cor. 3. The rettangles of the (abſciſſa's or) diſ 
tances of the ordinates from the vertices of the figure, 
are as the ſquares of theſe. ordinates. 


For each rectangle is to the ſquare of its ordi: | 
nate, in a given ratio, | FN 

Cor. 4. As the ſquare of the ſemitranſverſe : id ( 
the rectangle of the focal diſtances from the vertex :: 
ſo reftangle of the ordinate's diſtances from the vi 
texes : to the ſquare of the ordinate. ; A 


biſſefted by the axis. And equal ordinates are equal 


For 


diſtant from the center. 
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For the rectangle of the abſciſſas on the tranſ- Fi ig · 
verſe axis being in à given ratio to the ſquare of 4. 


the ordinate, and that rectangle being the ſame for 
the ordinates on both fides; theſe ordinates will 
therefore be equal. Again, that rectangle remains 
the ſame, at equal diſtances on each ſide the center; 
and conſequently the ordinates are equal at equal 
diſtances. 


PROP. VIL 


If MP be an ordinate to the tranſverſe axis; C 45 
the center, F, S the foci; and making CA: CF: : 
CP: CI; then the rectangle SM x MF = CF — 


; C. 
71 
of Make DS = CA; then (Prap. v. ) CF X CP = 
| WH 

CA x = CA x CI, by conſtruction. But 
„Nu DMCA, and FM = ($M —2CA) DM 
1 MS+MF 

' W=CA; therefore = — = DM, and CA & 


2 


: WDM = CA xCI; whence CI = DM. But SM x 
. ru =DM+CA xk DM—CA= = DM* — CA. = 


i CPF CA*. 
Cor. 1. FCA: CF: : CP: CI; then SM = BI, 
4 and FM = Al. 


For DM = CT, and SM = . and 
FM = CL—CA = Al. 8 


Cor. 2. Tbe 9 SM x FM = BI x Al. 
From Cor. 1. 0 


Cor. 3. CA: CF: : CP CA+FM: cp 
IM i | 


K 2 PROP. 


THE HYPERBOLA, 


P R 2 P. VII. 
IF F, S be the foci; C the center ; MP an ord; 


vate to the tranſverſe axis; CE or CN the femicon- 


Jugate. 


CA SMF — CE* — 


Then CM“ = CA: — CE SMF. 


For in the triangle SMF (Geom. 1. 28.) SM'+ 
MF = 2CF* + 2CM*. . But SM - MF = SM 


—2SMx MF + MF*,and SM*-+MF* = SM—MF 
+ 2SMF = (Prop. I.) BA“ + 2S5MF = 4CA. 
+ 2SME. T he 4CA* + 2SMF = 2CF* + 
2CM*. Whence CM* = 2CA* — CF? +SMF = 
(Prop. II.) CA” —CATI=CE" +SMF = Ca 
— E- ＋ SMF. 


„ CF : CP. => 
BPA = re#angle SIF — MP*. 

For BPA = CP = CA* = CM — MP* — 
MP* = = (Prop. VII.) CI 
— CA* —CE* — MP* = (Prop. II.) CI* — 
CF“ — MP* = SIF— MP*. | 


then en 


EK 


F two lines SM, F M, be drawn from the foci, l 
any point M in the curve; they cvill make equal angles 
with the curve in that Point. 


Take the point m infinitely near M in the curve; 
and draw Sm, Fm. And from S and F as centers, 


deeſcribe the ſmall arches mr, mt, thro' m; cutting 


SM, FM in 7 and 2. Then ſince SM — FM = 
Sm — Fm ; therefore SM +Fm = S$:2+FM ; that 
is, Sr r MF = Ft M= Sm; therefore take 
ing away the equal quantities Sr, Sm, as alſo Fn, 
Ft; there remains M = M. Therefore in the 


very ſmall triangles Mer, Mint, right angled 4 
= 


21+ * 


and 7, we have Myr = Mt, and the hypothenuſe Fig. 
qual, and alſo the oppoſite angles, * and Mt, 
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Mm common; therefore the ſides mr, mt, are e- 5. 


or MS and MMF are equal. 


Cor. 1. If KMO ze drawn perp, to the tangeyt 
at M; then the angle KMS. = FMO. 
For they are the complements of the equal an- 
gles MMS, and MF. 


Cor. 2. If MO be drawn perp. to the tangent at 

M, and SMD, FM, drawn from the foci; the ** 
FMO = DMO. 

For DMO = - KMS = FMO. 


ROF. X 


tf MP ze an ordinate to the tranfoerſt axis, and 
MO perpendicular to the tangent at M; 8, F the 
fac. .T ben CA: CR CP: CO. 


| Make MG equal to ME, draw F G, which bif⸗ 
ſect in D; and draw MD, which will be perp. to 
FG, and biſſect the angle GMF, and touch the 
curve at M, by Prop. IX. and ſince MO is alſo 
perp. to MD; therefore GF, MO are parallel; 
whence SM: GM or FM : : SO: FO. And com- 
pounding, and dividing, SM+MF : SM — MF:: 
SO+OF : SO— OF; that is, SM+ME : 2CA : : 


SM IME 


200. 2CF. „ CA: CO: CF. And 


WE, 


: CA®: CO: CF. But (Prop. V.) 


8 | 
18 CA.= —CF X CP; therefore CF X CP : 
CA*:: CO: CF: CF x CO: CF*; and alternate- 
ly, CA*: F: CF x CP: CF x CO: : CP: CO. 

K 3 8 Cor. 


= © TTHHE HYBERSDLA: 
Fig. Cor. 1. If CE be the ſemiconjugate, CA“: CE: :: 
. N 
For CA* : CF* : : CP: CO; and by diviſion, 
CA.: CFf — CA* : : CP: PO. But (Cor. Prop. 
II.) CF* CA. = CE*; whence CA* : CF: ;. 
FED. 


Cor. 2. BA: latus refium : : CP: PO. 
For CA: + lat. rectum: : CA“: CA x + lat. rec- 
tum or CE* : : CP: PO. 


Cor. 3. GFN: CE? : ;£Q : ÞQ. by 

For (this Prop.) CF* : CA* : : CO: EP. And 
(Cor. 1.) CA* : CE* : : CP: PO; therefore CF:: 
EE: CO TPO 


Cor. 4. CA: CF: : MF: OF: : MS: OS. 
For we had before SM+MEF : 2CA: : CO: CF; 
and by diviſion, SM MF - 2CA or SM+MF— 
SM MF: 2CA :: CO—CF or OF: CF; tha 
is, 2MF :2CA :: or MF: CA:: OF: CF. And 
from the firſt proportion by addition we have SMA a 
MF — 2CA : SM+MF-+2CA : : CO -CF: C0 It Sh 
CF; chat is, 2MF:2MS : : OF: OS. 


- EO on. aAcnqQD...om<nn £&@, mo 


;.,-—— 


NGN N * 

6. Lei 8, F be the faci, MO perp. ta the tangent u 
M; then MO* = SOXOF — SMx MF. 7 

SN 


Draw the tangent MQ, and make MG = MF, 
and draw FG, which is perp. to MQ, becauſe the 
< GMD = FMD. Therefore the triangles SGF, 
SMO are ſimilar, and SO: FO: : SM: GM or 
FM : : (Geom. II. 25.) SQ : QF. Whence SOX 
QF = SQ XFO = SQ x SO - SF, and SQ x N 
= SOXSQ — QF. But SQ—QF = 2SQ — 
SQ — QF = 2SQ — SF = 2SQ — his 

| thexe- 


B. II.  THE:HYPERBDLA. 8 
| da SO xSQ— QF =SO SOX 280 — SO+FO 28. 


= SQNK SF = SQX SO+QE, and 2QSO — 80 
+SOF = Sr SF. And SQ++SO*# —2QSO 


4+SQF = SOF, or SO —SQ* + SQF = SOP; 

that is, O*+SQF = = SOF.. But (Geom. II. 26. ) 
G = SMF — SQF. And in the right 5 
— le QUO, MO! = QO* — N = Mig 

c- + SQF = 80F— SMF. 


Cor. 1. if MQ bife#t the angle SMEF, 5 MO 
be perpendicular to MQ; then SQ: QF: 20 E., 
nd From the demanſtration. a 


Cor. 2. CA“: CE*: : ac gle SME - Mo! 
For we had SM: MF: and by di- 
viſion, SM — MF or WN M S0 — OF, 
F; or 2CF : OF; and alternately, - 

— CA: CF : : MF: OF, and 

ar WY likewiſe CA: CE: : MS: SO; and ei 
nd CA.: CF*:: SMF; 'SOF, 

+ WH ind CA*t : CF — CAS ar CHa SNF: 89 — 
SMF, or MO. 


3 3. Reftangle SMF = BO x OA — CES 


For SMF = SOF-— MO*. But SOF = CO- 
n = CF: = CO) — = CA* — CE. '= TOFCA X 


CG A CE* = BOXAO — CE*, Whenee 
MF = BO x OA — CE — MO. 
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. HORNS A. 


PROP. XII. 


F SM, FM be drawn from the ' foci to any Point 
NM in the curve, and SG be mads equal toe BA, and 
FG drawn; and if MD ze drawn to the. middle of 
FG, Then MD will "aun the curve in M. 


For take any point m in the line Mp, and Nn 
Sm, Fm, Gm; then in the iſoceles triangles Gm, 
GMF, Gm = mF, and GM = MF. No in the 
triangle Sm (Geom. II. 5.) 56 ＋ G is greater 
than Sm; that is, SG+Fm3 is greater than' Sm, and 
Fm greater than Sm — SS; therefore the point n 
is without the curve, For if m was in the curve, 
and Sm, SG of given lengths, they m = ö. — = 3b, 


which now is bigger. | 


Cor, 1. The tangent at M biſſetts "i ih SM. 
made by two lines drawn from M 70 the Jerks.” 


Cor. 2. The tangents at the ends of the rufe 
oris, A and B, are perp. to that axis. | | 


PROP. NI. 


If PM be an ordinate, DCE the con tuigate « axis, 
then if AD be drawn to the ends of the e and 
conjugate axes, and PQ parallel tot; they EMS = 
CQt— CD = ret. D. 


For by ſimilar triangles AC: CD: C: CQ, 
and AC*: CD*: : PC*: CQ; and by diviſion, AC: 
CD* : : PC. AC.: CQ — CD!. But (Prop. VI. 
AC* : CD* : : BPA or CP* — CA“: PM“; Fn 
fore PM* = C. — CD* = DQE. 


PR OP. 


) P. 


B. II. E Wb 


oY 


0 8. 
(„ 


"© PROP, XIV. 


F Mp * an ordinate to the at. axis, _ 
the 2 and HMO be drawn perp. to the curve at 
M, cutting the conjugate CD in H, and the tranſyerſe 
in, en wil OP: O: ; CD*: CF. _ 


For (Prop, xX J c cke: 2 CP co; and by 
diviſion, CF* — CA“: CF* : : Od OP: CO, or 
C: CF*: FPO: CO. : 


Cor. 1. 2 cr. : o 'OH': ; MP: ch: 


| PO. .CO, 


For the 3 Mop, Hoc, are fanlilar. 


Cor. 2. Ay: be the latus reftum of AB; then 
AL :L+4 MO: OH: : OP: OC: : MP : 


— * 4 % 


For (cor 10 CD-: CF*: MO: OH; but (Prop g 


IV. Cor. 1.) CD* = CAN A L., and, (Prop. It) 


| CF? = CA*+CD* = CA*4+CA X42 . There 


fore MO: OH: : CAXZL: C CAN L:: 8 
+L: CAT L:: L. BATI. 


Cor. 3. CA“; c- ;CH— PM : PM:: 
PO: : HM: : MO. 
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9. 


For (Car. 1.) CF* : CD* :: CH: MP, &c. And | 


by diviſion, CF* — CD* or CA* : CD.; be el 
MP: MP:: CP: PO, &c. 


P R O P. XV. 


If PM be an ordinate to the * MQ «a 6. 
tangent at M, C the center, then CQ : CA: CP, 


are continually proportional. 


For ſince M biſſects the angle SME (Prop. : 


XII. Cor. 1.); therefore (Geom. II. 25.) * > 


| 
i 
: 
? 


6. 


THE HYPERBOL A. 


* MF:: : SQ: QF. And compounding and dividing, 


SM-+MEF : SM— MF : SON. : SQ— QF, 
that is, SM MF: 2AC : : 2CF :2CQ;, mo). 


tternately, AC: QC:: e 6 


* AC: AC x CF. But . v. ) e x 
AC = CFxCP. Whence CA: CQ: : CF x Cp: 
CA x CF: : CP: CA, or CP: CA: CA: C. 


Cor. 1. If MQ Be a tangent at M C the center; 
MP an ordinate; then BQ : AQ: : BP : AP. 
For CP: CA:: CA: -Q; ind mixtly, CP. 


CA: CP—CA:: CA+CO: CA—CQ; thatis 


BP: AP: : Q: AQ. 


ate, MP an — and MO perp. to 
Then en CQ : CE : PO, are in geometrical progreſſion, 
For CQ: CA:: CA: CP, and C: CA::: 
8 And (pr rop. X. Cor. e:E : 
CP: PO; and multiplying, CQ* : CE* : : CA x 
CP: CP* Xx PO: : CA* : CP x PO: : CA*xPO:CP 
O. But (ſame Cor.) CA* x PO = CE: x CP. 
Whence CQ: CE*: : CE* x CP: PO* x CP: CE: 
PO“. And CQ: CE: :CE : PO. 


£4 Cor. 3- All hyperbolas deſcribed on the ſame tranſ- 


verſe axis AB, will have their tangents to interſelt at 


the ſame point of the axis Q, when the abſciſſa AP is 
the ſame. 


For if CP, CA remain the ſame; CO is deter- 
mined thereby, and muſt remain the ſame. 


Cor. 4. All tangents to the curve AM, _ 
the axis CA, between the center Go and vertex A. 


+ 


P R OP, 


Cor. 2. f MQ be a tangent at M. 8 
fins 


E 
D 
E 
E 


og, 
b; 
al. 
1 


. 
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PROP. XVI. 
"All byperbola's s deſcribed on the ſame tranſverſe ax- 
is, will have their ordinates, ſtanding on the 3 

rifſa, in @ given ratio to one another: that is, ar 


the n conjug ates. 


For (Prop. VI.) we have BA: : NE* : : BPA: 
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PM“; and alternately, BA* : BPA: : NE* : PM.. 


Now + BA* and BPA remains the fame, NE“ and 
r n in a 
given ratio. 


PR OP. XVII. 


If MT be a tangent at M, and the line FD be 
drawn perpendicular upon it from either focus, The 
interſettion D will be in the circumference of q cir- 
de ADB, deſcribed on the tranſverſe axis BA, as 
a diameter. 


Draw SM from the other focus, and produce 


FD till it interſe& it in G. Draw FM and CD. 


Then 1n the right Ay triangles FMD, GMD ; 
the angle FMD 
the ſide MD being common; therefore FD = DG, 
and FM = MG. And FC = CS, therefore CD is 
el to SG. . Whence the triangles FCD and 
SG are ſimilar. Therefore ſince FD = + FG, 


SM - MG SM— — MF 


will CD 4 SG = . ee eee, = 


1 BA = CA; therefore fince CD = CA the cir- 
cle DAB whole radius is CA, will paſs thro D 
And by a like reaſoning, if 8 be the other . 


ud SH be perp. to MH. the point H will be in 


the circum ference of the ſame circle DAB. 


| Cor. 1. If a circie be deſcribed on the tranſverſe 
axis AB anda On at M cuts it in the Points D, 


* 


10. 


or. 1. Props XII.) GMD, and | 


94 THE HYPERBOLA.: 
Fig. H. And FD, SH be drawn from the foci to D al 
10. H. Then F B, SH are perp. to the tangent HMD. 


Cor. 2. F F, 8 be the foci, C the center; MD 
a tangent at M; and if CD be drawn Parallel to SM, 
to cut the tangent in D. Then CD = CA half the 
. tranſverſe 


Cor. 3 OY tan gent MH interſedts the Gre) 
"RR HB oper cribed on Is tranſverſe, in D and H; 
iculars DF, HS, being. drawn to it, wil 
v gt the foci, F, S. 
All theſe follow from the demonſtration of thi 
Prop. 


Cor. 4. If CI ze drawn parallel to the fange, 
at M, to interſelt SM, then will IM = Jeni 
venſe CA. 

For _ IM —CD = CA. 


: PROP. XVIIL 


11. FF F, 8 ze the foci, C te center, MH 2 fangen 
at M. F SH, FD, be drawn perp. to the tang 
MH. Then SH x FD = = BS Xx SA = the ſquare if 
the ſemiconjugate axis. 


About the tranſverſe deſcribe the circle DARB 
to interſect SH at R, and draw CR and CD. Then 
fince the DHR is right, then RHD (Geom 
IV. 14.) is a ſemicircle = BHA, therefore RB = 
DA, and <RCB = DCA. Therefore in the tr- 
angles SCR, FCD; the ſides SC, CR are equal to 
FC, CD * and. the included angles at 
C are equal; therefore SR = DF. But (Geom. 
IV. 21.) HSXSR="AS X SB; that is, HS x DF 
=AS x SB = AFX FB (Prop. III.) ſquare d 
the ſemiconjugate. | 


11 


PROP, 


Pl. II. pa. 9a 
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EB Fig. 
[2 o PROD (REC <5: -- * 
if MH be a tangent at M, interſefing the axis 11. 
In FH; FD, SH, perpendiculars on it from the foci. 
4 ben HM : MD : HIT: 2 | 


Deſcribe the circle BHAD about the tranſverſs 
AB, and draw SM, FM; then the triangles SMH, 
rb are ſimilar; for the angles at H and D are 
@right. And (Prop. IX.) SMH = FMD, therefore . 
HM: MD: 18 DF. And by the ſimilar tri 
} angles TSH, TED, 232: ED 2.5% 22 1 | 

(before) HM: MD. | 


Cor. HM: MD:: CF CT: cy -r: T8: 
= TF. 
For HM: MD: TH: TD : : (ſimilar trian- 
ales) TS: TE. x 


5 „ * 46086 „ 1 RI 2 


PROP. XX. 


FMH be a tangent at M, SH, FD perpendiculars I2. 
on it from the foci; CE the ſemiconjugate axis; then | 
be rectangle HMD = reflangit SMF — CE“. 


About the diameter BA deſcribe the circle 
DAHB, which will paſs through D and H (Prop. | 
XVII.). Thro' the center C draw MO cutting - | 
circle in I and O. Then (Geom. IV. 21.) HMD | 
g = OMI = CM* —CF = CM* — CAë. But (Prop. | 
VIII.) CM. — CA* = SMF — CE“; whence 
HMD = SMF — CE-. | 


"PF P. . XXL 1 


1 MH be a tangent at M; SH, FD perpendi- 12. 
| culars on it from the foci; CE the ſemiconjugate. It 1- 
8 wil be SM: MF:: SH: CE*: : CE* : FDD. 


F or (Prop. IX.) the angle SMH = FMD; there- 


fore” by Emir triangles, SM : MF:: SH: FD I 
SH KF: | 


* 


13. 


compounding, TC: TC+CA or TB:: CA: : CA 
＋ C or BP; and ſubrradting, TC: TB: : CA 


13. 
a tangent at M, C the center, CE the ſemiconjugate; 


© fall SH; FD from the fock, perp. w "NH. Thea 


are ſimilar; whine 


_ multiplying TD-x TH : DF x HS: : TA x TB: 


AB. Therefore (Geom. IV. 20.) TD NAMES 


F 
12. FM: MS: : FD : SH: FB x SH or CE* : SH! 


THE HYPERBOLA. \ 
SH x FD : FD* (Prop. XVIII.) :; CE* : FD. au | 


FR 0 P. XXII. 


If MP be an ordinate to the tranſverſe axis, MH. 
a tangent at M, C tbe center, AK, CG, "7 
4a . Then AK : PM: : CG: BN. 


For (Prop. XV.) TC: A:: A: CP ; and 


. 2 8. BP TB: : TA: TP. But all the trian- 
les TAK, TPM, TCG. TBN, are ſimilar ; whence 
FA: TP: AK: PM, and TC : TB: CG: BN, 
Therefore AK : PM: : CG: BN. 


Cor. Hence TA: TP : :: TC: TB. 


PROP. XXII. 
If PM be an ordinate to the tranſverſe axis, MH 


AK, CG, BN "perpendiculars to BA. Then AK x 
BN = PMX CG = CE. = BSA = + BA Xl/atus 
rectum. | 


For (Prop XXII.) AK x BN PM x CG. Let 
the triangles TBN, TSH, _ alſo TAK, TDF 


TH: HS: : TB : BN 
and TD: DF: : TA: AK 


AK x BN. 


But (Prop. XVII.) the points D, H, are in the 
circumference of a circle Eicribed on the diameter 


u. THE HYPER BOL. 


d alſo 224A IV. Cor. med = RY 
_ 

Cor. 1. EDxSH= Ak x BN = 8 &c. 
Cor. 2. The lines NS, RS, drawn to the focus, 


make a right angle NS K. 
For NB: BS: : SA: AK; therefore (Geom. II. 


NSA+BNS = NBA = a right angle. 


A x TB. Whence DE Xx HS = AK x: BN = Fig. 
Prop. XVIII.) CE*. But (Prop. Ik) CE* = BSA, 13. 


16.) the triangles Ns, SAK are ſimilas,, and << 
BNS = ASK. But < NSK = NSA-þASK = 


wn K wo beby 


111 2 


Cor. 3. Hence à circle En on the. diameter 


XK, will paſs thro' the foci, 8, 


PROP. XXIV. 


If S, F be the foci, MH a tangent at M, MO 14. 
perp. to it, and OG perp. to SM; then MG is half 


the latus reftum. 


Draw SH, FD perp. to MH; 3 (Prop. 5 


XVIII.) SH * FD = CE* the ſquare of half the 
conjugate. And ſince OG is perp. to MS, and OM 
perp. to MH; therefore < GOM = HMS; there- 
tore the triangles SMH, EMD, and MOG are b- 
milar; whence | 
MS : H:: NM: MG: 

| MF: FD: : MO: MG. 
multiplying, MF x MS : SHXED: : MO*: MG; 

But (Prop. XVIII.) SHx FD = CE the ſquare 

of the ſemiconjugate; therefore MF MS: CE“ :: 


M0 MG*; and MF x MS: MO“: : CE“: NG; 


But (Prop. XI. Cor. 2. CA“: CE: : MF x U 
IMO? , ee CA*: CE: : CE* : MG*; and 
(A: CE: CE : MG. Therefore (Prop. IV. Cor. 
1,) MG is half the latus rectum. | 

Clad 


_ POT EIN” "AE RR 
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Fig. Cor. 1. Jon. T II.. 
14. = latus rectum. Then ABL: L:: Fey SOP: 
MO. | | 
For we had SMF : Mo- : CA CE* or Cay 
£L:: CA: haied compounding, SMF+ 
NO -: MO': CAT ZL. L. AF TL. I. 
5 (Prop. XI.) SMF +MO* = = SOF; therefore, 
c. | | 


9. Cor. 2. If MO be perp. to the curve at M, cutting 
the two axes in O and H; and 8, F, Toe foci. The 
refangle SOF = MOH. 

For SOF: MO“: : AB+L : L:: (Prop. XII. 
Cor. 2.) HO : MO: : HOx MO: Mo; ; 3 
SOF = MOH. 


Cor. 3. Therefore a circle may be deſcribed from 
ſome point of the conjugate CD, which will pep thri 
all four points F, S, H, M, | 


P'R FE XXV. 


13. Tf FH be an ordinate at the focus, TH 2 tangent 
at H, PM any other ordinate, continued to the tan. 
gent at G. Then FM = PG. 


1. F HN latus rectum, and (Prop. XXIII.) 
F r CN = CA x - latus er therefore CN 
= LA. 
5 Again, draw AL, BZ perp. to AB, and CD 
+ the conjugate ; then (Prop. XV.) CA: LF: 
cr CA; and dividing, CF — CA or AF: CF: 
CA— CT or TA: CA ; and dividing again AF: 
(CF— AF or) AC: TA! (CA - TA or) CT :: 
(fimilar angles) AL:CNor CA. Therefore AF 
_ oy 
. Likewiſe (Prop. XV. Cor. 1. . AF : FB: 
TA: TB:: (ſimilar triangles) rh or AF : 7 
Therefore BZ = BF, 0 
4. Allo 


Ii 


<< 


F 


{9 
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4. Alſo (Prop. XVI.) CA* = CF x CT = CF Fig. 
ck TF = CF. cpr. andCF*— CA or 75: 


ge —= CF x ET. 


5. TF: FH: : (lim. trian gles) e N or 
F#  TOXAE or CA: e X-CF * "CA: CF; 


that is, TF: FH:: CA: CF. 


6. By the laſt art. CA: CF: : TF: FH:: (ſimi- 
lar triangles) TP : PG. And (Prop. XV. and 


VII. Cor. 3. CA: CF: | 3 on + FM 


(dividing) CP—CT or TP: FM. Therefore TP: * 


70: : TP: FM; whence PG = FM. 


From this proceſs are drawn the following co- 


rollaries. 
Cor. 1. If HZ be the focal tangent, Al., CN, 


| CD, BZ, PG, 2 2 AB} then CN — 


CA. 


Cor. 2. AL = AF, and BZ = BE. 


Cor. 3. CF-XFYT = co.. 
Cor. 4 TF: FH:: CA: CF. 
Cor. 3. TA: AF:: TP: FM. 


For TA : AL (AF) :: TP: PG (EM), by fi- 


milar triangles. 


Cor. 6. CA: CF: + TP: FM. 
For CA: CF: Th: FR; 51-3 PG or FM. 


17 PROP. 


- yoo. THE HYPERBOLA, 
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90 PROP. XXVI. 


. 16. Jf AB be the tranſverſe axis, C the center, | 

7% the focus; and if CF, CA, CT be in geometric] 

1 Progreſſion (or which is the ſame, if TH be the fi. 

cal tangent ), and TE, be perp. to TB. Then if MF 

Te drawn to the focus, and ME parallel to TB, i 
vill always be CF: CA:: FM: ME. 


Draw the ordinate FH at the focus, and the tan. 
gent TH; then (Prop. XV.) CF : CA: : CA: 
CT; and therefore (Prop. XXV. Cor. 6.) CF: 
CA: FM: IF, ere K FM: EM. 

Cor. MF is t ME always in the ſame given ro. 
tio, wherever the point M is taken. | 


SCHOLIU M. 


The writers on Conic Sections, call the line TE, 
the Directrix. 


. PROP. XXII 
17. am diameter MN is biſſefed in the center C. 


For take CP = CQ, and erect the ordinates 
PM, QN; and draw NM; then (Cor. 5. Prop. VI. 
QN = MP, therefore the triangles CPM, CON 
are equal and ſimilar; therefore CN = CM. 


PROP. XXVIII. . 
18. FDF be an hyperbola, whoſe center is C, and ſe 8 
mitranſverſe CD, ſemiconjugate CA, Q parallel u C0 


CD. Then CA* : CD* : : CA + CQ: CV.. 


Draw the ordinate BV; then (Prop. VI.) CA“: 
CD*# : : BV“: CB. CD*; and by . CA': 


R L. HE - VIPER BO ILA 
CD ; Cas + BY* : CB. that 3 is, CA* : CD-; 


CA. ＋ CO. Q. 


Cor. 1. FAM be its conjugate 3 PM an 
ordinate, then CP. —CA* : PM!: CA. : 
* 41 


CA* + CQ*: Q. 
Cor. 2. CA* + CQ*: CA + Cp: gut. 
NEU we. 


AP x FEB = CP CA.. 


be let fall on the tranſverſe AB. Then tes 


& 8 1 75 SA:? 5-406 dividing, E 
CA: (by addin g) BP: PT. Whence CP x 
* A * 1 * => C- — CA?, and CA“ = 
CP* — CP. 

The tangent Mr (def. .) is parallel to CV; 
whence the triangles TPM 8 CQV are ſimilar. 
AC! + CQ*®.= CP*— CPT + CQ“. And (Cor. 1. 
3 XX VIII.) APB : CA* + CQ: : PW : 


alternately, CPT: TP* : : CP. oh CQ —CPT : 
C; and fubtrattiog; CPT — TP: : 2 CP. 


err eg, that; yy CP—TP x PT: TP: : 


CP TP x CP: CO, or PT: PC: :TF* : 


CQ. Whence PT Xx 0 = PC TP. and 
C = TP x PC = AP x PB. 


Cor. 1. CP. = CA. 7 = CA* + APB. 
Cor. 2, CP. — CQt C = CP* — APB. 


CP* CA“: PM*: : CA“: c- * 2 (this 
Ren | 


For draw the tangent MT, and (Prop. XV. ) 


: (lim. triangles) BÞ*::.CQ?. Thar i is, CP 
dy CP* + CQ* — CPT : : TPI: CQ and 


„ 3 


10 
: Figs 
2 8 - 


if MC, VC Je two conjugate ſemidiameters; and 19 
if from the ends M, V, the perpendiculars MP, N 


4 i 
2 5 5 - 
: , |. / - n 
rr ear, We Ren FF — ee 8 
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| Fig. Cor. 3 . QV* = PM* CD. 
For. (al Prop.) CA* : CD* : : CA* + CO. 
FPS. [Cor. 1. Prop: XXVIII.) CP. — CA: o 
PM - (ſubtracting the antecedents) Ca. 
-QV* — PM* ; therefore CD* = QV 2 — PM*. 


Cor. 4. CA: CD:: CP: V:: CO: PM 
For (Prop. XXVIII. and Cor.) CA“: CDy:: 
(CA*+ CON or) CP* : WF* :: (CP* — CA* or 

TO. * NM“ 


P R O P. XXX. 
19. 2 he difference of the 1 of two conjugate dis 


meters is equal to the difference of the ſquares of the 
two axes, CM* — CV* = CA! — 


- 


— 


For in the right S triangles CPM, CQV, CM 

= CP* + PM}, and CV* = CQ* + Q“; there 

fore CM. CV. = CP. — COQ + PM* —QV 
= (XXIX. Cor. 2.) CR PM* — Q = 
(Cor. 3.) CA. — CD.. | 


Cor. In an equilateral byperdola, every W i 
equal to ts Cay ate. 5 


N XXXI. 


19. Tei MC, CV Be two conjugate ſemidiameters; thin 
the red angle of the diſtances of the fori from the wr 
tex M of the diameter MC, is equal to the ſquare i 

\ the femiconjugate CV, FM x SM = CV“. 


Let CA, CD be the ſemiaxes Then (Prop. VIII, 
CM. = CA! — CD*- + SMF, and SME = 2 
CM* — CA* + CD* = (Prop. XXX. ) CM* + 

CV* — CM* CV“. | | 


5 


Cor. I. FE, 8, be the foci; then FM x SM = 
MC X > lat. redtum 7 MC. 


For 


For 
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6 3 103 
For CV* MC - lat. rectum of MC. Fig. 


Cor. 2. FMO is perp. to the tangent at M; then "Ip 

CA: D:: CV: MO. 85 | 
For (Prop. XI. Cor. 2.) CA* : CD* : : SMF or 

CV* : MO*;, and CA: CD.: : CV: MO. 


PROP. XXXII. 


If F, 8, be the foci, CM, CK ſemidiameters con- 20. 
jupate to one another, TM a tangent at any point M; 
FT, CI, SH perpendiculars on the tangent TIM; CD 
the ſemiconjugate axis. Then FM : FT : : SM: 
SH: K: CD. | SL. 


For ſince CF = CS,, FT — SH = 2CI. The 
rangles FMT, SMH, are ſimilar ; whence MF: 
FT : : MS: SH: : (MF — MS) 2AC : (FT — 
SH) 2CI :: AC: CI; that is, | 

J ACE MESFET. at. 

ſimilar triangles AC: CI : : MS: SH; 

therefore Ac“: CF +: MS X MF: SHX FT. 

But (XXXI.) MS x MF = CK, and (XVIII.) 
HXFT = CD*, therefore, 

A: . e . ,... 
_—_— CE =: CK. = ED. ; ME + EF: MS > 


Cor. MF: FT:: AC:CI::CK :CD. 
From the demonſtration.. 7 5 


PR OP. XXXIII. 
All inſcribed parallelograms, whoſe fides are paral- 
le] to two conjugate diameters, are equal to the rectan- 
gle of the two axes, 


Let CI bee 


21. 


rp. to the ſide GH, that touches 


dhe curve in M; then (Cor. Prop. XXXII.) AC: 
. . 


o 


- 
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Fig.CI : : CK : CD; therefore CK x CI = AC XC; 
21. but CK x CI = KCMG = AC x CD. But KCMG 
is a quarter of the inſcribed parallelogram; and AC 
D is a quarter of the rectangle of the axes; 
therefore the wholes are equal. 


PROP. XXXIV. 


22. Let CA be the ſemitranſverſe axis; CM any ſ.. 
midiameter; AE, MT, two tangents at A and N. 
Eben the triangle CAE = CTM. 


Draw the ordinates MP, AD, to the axis CA, 
and diameter CM. Then the triangles CPM, CAE, 
and alſo CAD, CTM, are ſimilar. Whence CD: 
ö (XV.) : eM: 
Therefore (Geom. II. 12. Cor. 1.) the lines DP, 

MA, ET, are all parallel to one another. Whence 
(Geom. II. 10.) triangle AME = triangle AMT, 
which taken from the triangle CAM, leaves ti. 
angle CAE = triangle CMT. 


Cor. 1. The lines DP, MA, ET, are parallel i 15 
one another. 


This is plain from the demonſtration. 


Cor. 2. The triangle AIT = IE Fo MIE. 


This appears by taking CTIE from the equi 
triangles CAE, CTM. 


Cor. 3. triangle * ITY ADE = 
trapezoid MPAE = trapezoid MDAT. 

For AME = AMT, add the triangle AMP, 
then PMT = MPAE, or add AMD (= AMP) 
then ADE = (MPT =) ADMT. 


Cor. 4. Triangle CDA = CPM. 
For Cb: CM: : CP: CA. Therefore (Geom. Il 
ws Cor. 1.) CDA = CPM, 


PROP. 


OE >) . ———— —Cw—3 eenoos. —— — 
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Let BA be the tranſverſe, MV a diameter, MP, 23. 
QL ordinates to them; AE, MT, fangents; QFI 
perp. to AB. Then the triangle QIR = trapezoid 
IAEF. | „ 


Let CK be the ſemiconjugate to CM. Produce 
| QL to R. By ſimilar triangles, CA: AE : : CP: 
PM:: CI: IF. And by adding the antecedents, 
and the conſequents, CA: AE : : CA + CP: AE 
+ PM: : CA + CI:: AE +IF. But the rec- 
tangle BIA = AI x CA +C1, and rectangle BPA 
= AP x CA + CP. Therefore BPA: BIA ::: 
APN CA + CP «AI *x CA + Cl: AFxX 


=} 
— : AI x i 1 2 : trapezoid PAEM : 
AEIF. 1 755 


The triangles MPT, QIR are ſimilar; whence 
triangle MI: AMR: : MP* > QI* : 
BIA : : trapezoid PAEM : trapezoid AEIF. But 
(XXXIV. Cor. 3.) MPT = PAEM, therefore 
QIR = AEITF. | 


Cor. The triangle QLF = trapezoid LMTR. 

For (XXXIV.) CAE = CMT, ſubtract both 
from CLR, and then LRAE = LMTR. But 
LRAE = FIAE — FIR. = QIR — FIRL = 
QF; therefore LMTR = QLE. 1 


E FS& PF. XAXYE--- | 
Let CK be the ſemiconjugate to MC, LQ an or- 23. 
dinate to MC; then CM* : EK* : : refangle MLY : s 

IQ ſquare. ES ES | 


Let BA be the tranſverſe axis, produce it, and 

draw KO perpen. to it, to cut CM in O. Then 

(Cor, XXXV,) QEF = LMTR, - 
4 — = 


23. Cor. 4.) FEM NK, therefore tri. 


THE HYPERBOLA | 
But (XXIX.) CP* — CA* = CN", and (i 


angle CPM = triangle CNK. Alſo the triangle 
CPM: CAE: : CP* : CA*. And by diviſion, 


triangle CPM: (CPM — CAE or) PAEM:. Wl tw 
CP* : (CP* — CA or) CN: : triangle CPM : tr; the 
angle CNO; therefore PAEM = CNO, and ſub- 
tracting theſe from the equal triangles CPM and 
CNK, and then CAE = COK, or (XXX1V.) C 
CTM = COK. Pl 

The triangle CIM: CRL : : CM“: CL“; and P! 


CTM: CRI. — CTM : : CW: CI. — CM; 
that is, triangle CTM: trapezoid LMTR : CW: 
rectangle VLM. But the triangles OKC, FQL, 0 
are ſimilar; therefore CK* : LQ*: : triangle OKC: R 
triangle F QL that 36, IK* LO“ CMT: = 
LMTR : : (before) CM* : rectangle VLM; on 
CK* : CM“: : LQ“: rectangle VLM. 5 


Cor. 1. As the tranſverſe MV : to its latus ri. 


tum : : ſo the reftlangle MLY : to ſquare of the or. 
dinate LQ*®. : 


Cor. 2. The rectangles of the diſtances from the 
vertexes of any diameter; are as the ſquares of the 
ordinates, ſtanding at theſe diſtances. 


Cor. 3. The diameter biſſetts all the double ordi 
nates. And the ordinates at equal diſtances from tht 
vertexes, are equal. | 
For the ratio being the ſame for the ordinates 
on each fide, ſtanding on the ſame point; theſe 
ordinates muſt be equal. And as the terms of 
the ratio remain the ſame at equal diſtances from 


the vertex; therefore the ordinates will be equal 
at equal diſtances. 


„ riengh CNO = trapezoid APME, and 
CNK = CPM, and COK = CTM. 


PROP 
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; | N 7 Fig. 
PROP. XXXVII. 


| If two right lines Gl, HP be drawn parallel to 24. 


two conjugate diameters DK, MV, to interſect in R; 25. 
then CM* : CK: : refangle PRH : refangle GRI. 


For (XVIII. Cor, 2) PEN; IG ER + 
C N=: CK* + CO. And (fig. 24.) PN“: 10. — 
PN* : : PK* + CN* : CO! — CN*. But 10 
PN. = RN. — PN* = PRH. And CO! — CN* 
= LF — LR Rl. : | | 

Alſo (fig. 25.) PN!: PN* — IOf : : CK* + 
CN* : CN. CO.. But PN* - IO. = PN* — 
RN* = PRH. And CN* — CO* = REF —LF 
= RL*— LG* = GRI. Whence | 
PN*: PRH :: CK* + CN*: GRI. And alternate- 
ly PRH : GRE: : PN“: CK + CN* :: (Prop. 
XXVIII.) CV* or CM* : CK. | | 


Cor. Hence if more lines be drawn parallel to HP, 
Gl; the reftangles of their | ſegments, will be as the 
rectangles PRH and GRI, parallel to them. The 
ſame holds in the oppoſite hyperbola, with the ſmall 


letters. ; 
PROP. XXXVII. | 
Fa line HG interſef any diameter AB in D, and 26. 


a diameter FK be drawn parallel to HG. Then, 27. 
reftangle ADB: reftangle GH:: CB* : CF. 


Draw the diameter MV conjugate to FK, and 
Al parallel to GH. Then the triangles = 7. 
are ſimilar; therefore CI: CA:: CE: — 


AI x CE. 
= DC;.and CL: Al:: CE. DE = F< 


All 


ARE HY.PERBOTA 


| Fig. Alſo (Prop. XXXVI.) CM.: CF* : : CE* CM.; 
26. CEL*XCF? 


27. KR —= "CM — CF. Hence (fig. 26.) ADB 
£ CA*x CE= 
= CD* —CA* = — F — CA* = C4 y 
CE- HUT FE DENT | 
EE 4 bo 


Again CF“: CM.: : AT : CF — CM, and 
CM X AT CF * CE — CE* x CM: andCF 
288 x CF — CM* Xx AF = CF* X CM. 
= $9 But rectangle GDH = EH! — ED! = 
| 82 CE*'xCF* p- AF x CE- | 

7 Is dee . | 
CE x CF: x CFE — AF x CE* x CM* | 


3 n 
CE: xc. . Cx CF 
OF TT TETRRST = 
== 

CF * CI- oy 5 


Therefore rectangle ADB : GDH: e 

And (fig. 27.) the demonſtration is the ſame, on- 
ly ADB = Ca: — CD, and GDH = ED* — 
EH*. Whence the fame concluſion will follow. 


Cor. The ſame Golds in the oppoſite hyperbola, with 
the Oe letters. 


PROP. XXXIX. 


28. Fu two lines GH, LE interſe# one n in 5 
(within or without the curve ), and the ſemidiameters 
CF, CK be drawn parallel to them; the rectanglt 
GDH : rectangle LDE: CF: CK. 


Thro D draw the benannter CB; then (laſt 
Prop.) rectangle GDH: rect. ADB: : CF*: CB. 


and 


pun — 


rer,, ee 
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and rectangle ADB: LDE: : CB* : CK; there- Fig. 
fore (ex que) GDH : LDE : : CF: K. 28. 

And a like demonſtration is had when the inter- 
ſection is without the curve. 


Cor. 1. F any line GH cut e parallels LE, 
M, in D and N, then HDG : EDL': : HNG : 
NM. 

For EL, QM being parallel to the ſame dia- 
meter; theſe rectangles will be as the ſquares of 
the ſemidiameters parallel to theſe lines. 


Cor. 2. If two parallel lines GH, TO, cut other 
two parallels LE, MQ ; their ſeveral reangles. 55 
will be in the ſame ratio; HDG : EDL : : HNG : 
QNM : : ORT: ERL : : OST: OSM; and that 
whether they inter ſett within or without the curve. 
And in the ſame, or the oppoſite hyperbolas. 

For each pair will be reſpectively proportional 
to the ſquares of the ſemidiameters, parallel 0 * 
theſe lines. 


F. 


If DM Be 4 tangent at M, and DN any line cut- 29. 
: ling the hyperbola (or the oppo te ſections) in O and 

þ Ne and if CF, CK be ſemidiameters parallel to DM, 

DN. Then DMF : rectangle ODN : : CF. CK. 


For (by Prop. XXXVIII. and fig. 27.) we bow 
ADB: GDH : ; CB*:: CF. And ſuppoſing G, 
D H, to coincide 1 in M ; we ſhall have (fig. 29.) ADB: 
DMs : CI +.CF* And alternately, ADB ER: : 
DM“: CB. And (by the ſame Prop.) ADB: 
CB* : : ODN; CK*; therefore DM : * + 
ODN : CK. 


Jls Cor. 1. FDM, DN be two cnn pr _ 2— 3 0. 
: midiameters CF, CK be drawn parallel thereto , t 
1d DM : DN : . 25 CF ; CK. F 

or 


110 
Fig. 
* 


31. 


32. 


i All this appears from this Prop. and Cor. 1. 


33« 


on USL = OF: * (GH), and OP = OF. 


THE HYPERBOLA: 

For ſuppoſe O, N, to come together in one 
point (fig. 29.) then ON, becomes DN*, whence 
DM* : DN:: CFP: ; CK?, and DM: DN:: CF: 
CK. 


Cor. 2. If two parallel tangents DM, T6, meet 
a third tangent NDT ; then DM: DN:: TG: TN, 

For if the ſemidiameters CK. CF be drawn pa. 
rallel to DT and DM. It will be DM : DN: 
FC - CK, and TG: TN -: CF: CK. Therefor 
DM: DN: : TG: TN. 


Cor. 3. If M, G be the points of conta# of the 
paralle 2 Abs MD, GT; and N the point of con- 
tatt of the tangent ND. And if OE, CF be paral-, 
el to DM, and QR, CK _— to ND. Then CF*: 
CK* : : DM* : DN* :-: TG* : TN* : : 10E: 
SO”. : 105: FUL: GR. LRP. 


2. 
PRO . 


FDM, DN rouch the hyperbola at M and N, 
and MN be drawn, and any line RL. parallel i 
DN; cutting DM, MN, in G and H; then GR, 
GH, GL are continually propertional. | 


For (Cor. 3 . laſt Prop.) RGL : GM* : : DN*: 
DM“: (miar S GH* : GM.. Therefore 
RGL = GH“; and GR: GH: GL =. 


„ Sore i FP, parallel 4% DN, touch the curve ix 
P, and cuts DM in O; then OP = OF. 

For then GL will fall on FP; the points R and | 
L'upon P, G upon O, and H upon F. Whence 
GR = GL= OP, and FO = GH. Therefors 


BEE 


1 0 f. 


5 . 


SOR Fig. 
: PROP, XLII. 2 

If AB be any diameter, MT 4 tangent cutting it 34. 
in T, and MP an ordinate. Then CT, CA, CP are 
continually proportional. | 


At A and B draw the tangents AK, BH, cut- 
ting MT in K and H; then ſince AK, PM, BH 
are parallel; BP: AP: : HM: MK : : (Cor. 2. 
XL.) HB: AK: : (ſimilar triangles) TB: TA. 
And BP AP: BP: : TB + TA: TB, or 2CP : 
BP: : 2CB: 1B, and CP : BP: : : And 
dividing PC: BP — PC: : CB: TB — CB; that 
is, PC + BC :: BC : CT; 


Cor. 1. If MT Be a tangent at M, MP an ordi- 
nate. Then BP: PA:: BT: AT. And BP is 
barmonically divided in T and A. . 
From the demonſtration. 


Cor 2. F MT be a tangent at M, MP an ordi- 
nate: Then FA: F455 FLUE FB 5 | 
For we had PC: PB : : BC: BT; and by divi- 
fion, PC: PB : : (PC - BC or) PA: (PB — BT 

or) PT. 1 6 


Cor. 3. F MT be a tangent at M, MP an ordi- 
| nate. Then TA ↄ LC: Ih 

For CT: CA:: CA: CP; and dividing, CA — 
CT:CT:: EP—CA: CA; or TA : TC: iAP: 
AC; and adding, TA: TC: TA + AP: TC + 
AC. That is, *F&A + TC: - TP TR. © 


Cor. 4. Two tangents drawn from the ſame dou- 
ble ordinate, on each fide the curve, meet in one and 
be ſame pint of the diameter. | 

For the ſame quantities, and the ſame propor- 
tion, determine both of them, | 


Cor . 


b. l. THE HYPERBOLA ut. 
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Fig. Cor. 5. If AB, DS be two conjugate diane, 
34. MR parallel to. AB, cutting DS in R; MG a tus 


4 | 


(Prop. XXXVI.) CA* : CD* : : BV* : CB. 


But (XXXVI. es EA: : PM : BPA, that iz 
NCT alternately, CE: CR ::CPxXCT:CÞ 


ae Mi 


THE HYPERBOLA. 


gent at M, erer 1he conjugates in T and G. They 
CR: CS:: CS: CG. 


Draw the ordinate PM, then by ſimilar tria 
gles, CG :CT ;: More: : (by diviſion) 
CR: IP; and alternately, CG : CR: CT: 


CS* : CPX CT :: CR: CP* — CA*® or CP. 


2608 


— cp CTer M P: CT: TP:: (before) 


CG :.CR:: : CG Xx CR : CR“. Therefore CS = 
CG x CR. 


Cor. 6. The fine things ſuppoſed as in Cer. 5. the 
N GRC = CS* + CRC, and rectangle ROC 
= CS* + CG*. 

For CS* = CG x CR R CR Xx CR = 
GR x CR — CR, and GR X CR = CS* + CR. 


Again CS* = CG x CR = CG x RG —G 
= CG:Xx RG CG, and RG x CG = CS + 
CG*. y f 


PRG WMI. 


Let AB be any diameter, CD the ſemiconjugats 
AM, DN, conjugate ' byperbola's, -PM an ordinatt, 
QV paralle to CD. Then CA*: CD* :: CA* 4 


' Draw the 3 BV parallel to Ca. Then 


CD* ; and compounding, CA* : CD!: : CA + 
BV* : CB*. That i IS, CA* : CD:: C + Ct 


. 


Cor. 1. F AM, DN be conjugate 8 
CA, CD conjugate ſemidiameters, PM an ordinatt, 
QV parallel to it. Then CP* CAL: PM.: (Q 
+ CA“: Q. 1 
1 FS | or 


* nn , . „* 6 4 
7 RN at "of 8 R 
9 * * . 7 A 
* Nt : * ( Py 
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% For c= C45 + : PM: : kh CD.: a c + Fig. · 

E ...- 7 on 

* Cor. 2. a 20 be parallel to Ws 1 E + Foy: 

rian. CA.: 1 5 C CA.: . 

oy Cor. 3. If the ordinate PM ze 8 to the 95 
ö corjugate Hperbolg at N. Tben CP. — CA* ; PM:: 


co CP + CA*: EN“. | 
c P | For CP* — : PM“: > c - cp. 28 CA + 
"oi BN. : 


= MP0 + PM*: PN: — PM: p-: ca 
By eee the terms in Cor. 3 dh ty 


GC „ "PROP. XIIV. 


if AB be any diameter; CD its ſemiconjugate 5 
= I a tangent at M, cutting the parallel tangens 
R AK, BH, in K and H; MP an ordinate. Tben 
Te AK, CD, BH,. are in continue 9 5 | 
4 


By ſimilar triangles AK: PM:: TA: TP:: 
(XLII. Cor. 3.) TC: TB: * triangles) CG: 
BH. Whence PM * AK X BH. 
ate Ten CP CT: : CFP: NNO 
att, I.). And by diviſion, CP — CT or PT: 
- CT : : CP. — CA or BPA: CA*: (XXXYL.) 
PM: : CD*. And by ſimilar triangles, 1 
PM : CG: : PM* : PM x CG or AK x BH; — 
fore PM* : CD* : : PM* : AK x BH. Whence 
AK x BH = CD* 


Cor. 1. if AB be any - CD #ts FE 
gate, PM an ordinate; AK, BH, HM, tangents at 
A, B, M; then AK x BH = PM x CG = CD* 

SAC x 2 latus reflum of AB. | 
- For we had before AK x BH = PM x CG = 
(by this Prop.) CD = = 8 5 ) + AB X lacus. 

on | 0 | 
or. 


= texes, AK, BH, be cut by the two 1 MKH, 


THE HYPERBOL A- 
Cor. 2. If the two parallel tangents at the ver. 


QBN; then. AK Xx BH = BOXA 
For they are both equal to CD!. 


Cor. 3. The ſame things ſuppoſed, AK : BY: 
KO: OH. 
Fer AK: BQ: : AR: BH: : AK + AR Y 
=_ : BQ 4 DEL or QH — (mile triangles) KO: 
TE, 


Cor. 4. A line drawn thro* RH, would age 
#he line 4 thro KQ, ſomewhere in the diameter 
AB produced. - * 


This is plain from the proportions in Cor. 3. 


e tan gent QR was to touch the: op- 
_ pate | (as "i 0 it will hs be AK x BH = 
| Bg Xx Ar 

PRO P. XLV. = 


7. In the hyperbola and oppoſe te ſections if TH, TK, 
be two tangents at H and K; and if HK be drawn 
. thro” the points of contact, and biſſetied in O, and if 
TO be drawn; it will biſſef all the parallels to 
HK, as IN. 7 bat is, if HO = OK, then IP = 
FN. F 


Thro' the center 0 draw FG parallel to HK; | 
then ſince HO = OK, CF = CG. And CA isa 
ſemidiameter, and HO, OK, ordinates to it. And 
ſince IN is parallel to HK; IP, PN will alſo be 
ordinates; and (XXX VI. Cor. 3)IP = ON; and 
CGE and CF D are ſemiconjugates. ; 


Cor. 1. If LM be drawn parallel to HK, which 
Pe es thro" the points of contaf; the parts intercept- 


between the curve and tangent, on each fide, art 
| cual, LI = MN. . 1 ; 
or 


5 . | 


=" yh Peay 1, * 


P 


B. Il THE HVPERBOQLA. - 
For fince HO = OK, therefore LP = PM, and Fig. 
and IP being = = PN, the remainder IL = NM. 37. 


Cor. 2. The tangent at 5, 7s feed in 8 
point A. 


Cor. 3. HO, OK, and alſo IP, PN, are ordi- 
| mates to the diameter CA, Palſing thro T the inter- 
Jam of wy Gier 


SCHOLIUM. 


| Al theſe things hold equally, if one of the tan: 
gents be drawn to the oppoſite hyperbola. 5 


P R O P. XI VI. 


IL, TM be two yangents 4 H and K, 4 38; 
| HK ze drawn thro' the points of contact; and from 

the interſection T, any line TI be drawn, cutting 
HK in D, and the curve itt ey and I. Then TF: 
TI: : DF : DI. 5 


. 1, draw AC, LM, BOP to HK; 
| then (Prop. XLV. Cor. 1. ) LI = NM, and AF 
= BC; whence MI = LN, and CF = AB. 
by ſimilar triangles, AF: LI: : TF: TI. 
| "and F.> MF: "DF 3:£% 
multiplying, AF x CF : : LI X MI : : TF“: TI*, 
that is, AF x AB:;LIXxXLN:: TF: TF. 
| But (Prop. XL. Cor. 3.) AF x AB:: LI X 
EN : : HA“: HL: : (ſimilar triangles) DF* : DF. 
Therefore TF* «TH: F : Dis and TF; 
TI; : DF : DI. 


Cor. 5 7 oe TF I:: DF: DI, the line HK 
Joining the points of contac? (of the tangents TH, 
TR,) will paſs thro the point D. 


M | SCH 0- 


\ [ 


| 
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SCHOLIUM. 


If one of the tangents be drawn to the oppoſite 
hyperbola, tis equally true. 


PROP. XLVII. 


39. If MT, AH be two tangents at any points M 
and A; and if the ſemidiameters CM, CA be draun, 
to interſett the tangents in H and T. Then the ir. 
angle MNH = triangle ANT. And the like fir 
the oppoſite ſections. | 


Draw PM parallel to AH. Then by ſimilar 
triangles, CM: CH:: CP: CA:: (XLII.) CA: 
CT. And alternately, CM . CA : : CH: CT; 
whence (Geom. II. 17. Cor. 1.) the triangle CAH 
= triangle CMT; which ſubtracted from the qus- 
drilateral CANM, leaves MNH = ANT. 


Cor. The triangle CAH = triangle CMT. 
From the demonſtration. 


PROP. XLVIII. 


40, FCM, CV be any two conjugates. And MP, 

| QV ordinates to any other diameter AC; and CO 
the conjugate of AC; then CQ = CP — CA 

— 


This Prop. is demonſtrated from Prop. XLII. 
and Cor. 1. Prop. XLIIL in the ſame manner s 
: Prop. XXIX. was from Prop. XV. and Cor. 1. 
Prop. XXVIII. And the ſame corollaries wil 
Solow, vis. © 


Cor. 1. CP = CA* + CQ* = CA* + AP. 


Cor. 2. CP. CQ* = CA* = CP* — APP. 
. Cat 


ite 
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Cor. 3. QV* —PM* = CD*. = Fig, 
Cor. 4. CA: CD: : CP: : C: PM. f* 


Cor. 5. Hence the triangle CPM = iriangle CQ. 
This is proved the ſame way as in Prop. XXXVI. 


PROP. XLIX. 


If AH be @ tangent at any point A; MC, VC, 41. 
two conjugate ſemidiameters, cutting the tangent in Z 
d H; AC, CD tuo conjugates. Then the rettan- 
je ZAH = CD*. 


To the diameter AC draw the ordinates MP, 
VQ. Then by ſimilar triangles CP : PM : : CA: 
AZ, whence CP x AZ = CA xc PM = (Cor. 4. 
3 CQ x CD; therefore CP: CQ: CD: 


Again, CQ: QV : : CA: AH, and CQ X AH 
=CA x QV = (ib.) CP x CD. Therefore CP: 
— : AH: CD:: CD: AZ, and AZ x AH = 


Cor. If SN be drawn parallel to CD, then FN* 
ob CI. - 

For by ſimilar triangles CA: AZ:: CF: FG 
| and CA: AH:: CF: FS 
and multiplying, CA* : AZ x AH or CD!: : CF: 

FS x FG. £2, 
and compounding CA* : CD* : : CA* + CF* : CD* 
+ SFG : : (XLIII.) CA* + CF* : FN*; therefore 
CD + SFG = FN", and FN* — SFG = CD!. 


— 


— —v7 )) ꝛꝛVnx PEE A T—„ͤ„ͤ„“k —— 


42. FFT. QT be two tangents at P, Q; and P( 


SQP, are ſimilar, as alſo PIL, PQT ; whence 


D, and PQinS; we have, SL* ; SD* : : Alz: 
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PROP... L. 


drawn between the points of contact; and if any lin 
LD cuts PQ, and the curve in 8, A, B. Then SL: 
SD* : : rectangle ALB: rectangie BDA. 


Draw the ſemidiameters CG, CM, CF, parallel 
to TP, TQ, LD, (which I have put without the 
figure to avoid confuſion); and draw LI parallel to 
QT, to cut PQ in I. Then the triangles SL, 


SD: SL:: DQ : LI. But the ratio of DQ t 
LI is compounded of the ratio of DQ to PL, and 
(PL to LI or) PT to T. Therefore DQ. LI:: 
DQ_ x PT : : PL X TQ. Therefore SD: SL:; 
DQ x PT : PE x TO. Take E a mean propor: 
tional between AL and LB; and H a mean pro 
portional between BD and DA. Then ALB = 
E*, and ADB = H. 

Then (Prop. XL.) GC* : FC* : : LPI: ALBg 
E*, and FC* : MC“: : BDA or H* : DQ. There. 
fore extracting the roots, GC: FC:: LP: E; and 
FC: MC : : H: DQ; therefore GC: MC : : PL 
X :DQ eee 
GC: MC:: PL XH: DQXE. And multiph. 
ing means and extremes, PT x DQ x E N 
x PLX H. Whence H: E:: DQxXPT : PLX 
TQ : : SD: SL; and H* or ADB: E* or ALB:: 
DD)”; BL. 5 | | 

Cor. Hence in any inſcribed trapezium LND0, 
the diagonals LD, NO, interſect in the ſame poi 
S, where the lines PQ, KR interſed, that join it 


oppoſite points of contact. | 
For if LD cuts the tangents PL, OD in Lad 


BDA: 
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BDA: : EE: HH. And SL.: SD;:: E: ; and Fig. 

compounding, SL + SD: SL:: E＋ H: E; or E 42. 

AH: EB: LD:'SE. N 5 | 
Alſo for the tangents KL, RD, it will be SL“: 

SD*:: ALB: ADB. Whence, as before, it will 

beE+H:E::LD: LS. Therefore PQ, and 

KR interſect LD in the ſame. point S. And by 

the ſame reaſoning, the diagonal NO, cutting the 

conjugate hyperbolas in @ and 6, will pals thro* S, 

the interſection of PQ, KR. 


- * 


PROP. LI. 


If MG be any diameter, MD, GT two tangents 43. 
at M and G; DTN à tangent at N, cutting the 
former in D and T. And if the ſemidiameter CK be 
drawn parallel to ND. Then the rectangle DNT = 


ECEY 


For let CF be the ſemiconjugate of MG, then 
(XL. Cor. 1.) | | 
CE : CK : : DM: DN. 
and CF: CK: : TG: TN. 
multiplying CF* : CK* : DM x TG: DN x TN. 
But (XLIV.) CF = DM x TG; therefore CK* = 
DN x NT. 8 


FN 


F FG be drawn thro the points of contact of two 44. 
tangents AF, AG; and AV be drawn thro A their 
inter ſection, parallel to GF. And if from any point in 
it as V, LVO be drawn thro the middle of FG, ts 
cut the curve in P and L; then will VP: VL: 
DESO. © + 1 


From L draw LA QR, cutting the curve in Q, 
from Q draw QSP parallel to GF. Then (Prop. 
: M 3 VXLVVI.) 


120 
Fig. XLVI.) LA: LR: : QA: QR, and LA x Ol 
44. = LRX QA. | 


80: : AR: AQ. Therefore PQ: SQ: LON 


45. 


Ines FC, HI; and therefore HI paſſes thro' O. 


AQ and therefore PS = SQ, and conſequenth, 


contact. Then if AV be drawn thro the interſeclin 
| 
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The ratio of PQ to SQ is compounded of the 
ratio of PQ to OR and OR to SQ. But by f. 
milar triangles PQ: OR: : LQ: LR; and OR: 


AR: LR x AQ. And by diviſion, PS: SQ: 
ILQXAR—LRXAQ:LR x AQ. But LQx 
AR—LRXxXAQ = LR —QR X AR—LR x 


AQ =LR AR AU QR AR = LR 
R — AR x QR = AL X QR = LR x A0 
before. Therefore PS: SQ:: LR X AQ: LR 


fince QS is an ordinate, PS is an ordinate, and! 
is in the curve. Laſtly, by reaſon of the parallek 
FG, PQ, VA, VP: VL: : AQ: AL: : (befor 
RQ:RL::OP :OL, | 


PROP. LI. 


If FG join the points of contact of two tangeiiif 
FA, GA; and AV be parallel to GO. Then 
two tangents VH, VI, be drawn from any point V i 
it. Then HI drawn thro the points of contadl, wil 
paſs tbr O the middle of FG. 


For let B, L be two points in the curve; whe 
VO, AO cut it. Then in reſpe& of the ordinati 
FG, it is (by laſt Prop.) VP: VL : : OP: OL. And 
in reſpect of the line HI, it is (Prop. XLVI.) A 
VL :: OP: OL; therefore O is common to both 


6 FA, GA be two tangents, and FG 
drawn thro the points of contact. Alſo HV, IV tw 
other tangents, and HI drawn thro their points 
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of the tangents; then, will O, where FG, HI inter- Fig. 
| ef, be the point thro which all lines paſs, which 45, 
| join the points of contact of any two tangents, -which 

| meet in the line AV. | 


Cor. 2. If FA, GA be two tangents, and if AV 
be drawn parallel to FG; then if any line HI be 
| drawn thro the middle of FG; then the tangents. 
drawn from H and I will meet ſome where in the 
line AV. 

Otherwiſe it could not be VP: VL: : OP: OL, 
as by Prop. LII. | | 


Cor 6 If TH be continued to interſef? AV in 
D, and the tangents DP, DL drawn; then LP paſ- 
ng thro' the points of contact will paſs thro O. 


P R OP. LIV. 


if VH, VI be two tangents, and THD be drawn 4g. 
tro the points of contact; and if any line OPVL 
be drawn thro V, to cut the curve in P and L; 
then two tangents PD, LD drawn from P and L, 
will meet ſome where in the line ID. „ 


Let O be the interſection of VP and IH; thro? 
O draw FG, fo that FO = OG, and draw VAD 
parallel to it. Then (LIII. Cor. 2.), the tangents 
PD, LD, will meet in the line VA, as at D. Then 
it DO does not paſs thro* the points of contact 
H, I; let a line drawn from D to N paſs thro' the 
points of contact. Then (Prop. XLVI.) we ſhall 
have VP: VL: : NP: NL. But HV, IV, being 
tangents, it will be (by the ſame Prop.) VP: VL: : 
OP: OL. Therefore the former proportion is 
falſe, except N coincide with O. Therefore DO 
paſſes thro? the points of contact H, I. Or which 
| 2 M 4 * 
| f 
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Fig. is the ſame, the tangents PD, LD meet in the line 


46. 
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IH. 
Cor. If FA, GA be two tangents, and GBP 


be drawn thro' the points of contact. And from ary 


47. 


point B in FG, the tangents BI, BH are drawn, 


Then IH (drawn thro the points of contact H, I.) 

will paſs thro A. > OE ” 
For a line drawn from A will paſs thro? the 
oints of contact H, I; and therefore no other 
ine can paſs thro' them. 


PROP bY. 


If a line MN be drawn thro the focus F, and 
tangents MR, NR drawn from M and N. They 
the line RF drawn from the interſection of the 
tangents to the focus, will be perp. to the line MN, 


Let C be the center, and make CF, CA, CT 
continually proportional. At T erect TL perp. to 
the tranſverſe axis BA. Then (Prop. XV.) a tan- 
gent drawn from the end of the ordinate erected 
at F, will cut the axis at T. And (LIII. Cor. 2.) 
The tangents drawn from M- and N, will meet 
ſome where in the line TL, as at R. Make SG 
= BA, draw GF, which (Prop. XII.) will be 
perp. to MR at D. Draw MLO parallel to BA. 
The triangles SFG, MOG are ſimilar, whence 
SG or BA: SF:: MG: MO, that is, CA: CF: 
MF : MO, But (Prop. XXVI.). CF: CA:: 
ML: MF. Therefore ML: MF:: MF: MO, 
and ML, x MO = MF*. But the triangles MDO, 
MLR are ſimilar, being right angled at D and I. 
Whence MD : MO : : ML, : MR; therefore MD 
X VIR = ML.x MO = MF*. And MD: MF:: 


MF : MR. Whence the triangles MDF, MER, 


are ſimilar, and therefore the angle MFR = < 
MDF = a right angle. 5 
or. 


/ 
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Cor. A circle deſcribed about the diameter MR will Fig. 

gaſs thro” the focus P, and thro the points L, G. 47. 
For MFR and MLR are right angles, and the 

triangle MGD being equal and ſimilar: to MFD, 

vill be contained in the oppoſite ſemicircle, | 


P. RO P. - LVL 


If two tangents HE, HK touching the conjugate 48. 
Iyperbolas in R and D, cut any diameter AB in E 
and K, ſo that AE = BK. And if FZ be a third 
tangent ;, touching the curve at I, and cutting the 
former in Fand G. Then the rectangle EF x GK 
= KH x RE, à given quantity. 


For ſince CERA is ſimilar and equal to CPKB ; 
therefore RE = PK. And (Prop. XLIV. Cor. 3.) 
PK: RF:: KG: GH, and compounding PK or 
NE: RE + RF:: KG: KG + GH; that is, RE: 
EF: : KG: KH; whence EF Xx KG KH x RE 
a given quantity. 


Cor. Producing LE and ZF to V; then VE Xx 
KZ = KH x RE, à given quantity. | 
For LZ is parallel to EH, and VL to HK; 
therefore the triangles VEF and GK are ſimilar 
and VE: EF: : GK: KZ, whence VE x KZ = 
EX GK = KHXRE  - 


PRO. Un 
0. K 7 ABFE be an inſcribed tropezium; and if the 49. 
00, 4agonals AF, BE be bi ſſected. The line drawn thro 
L. the points of biſſection will paſs thro* the center C. 


; Thro? the points of contact of the oppoſite ſides 
RAE, BE, draw the line Hl, and the diameter GD 
< WO parallel to it. Then (Prop. LVI.) GA x DB = a 
given quantity = GE XxX DF. Whence GA: GE: : 
MO 5 | DF : 
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Fig. DF: DB. Therefore if AF, GD, EB be drawn 

49. then (Cor. 1. Lemma to Prop. LX. Ellipſis), the 
line that paſſes thro the middle of AF, Ep 
paſſes thro' the middle of GD. But as GD is pa. 
rallel to HI, the middle of GD is the center I 


Cor. And if there be any four tangents to the ly. 
perbola, and lines (or diagonals) be drawn to the ch. 
paſite interſettions. Then a line drawn thro the nid. 
dle of theſe, will paſs thro* the center. 

This is ſhewn the ſame way as was done in the 
ellipſis. 


Deren ww 
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50. If AB be any diameter; and if two lines AP, BP 
be drawn thro any point in the curve as P; and 
the ordinate DF be drawn interſecting the lines in E 
and G. Then DE, DF, DG are in continual pro. 
portion. 1 


r ee ee. a at EE EE . — 
x 


xn > = © CQ aL 


Draw the tangents AN, BH, the conjugate ICL, 
and ordinate PO. Then by ſimilar triangles 
AB: BH:: AO: OP 
and AB : AN:: BO: OP | | 
multiplying, AB* : AN x BH: : AO x OB: 
OP* : : (XXXVI.) AB* : IL“; therefore AN x 
= IK: --- 
Again (XXXVI.) AB* : ADB: : IL* : DF; 
and by ſimilar triangles 
| AB: AD: : BH: DE 
| and AB: BD: : AN: DG 
multiplying, AB“: ADB: : AN x BH: DG DE. 
therefore IL“: DF* : : AN x BH: DG DE. 
But IL* = AN x BH; therefore DF. = DG 
DE, or DE, DF, DG =. 


Cor. If from the ends of any diameter AB, two 
lines PH, PB be drawn thro any point P of the 
1 curve, 


png FY & 


r > £© 


20 
the 
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* 


curve, to interſef? the tangents BH, AN in H and Fig. 
N. The reflangle of the tangents is equal to the 50. 


| ſquare of . the congugate.. AN x BH IL. 


This appears from the demonſtration. 
PROP. LIX. 


If C be the center, F the focus, and if CF: CA:: 51, 
CA: CT, and the direfirix TO be drawn perp. to 
AB. And if any line MNO be drawn, and the lines 
FN, FO, MFH be drawn to the focus. Then OF 
liſelis the angle NFH. | 


Draw MP, NQ perp. to TO, and ND parallel 
MF, cutting FO in D. Then (by ſimilar trian- 
gles) MP: NQ : : MO: NO:: MF: ND; and 
alternately, MP: MF: : NQ: ND. But (XX VI.) 
MP: MF:: CA: CF:: : NF; therefore 
NQ: ND: : NQ: NF. And ND = NF. There- 
fore < NFD = NDF = (by the parallels) DFH, 


FRN Fc Joh 


F AB be any diameter, BG 2 tangent at B equal 52. 
to the latus rellum. If AG be drawn cutting the 
+a PM (produced) in D. Then PM. = BP x 

- | 


For (XXXVI. Cor. 1.) AB: BG : : APB: 
PM*. And by ſimilar triangles, AB : BG : : AP: 
PD : : AP Xx PB: PDxX PB. 1 APB BME. 
Therefore PD x PB PM!. 


Cor. Hence PM* the ſquare of the ordinate, is al- 
ways greater than PB Xx BG, the rectangle of. the 
parameter and abſciſſa; by the refiangle GF x FD, 
which is ſimilar ts the reftangle AB x BG. And 
ty reaſon of that exceſs the curve is called an H. 
PERBOLA N Om 

1 For 


105 


, 
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Fig. For if GF be parallel to AB, the rectangl 
52. DFG is ſimilar to ABG, for by the ſimilar trian 


53. 


and draw LR, KR (Prop. L.) tangents at L, X. 


84. I CB be the ſemitranſverſe, BD the ſemiconju- 
C and D, draw CO, to cut the ordinate PM in O, 


For (Cor. 1. Prop. V.) CB: cs: : CP: SM + 


(Geom. II. 25. Cor. 1.) FN biſſects the angle PFC. 


gles ABG, GFD, AB: BG :: GF: FD. 


SCHOLIUM. 


The rectangle under the diameter AB, and it 
parameter BG, is called the Figure of that diameter, 


P R O P. IXI. 


F QT, PT be two tangents, and if QF, PF h 
drawn from the points of contact tothe focus F; they 
the line TF will biſſect the angle QFP. 


Make CF: CA:: CA: CG, and draw the d. | 
rectrix DGR perp. to AB. Produce FT to K, 


Let OD, PE. be perp. to DR. Then (XXVII. 
Cor.) QF : PF : : QD : PE : : (ſimilar triangles) 
QR: PR:: (XLVI.) QN : PN; therefore 


PROP. LXII. 


gate axis; 8, F the foci, PM an ordinate. Thro 


and make CI = CO. Then SM = BI. 


CB. Whence SM x CB + CB. = CS Xx CP, and 
SM x CB = CS x CP — CB*. But (def. 6.) 
CD = CS, and by ſimilar triangles, CB: CD or 
CS:: CP: COor CI, and CS x CP = CB xCl; 
therefore SM x CB = CB x CI — CPB: ; whence 
by diviſion SM = CI — CB = BI. | 


: Cor. 1. The fame things remaining, FM = A 
x 3 


WD NO 533 
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For FM = SM + AB = BI + BA = AI. Fig. 


f Cor. 2. F MS be produced to N, /o that SN = 
c, and NL be perp. to CB. Then C — SL, BD, 

4 ©. SM are continually proportional; but when Pic | 

| tween S and B, it is CB + SL. 

For by ſimilar triangles, SM : SP:: SN or SC: 

SL; whence SL SM = SC-x SP = CF x SP 


N crx CP—CS = CF x CP—CS*, But we ; 
had CF x CP or CS x CP = SM x CB + CB*; 
: therefore SL x SM = SM x CB + CB* C&S; 

End SM x CB SL = CS* — CB. = (II. Cor.) 
5 BP But if P is between 8 and B, SLX SM 


cr x c=, &c. 
; Cor. 3. Put 2 for pe thy, coſine of the angle BSM, 
D* 


=y will SM = = CBI Z NCS Or when BSM is | 


greater than a right angle, it is CB — Z Xx CS. 
For by trigonometry, Rad. (1.) : SN or SC: 
ES.SNL (Z): SL = ZXSC, and CB + SL = CB 
8+ Z X SC. 


M - PROP. LXIIL 


If ABDC be an inſcribed trapezium, and any * 55, 
E be taken in the curve, from which the two lines 
EN, EH are drawn parallel to any two adjuining 
I des as AB, AC, to interſef? the oppoſite fides in 
N and Q, and in H and R. 'Then taking the. rec- | | 
tangles upon the oppoſite des ER x EH will always oa 
” 6x wh x EQ, in 4 grven ratio, en E is | 
placed. | | 


Draw DEG, BPL. parallel to AC; thro? c = 1 | 
L draw COLS., and — the middle of AC, BL; WE. 
draw the diameter MK, which will biſſect the pa- - 
m. DF, TE; and alſo SG, OR which are ter- 3 
minated 


9 
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Fig. minated at AB, CL. Then will SD = FG, 07 
55. = ER; and theſe would alſo be equal if SG, NH 
were tangents. 5 
By reaſon of the parallels, and from the ſim. 
lar triangles, HO: SD : : OC : SC :: AR: A0, 
and alternately, HO: AR or EQ:: SD or PG: 
AG. | 
Again, BP or ER: PN:: DG : GB; a 
_ multiplying the reſpective terms, HO x ER : EQ 
Xx PN : : FG x DG: AG x GB:: (XXX 
Cor. 2.) ER x RT or ER Xx EO : RA x RR d 
I EQ x EP. And compounding, FG Xx DG: A0 
x GB:: HOXER + EO x ER: EQX PNA 
= EQ x EP:: EHXER: EQ X EN. But it h 
| evident, as long as the points A, B, D, C, ut 
fixed ; that FGD to AGB is a given ratio, an 
conſequently that of REH to EN. 


Cor. 1. The ſame things ſuppoſed, it will be EH: 
EN EO: EF. H. N ' 
For EHXER : EQXEN: : FG x GD: AGX 
| GD:: HOXER : EQ x PN. And alternately, 
EH x ER: HOXER:: EQXEN: EQ x PN; 
and by dividing equally, EH : HO: : EN: PN; 
and by divifion, EH: EO : : EN: EP. 


Cor. 2. If the points A, B, C, E, be fixed; au 
D any way changed; it will ſtill be EH : EN:: 
HO: PN:: EO: EP, or RT: RB 2 given ratio. 


Cor. 3. F the points A, C, coincide; MQ k. 

1 romes a tangent. Aud if B, D, coincide ; BN become 
_ tangrut. 

6 Cor. 4. If BC be drawn to cut EH in 1; and 

72>” | 

it be made as EH: EI:: EN: EV. Then BV be. 
ing drawn will touch the curve in B. 

For (Cor. 2.) when D is moveable, it is, EH: 
EN :: EO: EP. And if D comes to "= 
+ | e ſt 


FR. > I $6 => YO R. 
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(Cor. 3.) BND becomes a tangent; in which caſe Fig. 


| 1: comes to 1 nd N wo V; and-then it is; BH: 66. 


EIN: EQ: EF: . | 


oy F we make EH : EN: : EO EP, and 1 
draw CO, BP; they will meet at L in the curve. 
By Cor. 2. ET 


Cor. 6. If there be five points, B, L, D, C, E; 


and thro* any point E, there be drawn EH, EN, cut- 
ting BD, BL, DC, LC, in N, P, H and O; ſo” 


bat EH: EN: : EO: EP. Then CA, BA being 


drawn parallel to EH, EN, they will meet at A in 
the curve. | 9 5 

This is the reverſe of the foregoing. For if A 
was out of the curve, L would not be in it. 


P R O P. LXIV. 


' 1f ABDC be an inſcribed trapezium, and from 57. 
any point E, of the curve, four lines EL, EK, EO, 
EM, be drawn to the four fides of the trapezium, 
in any angles whatever, equal or unequal; cutting 
them in L, K, O, M. And likewiſe from any other 
point e, four more lines, el, ek, eo, em, be likewiſe 
drawn reſpectively parallel to the former, cutting the 
kink to --. | 

Then taking the reflangles of the lines falling up- 
on the oppoſite ſides, it will be, rectangle EL x EM: 
el x em: : EK Xx EO: ek x eo. 


Thro' E, e, draw EQN, eqn, parallel to AB; 
and ERH, erb, parallel to AC. Then by ſimilar 
triangles, ER: er:: EL: el; and EH: eb: : EM: 
em. And multiplying, ER x EH: er Xx eb: : EL 
Xx EM : el Xx em. 5 | 

Again, EQ: eg:: EK: ek, and EN: en:: EO: 


— 


eo. And multiplying, EQ x EN: eq Xen::EK 
XEO : eł x eo But (Prop. LXIII.) ER x EH: 


1940 


Fig. 
57 


58. 
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er X eb: : EQx EN: eqX en. Therefore EL x 
EM: el x em: : EQx EN: e Xx en: :) EK Xx EO: 
ek X eo. | „ 


Cor. 1. In the inſcribed trapezium ABCD; if 
AB, CD, produced, interſeft in X; and the diago. 
nals AC, BD, in Y; and YEXe be drawn. They 
EK: K:: ET: . | | | 

For ſuppoſe BD, AC to become the diagonals; WM 
and that EL, EK, EO, EM, and el, ek, eo, en, 
all ie in one line Ee; and that AB, CD, inter- 
ſe& in X, and AC, BD, in Y; and that Ee paſſes 
thro X, I; which is a particular caſe of this 
Prop. Then L, I, M, m, coincide in X; and 
K, k, O, 0, in Y. Then the proportion EL x 
EM :elXem:: EKXEO : ek X eo, becomes EX*:; 
> EY 20% nne 


Cor. 2. f XA, XC, be two tangents, and AYC 
paſſes thro* the points of contact. It will be EX: 
KX: : Ex: e. | © OM 

For let B approach 'to A, and D to C; then 
BD will coincide with AC. And it will ſtill be 


EX: X:: EY : eY, as in Prop. XLVI, 


59- 


PROP. LXV. 


Tf any line MN be drawn thro the focus F, and 
ZCQ be a diameter drawn parallel to it; AB the 
tranſuerſe axis. Then AB, QZ, MN, are contt- 
nually proportional. | 


Draw the diameter CDL thro' the middle MN, 


and the ordinate MP perp. to AB, and tangent 


MTO. Then (VII. Cor. 3.) CF x CP = CA Xx 
FM + CA*, and CA x FM = CF -x CP — CA* 
= (XV.) CFXx CP — CT x CP, or CA x FM 
= TF x CP. And by ſimilar triangles CT : . P 

| by 
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TF: FM : : TF x CP or CA x FM: FM x Fig. 
CP: : CA: CP: : CT: CA. Whence CO = CA. 59, 

But (XLII. Cor. 5.) CZ. = CO x CG CA 
x LM; and multiplying, QZ* = BA x MN. 


Cor. 1. If F be the focus, ZQ a diameter parallel 
6 % MF; MT a tangent at M, cutting ZQ in O; 
then CO = CA. rd | | as 
From the demonſtration. 


Cor. 2. F AB be the axis, F the focus, MP an 
ordinate, MT a tangent. Then CA x FM = TF 
. 0 5 x 
From the demonſtration. 


Cor. 3. F any line MN be drawn thro' the focus 
FP; the rectangle MFN = + MN X + latus rectum. 

Let L = + latus rectum; then (Prop. XXX VIIL) 
CZ: MN: : CA* : AFB; : (IV. Cor. 2.) £87: 
CAXEL ::CA;4E::CAXME: + L XML 
-; CZ* = CAx ML; therefore MFN Lx 
PROP. LXVI. 


In an equilateral hyperbola, the ſquare of the ſemi. 60; 
tranſverſe is equal to the reftangle of the diſtances of 
ether vertex from the foci, CA = SAF. 


For (Prop. III.) the rectangle of the diſtances of 
the two foci, from either vertex, is equal to the 
ſquare of the ſemiconjugate. But (Def. XII.) 
the tranſverſe and conjugate are equal; therefore 
mat rectangle is equal to the ſquare of the ſemi- 
tranſverſe axis, REL, Fr 


. ej PROP, 
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432 
Fig. V 

* PROP. LXVII. 

60. B an equilateral hyperbola, the rectangle of tþ 


diſtances of the ordinate from the two vertices, i 
equal to the ſquare of the ordinate. APB = PM. 


For (Prop. VI.) as fquare of the tranſverſe 
ſquare of the conjugate : : fo the rectangle of the 
diſtances of the ordinate, from the two vertices 
BPA: to ſquare of the ordinate, But the two fir 
terms are equal (Def. XII.). Therefore the ty 
latter are equal. = | 


Cor. CP*— CA? = PM', C being the cente, 


3 


PROP. LXVIII. 


Gi, F AV bean equilateral Hyper bola, av the ſem 
tranſverſe axis, CQ perp. to CA; QV parallel i 
CA. Then CA* Teck = ov. 5 


For (Prop. XXVIII.) if CD be the ſemiconju 
gate, then CA* : CD* : ; CA + CQ: QV.. Bu 
A* = CD*; therefore CA* + CQ* . 


Cor. The hypothenuſe AQ _= ordinate Q parall 

to CA. | pM 

For AQ. = CA*+ CQ®* = QYV?; and AQ= 

FF 
5 FR OF” KEE:  - 

. If CA be the ſemitranſverſe axis, CF, CH, i 

 '' afſymptotes; AD the ſemiconjugate ; PM an ol 
nate continued to F. The reffangle HMF = AD. 


x By ſimilar triangles, CP* :/PF*: : CA* AD. 
(VI.) APB or CP* — CA* : PM : : (by diviſion 
| CP — CP —— CA or CA? . PÞ* — PM“; that 


5 


alle 


ſon) 
that 


ö 
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* CA 2 AD*: ; CA*: Pr. PM; therefore Fig · 


W = PF PM = HMF. | | 62- 


Cor. 1. N the ordinate be 3 to the SY 
totes, the parts between the curve and aſſymptotes are 
FM GH. 
For PH = PF, and PG = PM; therefore the 
minder are equal, FM = GH. 


Cor. 2. If more ordinates be drawn to cut the 47 
nplotes, their " refiangles are all equal. 


PROP. LXX. 


"From the point M of the curve, MK be drawn 
parallel to the tranſverſe axis AB, cutting the aſſymp- 
totes im 1 2 * z then the reaangie KMI = CA. 


For the triangles IMF, KMH ad CAD are fi- 
milar, whence AD: AC: : MF: IM, and AD: 
AC:: MH: KM; and multi lying, AD*: AC: : | 
MF x MH : IM X KM. BY (LXIX.) MF x 
MH = AD, therefore IM X KRM = AC. 


Cor. 1. The redtangle IM x MH = KM x MF. 
For by ſimilar triangles KM: MH: : IM: MF. 


Cor. 2, If more lines be drawn parallel to CA; 
all their rectangles ids equal to one another. | 3 bs 


62. 


PRO P. IXI. 


7 two arallel lines PS, F H, cut the hyperbola, 63. 
8 G ymptotes; the rectangle FM * rectangle "RE; 


Theo M d 1D we OL, IN perp. to the axis. 
Then by reaſon of the parallels, the triangles PQI, 
FMO, are ltnilar, as alſo MHL,, QSN. There- 
fore. Mo: MET OL OT, and ML : ox, 
N 2 


> 


— on ns > —— . ein vg : 
”e * , 6 * 
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Fig. QN : QS. And multiplying MO x ML : MF y 
63. MH :: QI x QN : QP x QS. But (LXIX 
64. Cor. 2.) MO XML = QIX NJ therefore FMH 


then reflangle FMH = Cg“. 


totes, are equal; FM = GH. 


Point of contact D, it biſſects all the parallels MG, 


68. 


Aw right line FMGH be drawn thro the cury, 


THE HYPERBOL A: 


= POS. 


Cor. 1. If the tangent DG be parallel 4% FH, they 
the rectangle FMH = DG*. 


Cor. 2. If the diameter AB be parallel to BM; 


PROP. LXXIL 


the parts of the line between the curve and aſhm- 


For (Prop. LXXI.) rectangle FMH = HGF, 
that is, FM x MG + FM x GH = GH x GM 
+ GH x MF; and FM x MG = GH Xx GM; 
whence FM = GH. 


Cor. 1. Hence FG = MH. 


Cor. 2. i AB be a tangent at D; tben AD = 
DB, or the tangent is biſſetied in D. 
For in this caſe M and G coincide in D. 


Cor. 3. If a diameter CD be drawn thri th 


and all the lines FH. 


PROP: LXXIIL 
from two points in the curve, M, Q, there i 
drawn the parallels MH, N, to cut one aſſynt- 


tote; and likewiſe the. parallels MO, QI, 10 cut ih 
other aſſymptote. Then the rectangle MO x MH = 
rhe reangle QI x QS. 


Draw EML. PON perp. to the axis. Then 
the triangles EMO, Pl are ſimilar ; A. 4 


) 


the 


10 
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MLH, QNS. Whence ME : MO : : QP : QI; Fig. 
nd ML : MH : : QN : QS. And multiplying, 66. 
ME x ML : MO x MH: QP x ON : QI x Qs. 

But (LXIX. Cor. 2.) ME x ML = QP x QN; 
therefore MO x MH = QI x QS. 1 ; 


SCHOLIUM. 


The Prop. holds equally true, if QS, &c. cut 
the aſſymptote beyond C towards 5. 


PROP. IXI. 


If two lines KN, FT cut one another in E and 67. 


Itewiſe cut the curve and afſymptotes ;, then rectan- 68. 
+ LKM : DFV: : KEN: FET. 


Thro' N, draw IG parallel to VD; then the tri- 
angles LNG, and LED are ſimilar; and alſo MNI, 
MEV; whence LE: LN: : ED: NG, and ME: 
MN : : EV: NI. And multiplying, LE x ME : 
IN x MN: : EDX EV : NG x NL 

But LE x ME = LK + RE X EN + NM = 
IKXEN-+ KEXEN + LK + KE Xx NM = 
KEX EN + LK x EM + KEX NM (KE x LK) 
= KEXEN + LK x KM (fig. 67.). 

Alſo by the fame reaſoning, DE x VE = FET - 
+ DFV. Alſo (LXXII.) LNM = LKM, and 
GNI = DFV. - Whence'we have 
KEN + LKM : LKM : : FET + DFV: DFV. 
And by diviſion, KEN : LKM : : FET : DFV. 


PROP. IXXV. 


All inſcribed parallelograms, between the EN 69: 
fates and the curve, are equal; ABCD = GP CH. 


For (by Prop. LXXIII.) the rectangle AB & 
AD = GF x GH; whence AB: FG: : GH : 


] 
1 
1 
| 
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AE HTE 0. 
AD, or CD : CH : : CF : CB; therefore (Geon, 


III. 9. Cor. 1.) parallelogram AC = parallels. 
Ro GC. | 


Cor. 1. The hyperbola continually approaches 1 
the aſſymptote; but can never touch it, till it be jy. 
finitely continued. X 


For EL being reciprocally as CE, EL continu- 
ally diminiſhes as CE increaſes, and when CE i; 
infinitely great, EL will be infinitely ſmall, 


Cor. 2. .1f a line be drawn parallel to one aſhmp- 
tote, it will interſeft the oppoſite hyperbolas in ont 
point, and no more. 

For AD can only cut the curve in A, for the 


curve AL afterwards approaching CE, muſt di. 


verge from AD. And the ſame line continued 
can never cut the oppoſite hyperbola, becauſe it 


lies wholly without the oppoſite angle, in which the 
curve 1s wholly contained. 


Cor. 3. The aſſymptote may be confidered as à la- 
gent to the curve at an infinite diſtance. 


From Cor. 1. and Cor. 4. Prop. XV. 


70. 


PROP. LXXVI. 


F the lines AB, DF, touch the hyperbola ; thi 
the triangles CAB and CDF made by. the tangents, 
and aſſymptotes, are equal. | 


From the points of contact, E, G, draw EH, 
Gl parallel to the aſſymptote CB; and EO, GH, 
parallel to the aſſymptote CF. Then (LXXII. 
Cor. 2.) ſince AE = EB, and FG = GD; there 


fore AH = HC, and CO = OB; alſo FI =, 


meTF = CD. | 
But triangle ACB : to triangle FCD : : CA. 
CB or 2CH x 200: FC x CD or 2CI * 0 ö 
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m. CH x CO : CI x CP: : parallelogram CHEO : Fig. 
lo BW parallelogram CIGP ; but (Prop. LXXV.) CHEO 570. 
= CIGP; therefore triangle ACB = FCD. _ 
te Cor. 1. All inſcribed triangles are equal to one ans- 
in- ther, and double to the inſcribed parallelograms. 
For triangle ACB : parallelogram CHOE : : 


4 —— or 2CH x CO: CH Xx CO :: 2: 1. 


Cor. 2. F Gl be parallel to the afſymptote CB; 
and GF a tangent at G; then the ſubtangent IF 
1 = CI the diſtance from the center. 


one For DF is biſſected in G; and therefore CF is 
biſſected in I. 


di. Cor. 3. Any two tangents to the curve LG in- 

ted terſe one another within the angle of the afſymptotes 

: it BCF. ; 

the For if BA be a tangent at E, this interſects F 
(the tangent at an infinite diſtance) in A. And 
therefore the fame BA interſects any other tangent 

FD, between A and B. | | | 


— 


Cor. 4. Hente alſo the reffangle ACB is equal to 
the rectangle FC. | 


Cor. 5. F AD and FB br drawn, they will be 
parallel. 5 1 
* For CA : CD : : CF: CB, from the equal rec- 
| angles CAB, CDF. = 


mi FVV 
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PROP. LXXVII. 


71. Tf thro any point F in the curve, a line Fp 
| arawn cuttirg the curve and afſymptotes in P, B, M; 
and from B the targent BEA; and from E the join | 
of cortadt, EH; as hikewije t . FR all parallel fi 
BC. Then 2EH = = Ry PER = FQ pr in the 
| oppoſite ſection. 


| For draw FL parallel to CA; then the triangle 
MPR, FBL, are ſimilar, and MP = EF; there 
| i fore PR = LB, nd LCF Qs and fince AE = 
1 EB (Prop. LXXII. Cor. 2.) = + AB; therefore 
* ICB, and 2 = CB = CL + LB = 
QF +PR; or 2be = QF — pr. 


Cor. 1. Hence the ſum of any two lines FQ, PR 
(made by drawing any line BP, from the ſame point 
B in the afſymptote), will always be the ſame. 

For that ſum 1s always equal to 2EH. 


wor. 25 BY ## SO CM; then 2EH = 
FQ. 


|  FROF LXXVIIL 


72. If AC be the ſemitranſverſe of the equilateral h- 
pPierbola AM, CF its aſhmptote, and CH perp. t 
CA, and HM parallel to CA. Then if MF be 


drawn perp. to the tete, 2CH x HM =CF 
— MFE. 


For draw the ſemiconjugate AD, which is equal 
to AC. The triangles CAD, CHV, VFM are 
ſimilar, and iſoceles; whence CH = HV, VF 2 
MF. And VF: VM: : VH: CV, and VM x 
VH = VF x CY. Then CV* = 2HV*, and 
2CH x * = ay XxX MM = 2H x 


AV + VM 


13 NU 33- 
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HY + VM = 2HV* + 2HV x VM = CV* + 


CV x VE + VF — VE* = CV + VE VF 
= CF VF! = CF — MF. 


Cor. 1. In a right angled hyperbola, the aſfſymp- 
totes make a right angle with each other. 

For ſince CA = AD, the angle ACD = CDA 
= a right angle. And twice ACD = a right 
angle = the angle of the aſſymptotes. 


Cor. 2. F SB be drawn perp. to the aſſymptote 
from the focus; CB = CA. 


For the triangles CAD, CBS, are ifoceles, and 
imilar; and CD = CS; therefore CB =. CA. 


-P'R OP, - LXXIX. 


If thro' the given point G in the curve, the line 
GA be drawn parallel to the afſymptote CH. And 
im line GL be drawn cutting the curve and aſſymp- 
ute in Fand L; and if FK be drawn parallel to the 
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EL 


oſymptote CB. Then KL will always be equal to 


the given line AG. 


Produce FG to D; then the triangles DGA, 
LK are ſimilar and equal, for the reſpective ſides 
ze parallel; and (Prop. LXXII.) GD = FL; 
therefore AG = KL. | | 


Cor. If from F in the curve, FK be drawn Pa- 
falle l to the aſſymptote CB; then FK = AD, the 
art of the other aſſymptote. | | 


PROP. 
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PROP. LXXX. 
74. If CA, CD be the ſemiaxes ; the aſſymp tote CF, 


| 


THE HYPERBOLA 


biſſefts the line DA, drawn between the ends of th: 
two axes; and all lines HK parallel to it, contained 
between the conjugate hyperbolas DH, AK. 


For draw AE perp. to AC, and equal to CD, 
and draw DE; then DCAE is a rectangled paral- 
telogram. But (Def. XI.) the aſſymptote CF 
paſſes thro' E, and (Geom. III. 2.) the diagonal 
CE, AD biſſect one another in O; therefore DO 
= AQ. 

Again, ſince DA, HK are parallel to the af. 
ſymptote CG ; therefore (Prop. LXXV.) CI x IK 


= COXOA = CO x OD = LAV.) CIx IH; 
therefore IK = IH. 


Cor. 1. if DA joining the ends of the iwo axis, 
cut the aſſymptote in O; then 400. = DA* = Ci 
+ Cb. | 

For ACD is a right angle, therefore 'Geom. II. 
20. Cor. 6.) OC = OB & OA, and CO* = DO 


— 


= AO, and CO DAR = 


CA* + CD. | 


Cor. 2. The rectangle of the fides of the inſcribed 


parallelogram, is equal to the fourth part of the ſun 


_ of the ſquares of the two ſemiaxes. 


For draw AP parallel to CE, then COAP is 
an inſcribed parallelogram, and CO x CP or CO 
the rectangle of the ſides; and that is = 
CA* + CD* | | 


4 


PROP. 


wu A — 
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PROP. LXXXI. 
If AB be any diameter; CG, CL, affymptotes ; 


GH a tangent at B. Then GH 7s equal to the con- 


jugate diameter of AB. 


For let KF be a tangent at A, CD the ſemi. 
conjugate. Then, becauſe (LXXV. Cor. 3.) the 
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75. 


aſymptote FG is a tangent at an infinite diſtance, 


therefore (Prop. XXXIV.) AK x BH = CD-; 
but the 3 CBH, CAK are equal and fimi- 
ar, and AK = BH; therefore BH* = CD, and 


BH = CD, and GH or KF = 200 the conjugate | 


of AB. 


Cor. 1. If CG be an aſſymptote, BG a tangent at 
B. Then CB, BG are ſemiconjugates to each other. 


Cor. 2. Hence the further any diameter AB is from 
the axis; the greater it is, and the greater its conju- 


gate GH, 
PROP. LXXXIL 


If F be the focus, and it be CF: CA: : CA: 
CT, and TE. be perp. to CA; and if MF be drawn 
from any point of the curve to the focus, and MN. 
parallel to the aſymptote CO. Then MN. = ME. 


Draw ME parallel to CA, and AL perp. to it, 


men (Def. 6.) CI. = CF, and the triangles MEN, 
CAL are rkitar, and MN: ME : : CL or CF + 


CA:: (XXVI.) FM : ME. Therefore FM = 


p R OP. 


— = 
. 
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Th 


THE HYPERBOLA. 


POE. LAX 


If F be the focus, and FP perp. 40 CA, and fran 
M any point in the curve, MP be drawn parallel ty 
either aſſymptote, to cut FI in P. Then FM — Mp 
= + latus rectum; or FM + MP, when Mis on the 
other fide of 1. 


For if CF, CA, CT be in geom. progreſſion, 
and TN perp. to CA. Then (LXXXII.) FM = 
MN, and FI = IQ = (by the parallels) PN, 
therefore NM — MP = PN = FI; that is, FM 
— MP = FL | | 


PROP. LXXXIV. 


Tf CF, CB be aſymptotes, and DA be drawn pa- 
rallel to the aſſymptote CB, cutting the conjugate h- 
perbolas in D and A; then CD, CA drawn from 
rhe center to the inter ſections, will be conjugate dia- 


meters. 


Thro A, D draw the tangents FG, FIL. Then 
(LXXX.) ſince AO = DO, and (LXXII. Cor. 2.) 
FA = FG; therefore AO or OD = 2 CG or 


LC, and DA = CGor CL. Whence (Geom l. 


5. Cor. 3.) CD is parallel to AG or FG. And 
likewiſe CA is parallel to LD or LF; and there- 
fore (Def. 7.) CA, CD are conjugate diameters. 


Cor. 1. Hence it appears that the two conjugate di- 


ameters NA, PD, belong to. the conjugate hyperbolas 


AM, DH; and alſo to the oppoſite hyperbolas KN, 
PQ. And that all theſe four conjugate hyperbclas, 
make but, as it were, one figure BAMHDIKNPQ. 


Cor. 2. Hence alſo the conjugate hyperbola DH 
paſſes thro the ends D, of all the conjugate diameter 


» 


F. 


* 
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PD; as well as the hyperbola AM paſſes thro all the Fig. 
ends A, of the firſt diameters NA. = 4 


Cor. 3. In an equilateral hyperbola, every diameter 
ij equal to its conjugate. 

For then (fig. 73.) CA = CD, and therefore 
CO is perp. to DA, and to all the parallels HK. | 
Or (in bg. 77-) CO is perp. to DA, and therefore N 
CD = CA. 


PROP. LXXXV. 


If LKE be drawn parallel to the afſymptote CG, 79. 
and any line DV be drawn, cutting this line, the 
arue, and aſſymptotes in E, F, T, D, V; and the 
tangent GBQ be drawn parallel to DV, and CB the 
diameter. 


Wen. BG: CG : : rellangle FET : 2KE x EV. 


2 Draw LP parallel to GQ. Then (LXXVI. 
1. Cor. 1.) 4CL x LK = GC x CQ. And by ſi- 
milar triangles CL, : LP:: CQ: Q:: CQ 
CG or 4CL x LK: QG x CG. Whence CL x 
den Nx QG = LP x 4CLXLK, and CG x QG = 
LN LK = CG Xx 2BG. f 
ra Then (LXXIV.) LKM : DFV: KEN: FET. | 
| But KM = EN = infinitely ; therefore LK: KE: : | 
DEV: FEET. And LKXFET = KE x DFV = | 
re. EX BG“. And KE & BG x CG = LK x 
f FET x CG, or KE Xx BG X2LP Xx LK = LK x 
" MET: x CG: . And 2KE xXB&xXIP= CGxX T25 
&- 355 and BG : CG: : FET : 2KE x LP or 2 KE 
los XE. | | 


_ 
— 


Cor.-1, , 2 
Q. From the demonſtration. | : . 


YH Cor. 2. If more parallels be drawn it will be 3 
FET : fet:: KEV : kev. | FE 2 


2 
—— — — — 
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Fig. - Car. 3. If two parallels meet one line LE; Hu CE 
79. FET : fot: : KE : KO. & is 
Cor. 4. Hence alſo fet : fot:: kev: Kov. 1 
PROP. LXXXVI. 3 

80. 7 FBE be an hyperbola between the aſſymptnty f 


. LXXV.), their ſides are reciproc roportioral 


CL are proportional; the ordinates GF, HD, KB, 


* O:: PQX OO: Rx RS, &c. therefore the 


Cf, CL; and it be CG: CH:: CK: CL; and lu 
or ordinates be drawn parallel to the other aſſymplot: 
Cf. Then the area GHDF = area KLEB, 


The inſcribed rectangles. being equal (Pro). 


EL: BK:: (CK: CL:: (hypoth.) CG: CH: 
DH: FG; therefore if any lines CG, CH, CK, 


LE vill alſo be proportional, and in the fame n. 
tio inverſly. 5 | 

Divide GL into an infinite number of equi 
parts at I, P, G, R, &c. in geometrial progreſſion; 
and draw the ordinates IM, PN, Od, 8, Ke. 
parallel to GF or Cf; let the fame be continued w 
L, and let r to 5, be the ratio of the terms of tie; 
progreſſion. Whence we ſhall have / 

F500 e:: O. 
CR, &c. and (Propor. XXII.) : :: CI: IP: 
IP: PQ: : PQ: QR, &c. and by what went befor 

F l 
and multiplying. the two laſt 

fer 15% ; GL e 


infinitely ſmall parallelograms are equal; that 15, 


SIX = IPN = PQO = QRS, &c. = K VAS 
VTW = TXZ = XYs, &c | 
Now, in the progreſſion CG, CI, CP, CQ, &c 
if we take any equidiſtant terms CG, CH, and CK, 
CL. (Propor. XXI.) theſe ſhall be proportional; 
is, CG: CH: G CL; And the terms 


J 


they 


For ſince . 


THE HYPERBOLA. 
CH, CL, being equidiſtant from CG, CK; there Fig. 


B. II. 


is the ſame number of 
and H, as between K and L. And theſe paralle- 
lograms being all equal, the ſum of all between G 
and H, is equal to ho ſum of all between K and 


L. But by the method of indiviſibles, the ſum of 


all the parallelograms GIM, IPN, &c. compoſe 
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parallelograms between G 80. 


the area GHDF ; and the ſum of all the parallelo- 


grams KA, VW, &c. compoſe the area KLEB ; 
therefore the area GHDF = area KLEB. 


Cor. 1. If CF,. CD 3e drawn, and alſo DH, FG 
parallel to the Poplat Cf. Then the ſeffor CFD 


= area FG 

le c = CHD, triangle 
CGF = CHD; take away C82 common, then 
CF = GqDH. Add FqD common, then CqF + 
FD or ſector CFD = GeDH + FD = FGHD. 


Cor. 2. Fit be CG: CH:: CK: CL; then ſeftor 
CFD = /ſeFor CRE. : . 
For CFD = FGHD, and CBE = BKLE. 


Cor. 3. FCK: CL: Cod: Cf. Aud BK, BL 
te drawn parallel to Cf's and Dad, Ff to CL; then 
ſenor CBE = CDF = area BKLE = DafF. 

For CK: CL:: Cd: Cf: : CG: CH. Whence 


ſeftor CFD = DdfF '= FGHD, &c. 


Cor. 4. Hence the ſpace DdfF = = ſpace DHGEF. 


91. 


For he parallelogram 48 added to each nn | 


the ſame ſpace CFFDH. 


Cor. 5. If CG, CH, CK, CL are in 1 geometrical 
pr reſſiun; then ſeftar CFD, CDB, CBE ries 
alſo the ſpaces FGHD, DHKB, BKLE.. 


Cor. 6. If CL be the nth term in geometrical pro- 
greſſion, in the ratio of CG to CH; then then ſettor CFE 


21—1 * CFD; and FGLE = —1 "A 
or 


\ 
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Fig. 
81. 


For if CH is the ſecond term, then CFD = iy 
CFD. If CK be the third term, then CFB = 
CFD + CDB = 2 x CFD. If CL be the fourth 
term, CFE = FCD + DCB + BCE = g x CFD, 
and ſo on. And the like for the areas FGHD, 
FGKB, &. | 


Cor. 7. Go, GH Os CE, are proportionals, 


then LE, KB, HD, GF are alſo proportionals, and 


in the ſame ratio, or FG, DH, BK, EL are pro. 
portionals, in the inverſe ratio, © 
From the demonſtration, 


Hence if CG. = 1, and CH, CK, CL, &c. be 
any numbers; the (ſeftors or) hyperbolic ſpaces GFDH, 
GEFBK, GFEL, Sc. are analogous to the logarithm; 
of theſe numbers. | 4 

For (Cor. 6.) whilſt the numbers CG, CH, CK, 
CL, &c. proceed in geometrical progreſſion, the 
correſpondent (ſectors or) ſpaces, proceed in arith- 
metical progreſſion ; and therefore {from the na- 
ture of logarithms) are proportional to the loga- 


' rithms of theſe numbers. 


$2. 


Make CG = CN = 1. Then by computation 


from infinite ſeries, &c. if the number CH be 


Io, the ſpace GFDH or log. 10. will be found 
2.30258509. If the number CK be 100, the 
ſpace GFBK or log. 100 will be 4.60517018. If 
the number CL be 1000; the ſpace GFEL or 
log. 1000, will be 6.90775527. And if the hy- 
perbolic ſpaces correſponding to the intermediate 
numbers be likewiſe computed ; they will be the 
logs. of theſe numbers. And theſe logarithms, be- 
cauſe they are computed from the hyperbolic areas, 


are called hyperbolic Logarithms, - 


PROP, 


pad 


1 


V 
. 
* 
* 
* 
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PROP. LXXXVII. 


q If two hyperbolas QE, FD, have the ſame af- 83. 


önpiotes CP, CH ; if HDE be drawn parallel to 
W be affymptote CP; then HD is HE every where 
1 in the given ratio of CN to CP. ; 


For the inſcribed rectangles are CG x GF, and 


j CG GQ. Therefore (LXXV,) CH x HD = 
ECG x GF, and CH x HE = CG x GQ. Whence 


EGF : GQ: : CGFN : CGQP : : CH xHD: CH 


Ex HE : : HD: HE. 


Cor. 1. The area FGHD : area QGHE : : ordi- 
nate GF: ordinate GQ: : or as inſcribed parallelo- 
gram CF : inſcribed parallelogram CQ. 

For the ordinate HD to HE is every where as 
N to CP. Therefore if the baſe GH be divided 
into an infinite number of equal parts, and ordi- 
Wnates HDE erected. It will be GF: GQ: : HD: 
WHE : . ſum of all the HD . ſum of all the 
HE: : area FGHD : area QGHE, - | 


Cor. 2: CG $3 GS = 1, and WE 
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43429448; then the area FGHD is the common lo- 


warithm, or Brig's logarithm of the number CH. 
For the hyp. logarithm is to the common loga- 


rithm, as 2.30258509 to 1, or as 1 to .43429448, 


or as GS to GF; that is, (Cor. 1.) as the area 
SEH to GFDH. 


SCHOLIUM. | | 
Hence Brig's logarithms will be had by comput- 
png the hyperbolic areas GFDH, whoſe inſcribed 
Pparallelogram is .43429448. Thus if CG = 1, 
CH = 10, the area FGHD = 1 „HCE 


the area FGHD = 2. If CH = 1000, FGHD 
= 3, and ſo on; and the like for the intermedi- 


O. ate 


— AP, Fey > ——_— —— n _—  — —»— 2 . a 
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Fig. ate numbers. Likewiſe ſince the area at G is ng. 
84. thing; therefore the log. of CG or 1 is o; and for 
| numbers leſs than CG the area lies on the other ſide 
| of SG; and therefore the logarithms of number; 
| leſs than 1, are negative. And ſince the area SCC; 
is infinite, therefore the logarithm of o, is an inf. 
nite negative. : - 
It is plain likewiſe that logarithms may be of x; 
many different forms as you pleaſe, For if CG he 
1, then the log. GSEH will be as the inſcribe 
parallelogram CRSG. Therefore as that parall. 
logram is greater or leſs, the logarithms of number, 
will be proportionally greater or leſs. And there. 
fore in different ſpecies of logarithms, the logs 
| | rithms of particular numbers will be in a give 
| ratio. | 
. | On the contrary, if you have the logarithms of 
| numbers, the hyperbolic area may be computed, 
| For it will be as. 43429, &c. to the inſcribed par. 
lelogram CGSR : : ſo log. of CH, to the ar 
GHES or ſector CSE. 


PROS?, VII. 


85. F AN be an equilateral hyperbola, AM an h. 
\ * perbola with the ſame tranſverſe axis. The ares 
ANP of the equilateral hyperbola : area AMP of tit 
other hyperbola : : as the ſemitranſverſe CA: to f. 
miconjugate CD. 4 


For if CE be the ſemiconjugate of AN, then 
| CE = CA. And (Prop. LXVII.) CP. CA.: 
PN!. And (Prop. VI) Ca: CD:: CP* -C 
3 or PN* : : PM. And CA: CD: : PN: PM. 
* Therefore if the abſciſſa AP be divided into an in- 
finite number of equal parts and ordinates erected; 
it will always be CA: CD:: PN: PM : : ſum 
all the PN: ſum of all the PM : : area ANP: 
area AMP. | E th , 
o, 


/ by 
„Cor. 1. The areas of two byperbolas on the ſame F 
x Wl tranſverſe, and having the fame abſciſſa, AP; are 5 Fo 
de as their conjugates. 


q Cor. 2. As femitranſverſe CA.: ſemitranſverſe 86. 
ca: CANP zhe ares of the hyperbola AN: CBMP 
1 the area of the hyperbola BM, on the ſame abſciſſa CP. 

By reaſoning as before CTY : CD + CFP* 3 
a ca“ PN“: Cg. : PM*; and CA: CB: : PN: 
„M all che PN: all the PM : : area CANP : | 
e CMP. 0 


ers . berefort if the area if an equilateral hy- 
te. Perbola he known ; the area of any other byperbolg 
. ny be found. 


.P R O P.- X 


of If NAM be a hyperbolic conoid, made by revolv- 87. 
ed, ing round the tranſverſe axis. If C be the center, 
ral- BA the trauſverſe; then 2CA + AP: CA + 
rea NAM. circumſcribing cylinder : ſolidity of the conoid 
A 


- Let l CA = ?, ſemiconjugate CD 
H 2e, AP = x, PM =, p = 3.116 Then Ps : 


th Vu e:: a T* , andy = x. 
„** | 

d + xx. And py = = x 26% + xx, for the cir- 
ce NM. Therefore if AP be divided into an in- 
bajte number of equal parts, according to the 
method of indiviſibles ; and planes drawn thro? all 
theſe points, all theſe circular planes will make 
up the ſolid. Now (Arith. Infinites Prop. II.) 


2 TN 


the fum of all the 2/x s =” = = and (ib. 


Prop. III.) the ſem of all the xx is = =; ts 
O 2 | fore 


= THE HYPERBOLA. 


Fig. | a . li ** 
87. fore the ſum of all the Y = Xx txx + I. 
- © | 
co X ix + 3 xx. And the circumſcribing cylin- 


CC 
M 
der = pyyx = — X 21x + xx; therefore the cy. 
linder: to the ſolid:: 2txx + : e + ave 
2t +x:t++x. Pg 
, 1 4 « 


Cor. 1. The ſolidity of the Iyprboloid : to à cone 
of the ſame baſe and altitude : : BP: BP + AC. 
For the cone is + of the cylinder; and it is, cy:- 
linder: ſolid : : 2f + x:t + + x; therefore cone: 
ſold :: 2t + x: 3t + x. 


nw Ro . ß . ]˙ . ĩ 


Cor. 2. f AP = AC, the conoid NAM == 
the circumſcribing cylinder. | 
1 AP = AB, the conoid = 25 the cylinder. 


If -AP = gAC, ibe condid = = the cylinder. 
If AP = 2AB, the conoid = 7 the cylinder, &. 


e ad 


Cor. 3. The hyperbolic conoid NAM, is equal to 

} the fruſtum of the aſſymptotic cone EIAKF, leſſmel 

by the cylinder GLAKH. 

1 For (Prop. LXIX ) the rectangle EMF = Ak. 
; | 


| therefore (Geom. IV. 38.) the annulus or ring 1 
| contained between the two circles NM and EF Wi 
equal to the circle IK. Therefore if AP be divid- 1 
ed into an infinite number of equal parts; all the Wil t 
rings compoſing the hollow ſolid NIAKM = al Bl al 
the circles GH, compoſing the cylinder GIKH. Bi tt 
Therefore, fruſtum EIKF — cylinder GIKH = p 
fruſtum EIK F — ſolid NIAKM ; that is, = byp- 
conoid NAM, | K 
| C 
Cor. th 


in- 
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Cor. 4. The Hollow ſolid NIAKM inclaſing the Fig. 
p. conoid is = cylinder GIKH. :. 01 


PROF, AC Zr. 
To deſcribe a hyperbola by continued motion. 88. 
1 Way. ; 

Draw the line DB, and let G be a fixed point; 
fix the two rulers together IK, KL, ſo as to make 
the given angle IKL; let there be another ruler . 
SL, which moves about the fixed point L in the 
leg KL, as a center. Then cauſe the fide KL to 
move along the line DB, and coincide with it; 
whilſt the ruler SL flides by the fixed point (or 
pin) G. Then the lines SL and KI will croſs one 
another; and their interſection F, will deſcribe the 
hyperbola FOG. 9 

For take SG = FL, and draw SC parallel to 
IK meeting DB in C. Then G 1s a fixed point in 
the curve, and FK is parallel to SC; and GL 
paſſes thro' L, ſo that KL is always given. There- 
fore this is a property of the hyperbola, - (by 
Prop. LXXIX:): whence the curve is a hyper- 
bola whoſe aſſy mptotes are SC, LC; and center C. 


2 Way. : 
Let FL, GH be aſſymptotes, AB a diameter. 89. 
Let AG be parallel to the aſſymptote FL; take 
HK = CG, make the angle CHM = GCE. 
Then move the right line HK along the aſſymp- 
tote HG, whilſt the right line AM (moveable 
about A) paſſes thro* the point K; then the in- - 
terſection (of HM, AM), M will deſcribe the hy- | 
perbolas MB, Am. FE 542 s 
For the triangles KHM, KGA are ſimilar; whence 
KH: HM : : KG: GA; that is, CG: HM : : * 
CH: GA; whence CH x HM = CG x GA; 
therefore (LXXV.) M is in the hyperbola. 
93 S C H 0- 


91. 


90. 


THE HYPERBOLA: 
Scho t o bs. 


The hyperbola may alſo be deſcribed as directed 
in Def, 1, and 2. 


P RO FP. WMI. Proz. 


To o deſcribe an hyperbola, by finding many points 
in the curve. 


I Way. 


Let BA be the axis; S, F the foci. Take am 
=_ N beyond F, and with extent AN 5 and one 
oot in F, deſcribe an arch M. Then with extent 
NB, and one foot in S, croſs the former arch at M. 
Thus find as many points as neceflary, and draw 
the hyperbola thro' them. 


By this conſtruction, SM — FM = AB; there- 
fore (Prop. I.) the point M is in the curve. 


2 Way.. 


Let AB, DG be two * ugate to one 
another. Divide CA into any number of equal 
parts at L, L, &c. draw DA, and parallel to it, 


draw LI, LI, &c. draw CF = CB, and perp. to 


it. Then thro I, I, &c. draw MN, MN, &c. 
parallel to AB; and fo that IM or IN be equal to 
LF. Then M, M, &c. and N, N, &c. will be 
oppoſite hyperbolas. 

Fer by ſimilar triangles CD* : CA* : : CF: 
CL* :*: (compounding) CD* + CP : CA* + CL 


or IN* or IM*. For Ta: + CL* = CF* + CU 


= LF*. Therefore M and N are in the curves, 
by Prop. XIIII. 
3 Way. 
Let CA or CB be the ſemitranſverſe, c the 
* ; 8 CD at Pleaſure, and a 


2 oO wy FF ty 


XY CO OQOWSCGOS 28 


in 


e 
N 


1 
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DE parallel to CB; draw DA, and from any Fig. 


point P in the axis, draw PF parallel to AD, to 
cut CDin F. With radius CF, and center C de- 
{cribe a circle to cut DE in G. At P, draw the 


92. 


ordinate PM, perp. to CP, and equal to DG. Then 


M will be in the curve. 
For by ſimilar triangles CA* : CD* : : CP“: 


CF* : : (by diviſion) CP* — CA* : CF. — CD»#.,, 


But CÞ* — CA* = BPA; and CF* — CD* =. © 


CG* — CD* = DG* = PM-:; therefore CA* : 
CD* : : BPA: PM*. Whence (Prop. VI.) the 
point M 1s in the curve. 


PROP. XCII. Prob. 


Given the aſſymptotes FG, MN, and the point B 
in the curve, to deſcribe the hyperbola. 


: Way. 


93. 


Thro' B draw ſeveral right lines to cut the aſ- 


ſymptotes, as ABN, DBE, GBL, &c. Then 

maxe- FT = AR, ES = DEF, 14 = GE. ac 

Then the points T, S, I, are in the curve. 
Likewiſe thro* any point ſo found as T, you may 

draw other lines as HT Q, KTO, &c. and make 

Q HT, KT = OR, &c. then R, Q, &c. 

ze alſo in the curve. 
This proceſs is plain from Prop. LXXII. 


| | 2 Way. | 

Thro' the given point B, draw BA, BD paral- 
kl to the aſſymptotes. Then take any length CG, 
and draw GH parallel to CD, and ſo that CG: 
CA:: CD: GH; then H is in the curve, and ſo 
for more points. . 

Or take the equal parts CA, AE, EG, Gl, 
&. And make EF = £ AB, GH = A AB, IK 
= ; AB, and ſo'on. Do the ſame in the affymp- 

| CFE”: = tote 


94. 
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Fig. tote CD; then thro? all the points f, B, F, H, x. 
94. draw the hyperbola required. 


P R O P. XIII. Prob. 


95. A right line DE in the Ayperbola being given; ty 
find its diameter, and the center. 


Draw HI parallel to DE; biſſect DE, HI, in F 
and G; thro' which draw GFAB ; then AB is the 
diameter. Biſſect AB in C, then C is the center. 

For the diameter biſſects all the whole ordinates, 
and is itſelf biſſected in the center. 


PROP. XCIV. Prob. 
95" Any diameter AB in a hyperbola, being given; i 
Ind its conjugale. | 


Draw any line KI parallel to AB, and biſſect it 
in L; thro' L and the center C, draw LC, for 
the conjugate, which will be terminated by the 
conjugate hyperbolas, if they are there; otherwiſe 
its magnitude will be determined by Prop. XXXVI. 


PROP. .XCV. Prob. 


96. Any diameter AB being given; to draw an orh- 
nate to it, from a given point H in the curve. 


Thro' the center C, draw the diameter HK; and 
from K, draw KL parallel to AB. From L drav 
LH for the double ordinate. | 

For fince HC = CK, and CO is parallel to KL, 
therefore HO = OL. 


Or thas, 


Draw HI parallel to AB, biſſect IH in G; thro 
G and the center C, draw GC, and HO parallel 
to it for the ordinate, f 

| EE 0 


* 


15 NO 35 
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For GC, biſſecting IH, is the poſition of the Fig. 


conjugate, and HO being parallel to it is an ordi- 
nate to CO. | 


PROP. XCVI. Preb. 


To find the two axes of a given hyperbola. 


Draw two parallels thro* the figure, FK, ML; 
thro' the middle of them draw the diameter AB; 
biſſect it in C for the center. | 

On the center C deſcribe an arch, of a circle, 
to cut the curve in two points G, H. Draw GH 
and biſſect it in O. Thro O and the center C, draw 
CO for the axis. And CD perp. to it for the 
conjugate. | 

For AB paſling thro' C is a diameter, and fince 
CG = CH; therefore CO paſſing thro' the middle 
of GH, will be perp. to it, and being perp. to the 


| ordinate GO, it is the axis. 


ER / ASI... ru: 


A hyperbola being given; to find two conjugate dia- 
meters, making a given augle with one another. 


About any diameter AB, deſcribe the arch of a 
circle ADB, to contain an angle equal to the given 
one, or its ſupplement. To the point F where it 
cuts the hyperbola, draw BF, AF; which biſſect 
in O and L; and from the center C, draw CO, 
CHL. Then CH and CO (terminating at the 
conjugal hyperbola, ) will be the two axes. 

For ſince AL, = © AF, and AC = + AB, CL 


is parallel to BF. And ſince FO = £ FB, CO is 
parallel to AF; whence LCO = OFL = the given 


angle. 
SCHOLIUM. | 

If CE be the ſemiconjugate of AC, and BE be 

drawn and HG parallel to it, cutting CO * ; 

en 
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96. 


976 


256 THE HYPERBOLA : 
Fig. then CG is the conjugate, and G a point in th 
98. conjugate hyperbola, For by Prop. LXXXIy 
| BE, GH being both parallel. to the aſſy mptote; 
CH, CG are conjugates, as well as CB, CE. ; 


P ROH. II. Prob. 


99, Given ihe afſymptotes and a point in the curve, 5 
Find two conjugate diameters. 


From the given point B, draw BHD parallel + 
the aſſymptote GC, make HD = HB. Dray 
DCE, and make CE = CD, then DE is the con. 
jugate of AB. 
For draw BF parallel to CD, then the triangle 
CDH, FBH are ſimilar; and they are equal, be- 
cauſe BH = HD, and therefore CH = HF, and 
conſequently GB = BF. And therefore FG is x 
tangent at B (LXXII. Cor. 2.). And fo FG 
equal to the conjugate of CB (LXXX1.) ; whence 
DE equal and parallel to FG, 1s its conjugate. 


Cor. Hence if two conjugate diameters be given, 
and the angle they make with one another, be given; 
the aſſymptotes may be drawn. Which is * ty 
drawing CG parallel to DB, and CF parallel to EB. 


PROP. XCIX. Pro. 
To draw a tangent to any point M in the Byperbola. 


5 Fn | 1 Way. | 

100. Draw the ſemidiameter MC, and find its conju- 
gate CD (XCIV.); then from M, draw MT pr 
raltel to CD, which will touch the curve in M. 


2 Way. 
101. Let BA be any diameter, draw MP an ordinate 
to it; and make CP, CA, CT, continual propor- 


tionals 


8 | 


2 
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nonals; then draw MT which will be a tangent Fig. 


a - 


4 M. By Prop. XLII. | 101. 


Draw the lines MF, MS, from the point Mt 
the focus's; make ME = FF, draw FE, which 
biſſect in D, then MD drawn will be a tangent at M. 

Or produce SM to G, ſo that MG MF. Draw 
FG, and MT parallel to it, for the tangent at M. 

For in the iſoceles triangle EMF, ED = DF; 
therefore < EMD = FMD, whence (Prop. IX.) 
MD is a tangent. And fince MD is parallel to 
GF, and MF = MG; therefore EMD = EGF, 
and EMF = 2EGF, and + EMF = EGF = EMD, 
therefore MD is a tangent. 

5 4 Way. ; h - 

Let CH, CK be the aſſymptotes; from the point 1023 
M draw MD parallel to one aſſymptote CH. Make 
DF = DC; anddraw FM which will be a tangent 
at M. 

For produce FM to G; then ſince FD = DC; 


therefore (by the parallels CG, DM) FM = MG; 
whence (LXXII. Cor. 2.) MF is a tangent. 


PR ˖ - Prod 
From a given point withegt the hyperbola, to draw 
8 tangent to it. . 
1 Hay. | 

Let T. be the point given. Thro' T draw the 1or. 
diameter BA. Make CT, CA, CP, continual 
proportionals. At P draw the ordinate PM, to 
the diameter AB. From M to T draw MT for 
the tangent, By Prop. XLII. 


2 Way. | „ | 

Let T be the point-given. Thro' T draw the 103. 
diameter AB; and find its conjugate CD (XCIV); 
| | 198 draw 


155 THE HYPERBOL 4: 
Fig. draw any line TS = TB, and make TR = Tc. 
203. draw AR, and SP parallel to it, cutting the dia. 
meter AB in P. Draw the ordinate PM parallel to 


104. The focus F being given, and three points in thi 


CD; then TM 1s the tangent. 


For by ſimilar triangles TS: TR:: TP: TA; 
that is, by conſtruction, TB: TC : : TP: Ta. 
Therefore (XLII. Cor. 3.) TM is a tangent, 


FROM II Prob. 


curve; to deſcribe the hyperbola. 


_ Thro' the two points N, M, draw NMK, and 
alſo thro' N, P, draw NIP. Draw MF, NF, PF 
to the focus. And make FN: FM: : NK: MK, 
and FN: FP: : NI: PI. Thro' K and I, draw 
KG; draw FT, MH perp. to it. Take the points 
A, B, ſo that FM: MH: : FA: AT : : BF: BT; 
then BA is the axis, and C the middle point, is 
the center. Make BS = AF, and S is the other 


ar 
focus; and the hyperbola may be deſcribed br X 
Prop. XCI. A 
Draw NG, PL perp. to KT. Then by con- C. 
ſtruction, FN: FM : : NK: MK: : (ſimilar trin- BW 
gles) NG: MH, whence FN: NG : : FM: MH, 

. Alſo FN: FP: : NI: PI; : NG: PL; - whence 
FN: NG: : FP: PL. Therefore FN: NG :: 
FP: PL:: FM: MH : : (conſtruction) FA: AT:: er 
BF : BT. And this (Prop. XXVI.) is the pro- 
perty of the hyperbola, where TG is the direc- 
trix. For, ſince AT: AF:: BT: BF:: (con- Wt 
pounding) BT + AT . BF + AF: : BA: SF: : n 
CA: CF; therefore (XXVI. Schol.) TG is tix C 
directrix. 5 

C 


P R OP. 
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| : Fig, 
P'R O P.  CIE Prob. 


Given two conjugate 3 of a byperbola; 10 5. 
CH, CL, to find the two axes. : 


Join the ends of the Slameters with the line 
LH, which biſſect in O, draw the aſſymptote CODE: - 
Draw CF parallel to LH, and CF is the other aſ- 
ſymptote. Draw CP to biſſect the angle HCF, 
and CQ perp. to it. Then the axes lie in the 
lines CP, CQ. 

Make IO = CO, and thro' H, L, draw IK, 
IG. Alſo draw HP, LQ perp. to CP, CQ. And 
take CA a mean proportional between CK and CP; 
alſo CE a mean between CG, . Then CA, CE 
are the ſemiaxes. 

For (LXXX.) ſince LO = OH, CO is one aſ- 
ſymptote, and CF (parallel to LH) i is the other; 
and ſince CO = ot. therefore (LXXII. Cor. 2.) 
IK, IG are tangents. And ſince CK : CA: CP 
are in geometrical prog ; therefore (Prop. 
XV.) CA is the axis, and it biſſects the angle HCF. 
And fince CG : CE : : CE: CQ, and CE perp. to 
CA; CE is the other axis. 


PROP. CIlI. Prob. 


To deſcribe a hyperbola. about a given parallelo- 106. 
gram * to paſs thro' a given point P. 


Let the conjugate diameters AB, ID biſſect the 
oppoſite ſides — the parallelogram; draw PQ pa- 
_ to ID; and take AC“ = 7 | 

x EL* — CL* x PQ* 
25 „ PO Q . And CH== 
. 
. 


For 
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Fig. For (Prop. XXX VI.) CA*: CD*:: ALB: EL. 
106. AQB : PQ. That is, AC* : CD* : : CL*— CA: 
EL* : : CQ — CA“: PQ». | Hence CL — CA 
x PQ* C CM x EL; therefore Ca: x 
EL* — PQ* = CQ* x ——— CL* x . which 
determines . 

Again, fince AC* : CD* : : CI. - CA : EL; 
by compounding, AC* : CD* :: CL: CD* + EL: 
And finge CL) — CA: EI! :: CQ — CX 

and (by diviſion) CL. A=: EL! :: CL 
wy : EL* — Ha Therefore CL? : CD* 4 
EL* :: ML —ccr L* — PQ. And (dividing 
CI. : C + BL*; : CQ. CDT FQ. Whener 
CL* x CD* + PQ CQ* x CP? + EL*; and 
CD* x CL* — CQ? CQX EL! - CL x PQ; 
which determines CD, 


Cor. Ac: CD* :: CL - CO.: EL? — PG. 


For Ac; x EL PN = COQ x EL. dl. 
* N = x C — C. 


PROP. CIY. 


107. If a cone MDN ze cut by a plane, parallel to an 
plane DXY within the cone, which paſſes tbro ibi 
vertex D; the ſection LAT will be an hyperbola. 


Let the plane produced cut the oppoſi 


ite Cone 
BDy in B.; bifſe& AB in C, and parallel to the 
baſe MN, draw PTQ, CGKE, FI Saſs ſections 
with the cone will be circles; dhe interſection 
with the plane of the hype rbola, will be LT, i 
m_— to LT, #; and CK a tan 
to the circ SKF, then the rectangle PIQ LI, 
and rectangle pig = li, and rectangle GCF = 
C.. The plane PDO interlecting che other muy 


10g. 


WT” 
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vill make the ſimilar triangles AIP, ACG ; and Fig. 
alſo — BCF. Whence 2 


w 77 | OM 

and BI: I:: : CF. And multiplyi 

Al x BI: PI Xx QI: : AC x BC : CG x CF. 
that is, AIB : LF : : AC* : CK? 
Therefore (Prop. XX XVI. ) the ſection LAT is a 
hyperbola, + ä 

Cor. 1. The ſame plane cutting the oppoſite cone, 
the ſelkion will be the oppoſite byperbola BI, equal and 
fmilar to TAL. | 

For Ai: ip: : AC : CG, and Bi: zq : : BC: CF. 
Whence AZB : piq:: AC x BC: CG x CF; chat is, 
AB : iÞ* : ; AC* : CK“; therefore when Bi = Al; 
then li = LI, and the curves are both alike. 


Cor. 2. The ſquare of the conjugate, 4CK* = BH 
x AE, the reflangle of the diameters of the fruſtum. 

For the cireles BH, AE being parallel to the 
baſe; ſince AC = + AB, therefore CG = + BH, 
and CF = AE; therefore CK* or GC x CF = 


;BH X 3 AE. _ 
BH Xx A 
Cor. 3. The latus reflum = —F5—" 


For it is a third proportional to the tranſverſe 
and conjugate. 

Cor. 4.- The hyperbola is right angled when CK = 
CA, or when BH X AE AF. . 


Cor. 5. Thro* the vertex of the cone D, draw the 108. 


plane DXY parallel to the plane of the hyperbols 
ALT; and thro X and Y, draw the planes DMX, 
DMY, touching the cone in the lines DX, DY ; and 
inter ſecting the plane of the hyperbola in the lines NCn, 
OCo; then theſe lines NCn, OCo, are the aflymptotes 
of the oppofite hyperbolas LAT, IBt; and YO or 


XN, the ſemiconjugate; and the angle NCO = an- 


de XDY; and MD paſſes thro the center C. 


/ 


For | 


a 2 r ˙ __—___ TC 4 6 6 
„ 2 — w 


_—_— 
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Fig. el. 
108. to the baſe of the cone, which will touch the plane 


(LXXXI.) rw is the conjugate, and rA XNor 


MZ :: PZ: PM — PZ: : (by addition) QZ + 


THE HYPERBOLA 
For thro' A draw the circle AGEs parallel 


of the hyperbola in A. This will cut the planes 
DMN, DMO, in the lines qr, GW. And then 
the lines ar, A, Aw, wG are all tangents to the 
circle; therefore rs = rA, and Aw = . Like. 
wiſe A = Aw, becauſe the parallels thereto NI 
= IO. And ſince r, Geo, are parallel to XN, 
YO; therefore XN er = 7A = Aw = vG = 
YO; and therefore XN* or rA. = re&angle LNT, 
by the property of the circle; and conſequently 
(LXXI. Cor. 1.) CN, CO, are aſſymptotes; and 


YO is the ſemiconjugate. 

Draw PK parallel to AB; thenzby Prop. XVI, 
Cor. 2. ellipſis, which alſo agrees with the circle, 
QZ: PZ : : QM: PM : : (by diviſion) QM 
QZ or MZ: PM — PZ. And alternately, QZ: 


PZ or PQ: (MZ + PM —PZ) 2PM. And al. 
ternately, QZ :PQ : : MZ: 2PM. But by ſimi- 


lar triangles, 
IX. 
and MZ: PM:: ZD: PE. 
or MZ: 2 PM:: ZD: 2PE. 
| whence ZD: PK:: 2D: 2PE. 
Therefore PK = 2PF, whence KP is biſſected in 
F, and conſequently AB (parallel to it) is biſſected 
in C, and ſo C is the center. | 
. Laſtly, ſince CN, CO, are parallel to DX, DT; 
the angle NCO = angle XDY. 


Cor. 6. If AI be perp. to the baſe of the cont, 


and AB perp. to MH the tranſverſe of the Hyperlo- 


la. And if AN = AB, and FND be drawn paralle 
to the baſe PQ. Then FD is equal to the latus re- 
tum. And DS (parallel to MH) = HZ the dia- 
meter at the vertex H, 


Draw 


J in 


ted 
; 


one, 
bo- 
alle 

et- 


dia- 


raw 


/ 
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Draw AL, AG parallel to PQ, MH, and put Fig. 

R = latus rectum. Then the triangles ABL, 109. 

ANG, are ſimilar and equal, whence AG = AL. 

The triangles MCH, DFS, GFA, are ſimilar ; 

whence MC: MH : : DF: DS: : GF: GA or | 

AL: : (by the fimilar triangles GFA, LAH) AF : | 

AH : : (triangles AFD, AH ſimilar) FD: HZ. — 9 

Whence DS = HZ. And MH x FD = MC x 

HZ = (Cor: 2.) ſquare of the conjugate = (IV. 

Schol.) MH x R; therefore FD R. 


Cor. 7. In a right cone, the ſquare of the tranſ- 1 10. 


derſe BA* = BE* — AE Xx BH, the ſquare of the 

fide of the fruſtum leſs the reftangle of the diame- 

ters of the baſes. & 
Let BF be perp. to the baſe AE, then FE e 


BH + AE 9 8 | 
Y and (Geom. II. 23.) AB = AE + 


1 
a BHT AE | ths” 
BE — 2AE X — Ka = BE' — AE x BH. 
Cor. 8. In a right cone, the ſquare of the ſide of 
the fruſtum is equal to the ſum of the ſquares of the 
tranſverſe and conjugate, BE* = AB* + AE + BIT. 
Cor. 9. In à right cone, the diſtance of the focus 
from 4 a is equal to half the fide of the fruſ- 
lum, 2 BE. be 3 
For it S be the focus, O the center; C half the 
conjugate. Then (Prop. II.) OS! = OB* + C 
AB. + A AE Xx BH = (Cor. 8.) 4 BE*, and OS 
=: BE or = AH. 


Cor. 10. In @ right cone, if F be the facus, C 111. 
the center, and AG = AF. The circle GOI paral- 
14 to the baſe of the cone RS, will cut the plane of 
the yperbola FAH in the line ED the directrix of 
the hyperbola. 1 bot F 
In the plane of the hyperbola, let FH, AL, be 
Perp. to AF, and HD a tangent at II; then (XXVI. 


and 


1 THE HYPERBOLA. 

Fig. and Sch.) D is the point thro' which the dirc&ix 
| 111. paſſes. But (XXV. Cor. 2) AL = AF = AG by 
Wi conſtruction. Alſo (Cor. g.) CF = AP = AN; 
and therefore CP drawn thro* the middle of AN, 
AM will be parallel to MN or to RS the baſe af 
the cone. Now (Prop. XV.) CF: CA:: CA: 
CD:: (by diviſion) AF: AD; that is, AP: CA:: 
AG: AD; therefore DG is parallel to CP, or tle 
baſe of the cone. And on the contrary, if DG i; 
parallel to RS, DE will be the directrix. 


112. Cor. 11. In a right cone, if F be the focus, al 

AG = AF, and the circle GI be drawn paralltl y 

the buſe of the cone; then the diſtance of any point Þ 

| From the focus as FP, will be egual to the diſtance if 
| P from the periphery of the circle Gl. 

1 Let PQ be an ordinate to AQ; draw CH, G 

parallel to AG, DG. Then will (Geom. V. 12 

Cor.) QH = SG = diſtance of P from the peri 

phery of the circle GI; becauſe the plane SQP » 

arallel to the circle GI. By Cor. 10, DE is the 

Mirectrix; therefore if DR be the focal tangent, 

| and if the ordinate QP be continued to the tangent 

at R; then (Prop. XXV.) QR = FP, and AI. : 

: AF = AG. And by ſimilar triangles, AL: CR: 

| | DA : DQ - :): Go _ au mts, AG FP: 

AG: SG; therefore FP = SG. 


| SCHOLIUM. ; 
Hence we have the reaſon why the Hyperbol i 
called one of the Conic Sections. For if two op- 
poſite cones be cut by any plane, it will always 
make the figure of an hyperbola in both the cones, 
as is demonſtrated in this propoſition. The pro- 
| perties of which have been demonſtrated at large 
XK in this Book. : 


* — AG — we — 
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BOOK Il. 
Of the ParaBOL FR 


DEFINITIONS. 
E FN. I 


F one end of a thread equal in N to CH, Fig. 


be fixed at the point F, and the other end fixed 


at H, the end of the ſquare DCH. . And if the 
ſide CD of the ſquare be moved along the right _ 


line BD, and always coincides with it. Then if 
the ſtring FGH be always kept tight, and cloſe to 


the fide GH of the ſquare. The point or pin G 


(where 1t leaves the ſquare) will deſcribe a curve 


MRALGK called. a Parabeola. 
DEF. I. $1717 
The fixed point F, is called the Focus. 1 
N 
The right line BD, is called the Diredrix. 
D E F. IV. 


If the line BN be drawn thro' the focus F, 
perpendicular to BD; then AN is called The coi 
of the Parabola; and A the Vertex. 


„„ DEP. 


| 166 THE PARABOLA B, 
| Fig. | , 
DEF NV; Al 


ru. 3 | 

| A line drawn thro” the focus F, perpendicular to 

the axis, as LR is called the Parameter or Laty; 
Rektum. | | 

. \D BL v1. 


Any line drawn within the curve, parallel to 
the axis, as GH is called a Diameter. And the 
point G where it cuts the curve, is the Vertex. 


D E EF, vl 
2. A right line drawn from any diameter to the 
curve, and parallel to the tangent at the vertex, 
as PM, is called an Ordinate. If it go quite thro 
the curve, it is called a double Ordinate. 


x BEE 

„ + The-; of the diameter between the vertex 1 

1 and ordinate, as GP is called the Abſciſa. of 
PET, It 1 


A right line meeting the curve in one point 6, 
but does not cut it, is called a Tangent in that 
point. 


PROP. I. IH 


3 BD be the direfirix,. G any point in the curut, 

the line GD draun to the diretirix, parallel to th: 
| axis, is equal to the line GF drawn from the ſaint 
| point G to the focus; GD = GF. 


„ 


1 For HG + GF = length of the ſtring = HD, 
| take away GH from both, and then GD = GP. 
| Cor. 1. The diſtances of the focus, and of the di- 
rektrix from the vertex, are equal. AB = AF. 
For when D is at B, G will be at A; conſe- . 
quently AB = AF. 


Cor, 


3 II. THE PARABOLA. 167 
Cor. 2. F GP be an ordinate to the axis; then Fig. 
AP + AF = FG. | * 
For AP + AF = BP = GD. e | 


Cor. 3. FG —FP = half the latus feln. | 
BEE; >, 


The diſtance of the focus from the vertex is ⁊ the I. 
latus rectum: AF = 4 LR = + LF. 


For when the pin G comes to L, then LF = 
FB = (Prop. I. Cor. 1.) 2FA, and AF = 4 FL. 
For the Em reaſon FA = + FR, therefore F A = = 
LR. 

So ROL IV u. 


As the latus rectum to the axis is four times the 
diſtance of the vertex. A from-the focus F. So 
in any other diameter GH, four times the diſtance 
of its vertex from the focus, or AF G 1s called its 
Latus Reftum. 


PR OP. III. 


The ſquare of any ordinate to the axis, is equal to 
the reftangle of the latus rectum and abſciſſa: PM. 
= ARR ST. | 


For (I. Cor. 2.) MF = AF + AP = (Prop. II.) 
AP + + LR, and FP = AP — AF = AP — 
LR. And in the right angled triangle MFP, 


Mp. = MF. — FP* = ME + F x MF — -FP 
=2APXZ LR AP XLR. 


Cor. 1. If F is the focus, MP* = AP X 4AF. 
Cor. 2. The abſciſſas are as the ſquares of their 


ordinates. 
e PM : . 3 
P 3 For 


168 THE PARABOL A: 
Fig. For AP: AQ: AP & LR. AQ x IR:: 
4. PM* : QN-. 


6. 


Cor: 3. The latus refum is a third propertions to 
the abſciſſa and ordinate. AP : PM : LR = 


PR OF, N. 


As the latns redum to the ſum of any two ord. 
nates : : ſo their difference, to the" difference of ibe 
abſciſſæ. Lat. rel.: CD:: ND: PQ. 


Let L = latus rectum, then op III.) Lx 
AP = PM'; and L x 8 And by 
ſubtraction, L x AQ—L x AP = NQ* — PM.; 
therefore L: NQ + PM : : NQ —PM : AQ 
AP; that is, I.: DS:: ND : PQ. 


Cor. 1. F MD be the axis, NC an ordinate io i. 
Then the rellaugle NDC, = MD X parameter. 


Cor. 2. The redtangle NDC is every where as MD. 
PROF V. 
If & line AN be drawn from the + vertex to cut the 


curve in M, and the ordinate OO in N; and ibe 


ordinate PM be drawn. 7. ben the reftangle PM x 


N= AQ X parameter. 


Let L = latus rectum, then (Prop. III) QO* = 


LX AQ; and (III. Cor. 2.) PM : * or L x 


AQ: : AP: (ſimilar triangles) PM: CN; 
and PM* x 2 PM Xx 10 or TOP 


QN = L x AQ. 
Cor. 1. PM x QN QO. 


Cor. 2. Any line beſides the axis, paſſing Yhri te 


vertex A, will cnt the curve again in ſome 1 
or 


Jn 
tres 


JO xz 11 21 . 


9 2 


paged Boy, boanad 


a do © © 
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For QN :.QA : : latus rectum : PM the ordi- Fig. 

nate where it cuts the curve. -- 

ts | P R OP. VI. 

If from any point C in the axis, the, line CF be 6. 


drawn, cutting the curve in D and F, and the or- 
dinates DB, FO be drawn. Then CA. = ABX AQ. 


1 For (III. Cor. 2. AB: AQ : © BD: Gr" -- 

10 (imilar triangles) CA + AB“: CA + AQ; whence 
AB x CA + 2CA Xx AQ + AQ* = AQ X 

x WW © +2CAxAB + AB, and AB x CA +'AQ* 

by Wl = aQ x CAE, whence ABB CA 

A* AB—AB x AQ AEN AQ 
x AB. Therefore CA* = AQX AB. 

it PROF VU. 


If AB be perpen. to the axis AE, EG an ordi- 7. 
0 nate, and AG drawn. Then any line BF being drawn 
: parallel to the axis AE, cutting the curve in M, and 
AG in E. Then BM, BD, BF are continually pro- 
portional. - 


FU For (III. Cor. 2.) AP: AE: : PM* or CD.; 

x EG? : : (fimilar triangles) AC* : AE“; therefore 
AP: AC:: AC: AE; that is, BM: BD: : BD: 
BF. . 8 , 8 


P R O P. VIII. 


* F from any point M in the curve, MF be drawn 8. 
N; o the focus, and MD be drawn parallel to the axis - 
* cutting the direfirix BD in D; and DF be drawn. - | 
Then the line MG drawn thro' the middle of DF | 
will touch the curve in M. 7 


oy From any other point n in the line MG, draw 
1. NF to the focus, and md perp. to BD. Then ſince 
is F 4 „ 


\ 


= THE FLA. 
Fig. MF = MD, and mF = m, the triangles FMD and 
8. FmD are iſoceles, and FG = GD; but the angle 
: Dam being right Dm or MF is greater than dn; 
therefore the point m, by the generation of the pa- 
rabola, 1s without the curve. 


Cor. 1. If the tangent MD' be continued to cut 
the axis at T; the diſtance of the focus and nterſec- 
tion, is equal to the diſtance of the focus and point 
of contact. FT = FM. 

For MD being parallel to F T, the < GTF = 
GMD = GMF; therefore FT = FM. 


Cor. 2. The tangent MG biſſells the angle DMF 
made by the line perp. to the diretirix, and that drawn 
to the focus. 


Cor. 3. A line drawn Gow any point M to th 
focus, and another parallel to the axis, make equa] 


angles with the curve; FMm = OMr. 


PROP. IX. 


9. If the tangent at M, cut the axis AB ot T; 
then the diſtance of the interſection from the vertex, 
AT = AP, the abſciſſa to the ordinate PM. 


Fr rom T draw any line TF cutting the curve in 

D and F, and draw the ordinates DB, FQ ; then th 

(Prop. VI.) TA* = AB Xx AQ. Now let the th 
points D, F, app proach to M, and coincide with it; 

then B, 2 coincide with P, and TDF becomes the 

tangent TM; in which caſe TA*APXAP=Z= 25 

f AP”, and TA-= AF; Ph 


Cor. 1. The Area PT i double the \ abſciſſ Ab. L. 


Cor. 2. 7. he tangent at the vertex A, is perp. to en 
the axis AB. | | 
5 For, 


8. II. THE PARABOLA:; 


2 
For, from the generation, the ordinates are perp. Fig. 
to the axis, or parallel to the directrix. "> 


Cor. 3- All, parabolas having the ſame abſciſſa, 
will have their tangents meeting in the ſame point of 
the axis. | | | b 


For if AP be given, AT equal to it, will be 


given for them all. 
C 


If two parabolas be deſcribed on the ſame axis; 
the ordinates will be proportional, or in a given ratio 
to one another. 


For let the common abſciſſa be AB, the ordi- 
nates BC, BD. , L the parameters. Then (Prop. 
III.) 1x AB = BC?, and LX AB = BD*; there- 
jore BC : BD : : IX . AB 2 at; 
XL, which is a given ratio. | | 


Cor. The correſpondent ordinates of two parabolas 
deſcribed on the ſame axis, are in the ſubduplicate 
ratio of the parameters. 


PROP. XI. 


If F be the focus, MO perp. io the tangent MT; 
then the ſubnormal (or diſtance of the ordinate from 
the point of inter ſection) PO = + the latus rectum. 


Let L = latus rectum, then (IX. Cor. 1.) PT = 
APH; and by ſimilar triangles TP or 2AP : PM:: 
PM: PO, and 2AP x PO = PM* = (Prop. III.) 
LX AP; therefore 2PO = L or PO = £ L. 

Cor. 1. F F be the focus, MO perp. to the tan- 
gent MT: Then FT = FM = FO. 5 

For (Prop. II) AF = L, and (I. Cor. 2.) FM 
= AP + AF = AP + 4 L, and FP = AP — 


AF 


10. 


11. 
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Fig. AF = AP — 2 L. And FO = AP —42L4 
2 FL =AP+ZL= FM = (VIII. Cor. 1 FT. 


Cor. 2. A circle deſcribed with the radius FM. 
and center F, will paſs thre T, M, O. 


Cor. 3. The angle MFO is double the angle MT, 


Cor. 4. If OG be perp. to MF; then MG = 
half the latus rectum. 

For ſince FM = FO, the < FMO = < FOM; 
therefore the right angled triangles MOP, 1 
are ſimilar and equal; and MG = OP = 


Cor. 5. Hence MG = OP = = SAF-= dn 
meter. 


PROP XK 


n. If MT be a tangent at any point M, AG a tangent 
at the vertex; then if FG be perp. to MT from the 
focus, it will paſs thro' the inter ſedtion G. 


For if BD be the directrix, and MD parallel t» Ml ** 
the axis; then (Prop. VIII.) ſince MF = MD, N 
MG drawn to the middle of FD is perp. to it, and 
FG = GD; and (I. Cor. 1.) ſince FA = AB; 
therefore AG is parallel to DB, or perp. to AF, - 
and is therefore a tangent at F. Therefore the Bi -: 
tangent AG, the tangent MT, and the perp. FG (0 
all interſect in one point G. 


Cor. 1. If MP be an ordinate, AG a tangent a II. 
A, MT a tangent at M; then AG. = AP x A l. 
tus rectum = AP X AF. 

For 1A. Cor. 1.) BE TA = + IP, GA-= * 
3 MP; therefore GA* = + MP* = (Prop. III. = 
AP x 2 + parameter.. 


Cor. 2. F MT, AG be rangents; then AG = 
| 9 5 the ordinate MP. 0 
o. 
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Cor. 3. F FG be perp. on #be tangent MT from Fig. 
7 the Fw Then * 7 thy - G, FM, are in continual T 


proportion. ; 
M, For in the right angled triangle F GT, FA 2 F G:: 


N 


F be the forns, MO perp. to the curve gt M. 11. 
Then MO“ = FO X latus rectum. 


For (Prop. XI.) PO = f parameter, and (XI. 
Cor. 1.) MP = 50. But (Geom. II. 23.) MO; 
„MF + FO* — 2FO x FP = 2FO* 270 
x FP FO Xx N- FP =2FO x PO=FO 
X parameter. ; | | 


F FH be an ordinate at the focus; THG 4 n- 13. 
gent at H, or the focal tangent; PM an ordinate, 
D — 2 to the tangent at G. Then TP = FM = 
nd | 


F Draw the tangent at the vertex AL. Then (IX.) 
e 1A = AF = (Prop. I. Cor. 1.) + parameter, and 
((f. V.) FH = + parameter; therefore TF = 
FH, and confequently by ſimilar triangles TP = 
PG; but TP = TA + AP = AF + AP = 
. Cor. 2.) FM; and therefore PG = FM. | 


Cor. F TH be the focal tangent, AL à tangent 
- # the vertex; then TA = AL = AF = + para- 
I.) rer; and TF = FH = + parameter. 


PROP. 
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1 RO P. XV. 


14. h AR be the axis, ML any an ; AE, Mr. 
two tangents at A and M. Then 1 triangle AY! 
= MYE. 


Draw the ordinate MP, then (IX. Cor. 1.) TA 
— + TP; therefore AE = + FM or EA = 
Ex; therefore the triangles / AYT, EYM are ſ. 
milar and equal. 


Cor. 1. F AD be parallel to MT; the triangh 
MPT = ADE = refangle MPAE = DPAM = 
DTM. 

This is evident he inſpecting the * 


Cor. 2. FQ F be perp. to AB, WP QRL y wall 
to MT; then the triangle QIR = rectangle Har 

For the triangles MPT, AR are ſimilar; whence 
MPT : QIR : : Mr.: 8 Cor. 2.) PA. 
IA: : reQtangle PAEM : rectangle IAEF; but 
MPT = MPAE; therefore QIR = IAEP. 


Cor: 3. The triangle QLF = parallelogran . 
LMTR. 8 4 
For QIR = IAEF, add to both. LRIF, the ja 
LSF = LRAE = LRTM. 


Cor. 4. After the ſame manner triangle igR = Mn" 
rectangle iAEf; and of = TRLM. pal 
For the triangles MPT and. R are ſimilar; Th 
whence MPT: g R:: MP* : qi) : : AP: Ai: 
PAEM : zAEf; but MPT = PAEM ; therefore ria 
.giR iAEf,. 4A 
Then ſince TAY = MEY, dd to both AifMY, (II 
and then TifM = AifE = igR. Take LR from WM ak 
both; then TRLM = gf L. ; 
Cor. 5. Any ordinate Qq is biſſected by the diameter Wl M. 
ML. 8 the 
| | ; or Wm 


Fi 
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For (Cor. 3. and 4.) triangle LQF = LMTR Fig. 
— Laf; therefore thefe triangles LQF, are 14. 
imilar and. equal, whence 19 = "So 


| PR OP. XVI. 


In any diameter MK, tbe atjeiſes are as the fares I 5. 
if the ordinates ; ML : MK : LS. KG.. 


For 1 . MT. to cut the axis A8 in 
. Then (XV. Cor. 3. ) triangle QFL = = paral- 
klogram LMTR, and GBK = KSTM,. But 
Q: GK*® : : triangle + ak GS: : Par.  LMTR: | 
Mrs: LM : KM. As 


Cor. Am diameter interſets the” curve Gr in one 
joint, viz. the vertex. 

For the abſciſſas and ordinates epcandily increaſ- 
ng, the curve recedes more od. more from the 
liameter. OE „ 
PR OP. XVII. i. + 4893.08 


In any diameter ML, the the pare of any ordinate, 16, 
s equal to the "reftangle of the e ny ab- 
ſafe; 7 1 = AFM XML. 8 


From M * the tangent M T i FS axis 
n T, and draw AK parallel to it, from the prinei- 
pal vertex, and draw the ordinate MP to the axis. 
Then (III. Cor. 1.) 4AF x AP = PM", and MK 
= AT = (IX.) AP = 4 PT. In the right angled) 


tnangle TPM, MT* or AK = MP* + PTT 


AF x AP. 4] 4 4AP O AF +AP =: 
(I. Schol.) 4AP x FM = 4MK x FM; that is, 
AK = MK x AFM. 
Bur (XVI) AK.: QL*: : MK: ML: EME 
MK : AFM x ML, but AK = = 4FM * LAY 
therefore 2 : 4 M x ML. 


"Iv ON 


Ao 
wy 
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25. 


do the rectangle of the abſciſſa and latus rectum 
for that reaſon the curve is called a Parabola. 


7 


| TC is Bir the latus refum A the diameter ML. 


DP = 4DF-; EO ENCES en 
NM = L. 


THE PARABOLA. 
. The parameter is a third proportional 
the Helle and ordinate. f 


Cor. 2. F Mp ze perp. to the axis AP, then te 


latus refium of the diameter MIL, exceeds the lau 
reftum of the axis, by 4 AP. 


For 4FM = (I. Cor. 2.) 4AF ++ 4AP, and 44 
is the latus rectum of the axis. 


or. * MC is perp. to the tangent MT, a 


For TP: TM: TC =>, or 2MK Ak or 
rameter. 


Cor. 4. The line GD, perp. to the dreBrix BD; 
+ of the latus rectum of _ diameter GH. 


* By Prop. I. 


gene r 0m. : 
e the ſquare of the ordinate is always « qual 


PROP. XVIII. 


th any diameter DP, the whole ba; 
thro the focus F, is the latus rectum to that * 
MN = = latus vetJum of DP; and its —_— Dit i 
＋ r latus retliim. | 


"Draw che tagenc DT, chen DP = IF =(w 
Cor. 1.) DF = (II. Schol.) 7 lat. rectum = {L 
But (XVII.) NP or PM* = LDP = 


5 + q__ 


Cor. 1. If au ot of diameter paſs FI 
the. focus, as MN. The abſciſſa is equal to the di: 
tance of the focus from the vertex: DP = DEF; 

; ö 


5 & we 


* N 


PD 


3 8 : 
+ 985 
By 7 
1 2 
2 
N 2 
| 4545 
Nb; 
* 
8 
2 
1 
" 
— 


5 


W 35 
1 4 


B Il. THE PARABOLA: 


F, the redtangle NFM = + NM X - parameter. 
For NP* = DP x NM, becauſe NM is the la- 
tus rectum 3 and DT* or PF* = DO* + TO = 


AF x AO + 4AO® = AO Xx 4AF + 4AO = 
becauſe AO = TA, and 4AF + 4AO = lat. rec- 
tum of DP) TA X MN. But rectangle NFM = 


NM. 
FO IX. 


If ML. be any diameter, HP an ordinate to it; 
and HL perp. to it. Then HL* = MP X latus 
refum of the axis. 


1 dd bo e ee 


the focus F. Then (VIII. Cor. 1.) TF = FM, 
and FD p erp. to MT; alſo (XII.) AD perp. to FT. 
Then (XVII.) HP* = AMF x MP. The trian- 


A:: AMF x MP: 4AF x MP; but HP* = 
IMF x MP; therefore HL! = 4AF Xx MP. 


Cor. 1. The ſquares of the perpendicular HL, are 
as the abſciſſas MP; or HL“: :: MP: Mp. 


Cor. 2. 1f from the vertices M, H, of tua dia- 
meters MP, HG; two ordinates be drawn MN and 
HP ; eben the abſcifſas MP, HN, will be equal. 

For if I. = parameter; then MG* = L x HN, 
and HI. L X MP; but MG = HL; therefore 
LxHN=L x MP, and = HN. 


PROP. 


NP' — PF. =DP x NM— TAXNM = AF 


draw the tangents MT, AD, alſo draw FDO from 


des HPL, DTA, DTF are fimilar ; whence HP* : 
HIL.“ 2: DT* : DAY 23 28F* 2 FA*: : TF or MF: 


177 
Cor. 2. F any line MN be drawn thro the focus Fig. 


17. 


18. 


19. 


| 


— . ]— —·¹ A 
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PROP. XX. 5 XE 


20. if rom any point M a tangent be drown to ut CC 
any diameter AP in T; and the ordinate MP |, 
drawn ; then the diſtance of the interſeftion from th 
vertex, AT z is equal to the abſciſſa AP. | 


"Haw the dlameter MN, and * MG, a, 

rp. to AP, MN; and draw AN, parallel to MT 

and AN will be an ordinate to MN. Then (XI Co 
Cor. 2.) AP = MN = (by parallel lines) AT, luer 


Cor. 1. The ſubtangent PT is double the abſciſſa Ab. 


Cor. 2. The tangents from each end of the dull 
| ordinate Mm, meet in the ſame point of the diameterT. 
Poor the abſciſſa of the diameter drawn thro n, 
will be equal to AP = AT. | 


1 14. Cor. 3. Hence if AR, ML. are \ airy diameters be- 
22 Ades the axis; and AE, MT, tangents ; the trio. 
gle AXT = MYE. 

For (this Prop.) ME æ DM = AT; and the 
triangles AYT, MYE are similar, and "therefore 


_ 
in ro XXI. 


"EY I BD be the direfrix, GL any diameter, MI. n 
ordinate, MT a tangent, MK perp. to GL. Then 

- the ſquare of the tangent MT*, is to the ſquare of 
the rats ML-* : : as the di ance of the point of 
comtał 2 the mae M D; 10 7 2 the latus har: 

of - GL. | | 


For 8 II. 22. ) MT: = — ML: + TL + 
'2TLK. But (XVII.) ML* = 4FG x GL, and 
(XX.) TL* = 4GL7, and 2TLK = 4GL x LK; 


whence MT* = 198 * GL + 4GL* + ber 


b I. THE PARABOLA. ry 
x LK = 46L X FG + GL + LR = 461. Fig. 


y FK. Therefore MT* : ML“: : 4GL x FFF 
0K O.: FK: FG. | 


Cor. 1. If the diameter GL becomes the axis AC; 16. 
hen the ſquare of the tangent M'T*, to the ſquare of 
r ordinate MP* : : AF + AP, to AF; that 15, as 
aus rectum of MK : to latus rectum of the E 
For if F be the focus, AF (fig. 16.) = = AB 


hg, 21.) 


Cor. 2. The ſquare of the tangent MT, is 16 the 21. 

ware of the perp. MK. : : as the diſtance of the point 

f canta? and directrix MD, tot fan of the 

ws AB. 

For (XIX.) MR. = 4AB X GL. And MTI“: 

LU: : FK: FG, and ML“: MK“: : 4FG x GL: 

AB x GL: : FG: AB. And ex equo, MT“: 

:: EK: AB. | | | 

Cor. 3. ML“: MK*: : FG: AB, 

PEARL : MK*::4FG x GL: 4AB X GL; 
AB. 


ws LIK = 4HG X GL. | ; 
For LK* = ML* — MK* = 4FG X GL—4AB 
6L = 4HG x GL. 


Cor. g. MT* ="ref#angle 4F K Xx GL. 


be 
be 


PROP. XXII. 


AG be any 3 AB a tangent, AF erp. 22. 
the axis. BD parallel to AG. 
Then AF* = BD X latus rectum of the axis. 


For let L. = latus rectum of AG, I = latus 


4 of the axis. Draw the ordicate GD. 
KW (XVII) Lx AG = GD; that is, L x BD 
GL 


aÞ', But (XXI. Cor. 1.) AB AF* : ng 
; * 


. mv 
Fig. LX BD : Ix BD. But L x BD = AB:; th 
22, Ix BD = AF. | | —_— 


Cor. 1. The line BD is every where as the 
of the baſe AF. «© | fquare 


Dor. 2a. AF : BD: 0 
For 1x BD = AF, and (IV. Cor. 1.) AF y 
1 DF; whence AF: BD : : I: AF: : Ef: 
=_ 


PROP. XXIII. 


. HQ &e ordinates to the axis AQ, BFI 
£ a tangent at F; F parallel to AQ ; and QH pr 
* duced to the tangent at B. Then BH: HL: : HL: 

FM. - | 


Put p for the parameter, then ſince TG = 2AG, 
by ſimilar triangles, 2AG : GF:: FL: LB: 5 
LF: p X LB; thenp x LF Xx GF = N 2AGX 
LB = (III.) 2FG* x LB, and 2FG x LB =p x 
LF = (IV. Cor. 1.) HE x LC, which reduced 
to a proportion, BL: LH : : LC: 2FG or FM; 
and by diviſion, BL — LH: LH : : LC -M. 
FM; that is, BH: LH : : KC or LH: FM. 


Cor. 1. FM x LB = px FL = HL x IC. 


Cor. 2. If BF be a tangent at F, FL a diamtter 
BLC perp. to FL; then BL. = rectangle HBC. 
For ſince BH: HL : : HL: FM. By compound 
ing BH : (BH + HL) BL : : HL : (HL +FM 
HK. And by addition, BH : BL:: (BH + HI 
BL : (BL + HK) BC. | 


A. 22 Dr da ICE 


5. II. THE PARABOLA. 
'PROP. XXIV. 


A interſecting QP in C; and if any point F be taken 
in AD, and CL be made equal to AF; and the lines 
PF, AL, drawn; they will interſe# at 8, a point 
in the curve. 


Draw BS parallel to AD, and the ordinates GS, 
DP. Then ſince AF = CL, PL + AF = PC 
= AD. By ſimilar triangles, AF : PL:: AS: 
L:: AB: BC; and compounding AF: AF — 
PL or AD: : AB: AB + BC or AC. Again by 
ſimilar triangles BS: CL or AF :: AB: AC. And 
multiplying, BS: AD:: AB“: AC“; that is, AG: 
AD : : GS“: DP. Therefore (XVI. ) as P is in 
the curve, S is in the curve alſo, 


'Cor. Lines drawn from A and P . ny point 
S in the curve, will cut off AF in the vb. AD, 
__ to CL the part from the tangent AC. 


PROP. XXV. 


F any diameter inter ſect two parallel lines; the 
fellangle of the ſegments of the lines, will be as the 
ſegments of the diameter. DBE: FCG : : AB: AC. 


Draw the diameter PL of the parallels DE, FG, 
which will be parallel to AC; and draw the ordi- 
nate AR. Then the rectangle DBE = HE! 
HB = HE* — RA* (XVII.) L x PH — L x 
PR, L beingthe latus rectumof PL. Likewiſe rectan- 
ge FCG = LG* — LC. = LxPL — Lx PR. 


Therefore DBE: FCG : : L X PH - — PR: L * 


LR: : RH: RL :: AB: AC. 
| Q 2 | Cor. 


If AD, PQ, be two diameters; AC a tangent at 24. 
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1 Fig. Cor. 1.-/f DE be an.ordinate to any diameter PE 
25..and DF. be cut by any other diameter AC. T ben it 
rectangle DBE = AB x parameter of PL. 


Cor. 2 PQ Je a tangent at P; then reBangh 
EG: PO' : + AC: AR. 
For then D and E coincide with P, and HE ya 
niſhes. 


26. Cor. 3. F any line FG be cut by two diameter: 

Ac, NO; the rectangles of the parts, are as th 

ſegments of theſe A FCG : FOG : : AC: NO. 

For. (Cor. 2.) FCG = AC XxX L; and FOG = 

NO x L,; therefore FCG : FOG : AC x L: No 
KL: 2: AC MO. 


Cor. 4. If two all lines, DE, F G, be cut by 
two diameters AB, NO ; the reftangles of the parts 
will be as the fe gments of the reſpeive diameters, 
DBE. : FOG :: AB; NO. 

For DBE : FCG :: AB : AC; and FC: 
FOG-: : AC: NO. Therefore ex equo, * 
FOG : * AB: NO. 


Cor. 5. And if PQ be a tangent at P; then tf 
reflangle FOG : PQ* : : NO: AQ. 


P R O-F.- XVI. 


27. If two parallel lines LE, FG, interſet any or 
two parallels, HL, MN, in B and O. The rea 
DBE : HBL. : : FOG : MON. 


| Thro' the min B, O, draw the 4 
ters AB, VO. Then (XXV. Cor. 4.) DBE : 
FOG : AB: VO: : HBL : MON. 


Cor. 1. If any line FG cut 2 parallels 
MN, in O and I; then refangle HIL: MON: 
FIG: FOG. Th 


a Ga - 
Ee —wä e %o ³ A . ⁵d1mü wut —.. 
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Cor. 2. F BD, BL be tangents at D and L, and 

KF, RN, parallel to them. Then GOF : ION : : 
DR: NRI: :BD* : BL* : : GF: KL.: : parame- 
ter of the diameter paſſing thro D: parameter of the 
diameter thro L. | | 

For if DE, HL. (fig. 27.) become tangents 
then D and E coincide, as alſo H and L; and 
DBE, HBL become BD* and BL“; and the like 
W for. the reſt. 

Alſo BD, and BL are equal to the ordinates 
drawn to the diameters at D and L, from the point 
where the diameter from B cuts the curve. And 
if d and / be the parameters, H the common ab- 


aſl, then BD* : BL* : d H: IXx H:; d: I. 
"PROP  XXVE 


i the points of contact; and if any line GL be 
raren parallel to either tangent DN, cutting the 
Wcurve in Rand L, and MN in H. ThenGR, GH, 
L are continually proportional. OE 


For (XXVI. Cor. 3.) RGL : GM? : :'DN* : 
oeRGL = GH". 


PROP. XXVII. | 
F HT, KT, be two tangents, HK the line drawn 


em the interſeftion T, thro O the middle of HK, 
All bi elt all the lines within the curve, parallel to 
i. / HO = Ok, then IP PN. 


FDM, DN Be two tangents, MN the line join- 


Nd. : : (ſimilar triangles) GH* : GM*, There- 


bro the points of contact. Ihen the line drawn 


By Cor. 2. Prop. XX. The tangents HT, KT 
eet in the diameter belonging to the ordinate _ 


"09 IX. 
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This is plain by ſuppoſing DE to fall upon FG. Fig. 
28., 


29. 


30. 
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Fig. 
30. 


31. 


Dl. 


* 


THE PARABOL A. 
HK. Therefore ſince HO = OK, TO is the da. 
meter. And ſince IN is parallel to HK, IP and 


PN are ordinates, and IP = PN, by Cor. ; 


Prop. XV. 


Cor. 1. TLM be drawn parallel to HK. joiniꝝg 
the points of contact; the paris intercepted betwen 
the curve and tangent on each ſide are equal, LI = 
NM. 

For fince HO = OK, by ſimilar triangles Lb 
= PM; take away the equals IP = PN; then the 
remainder LI = MN. Y 


Cor. 2. The tangent at A the vertex, is biſettd” 


in that point. 


Cor. 3. HO, OK, and alſo IP, PN, are ord- 


nates to the diameter paſſing thro' the interſecliam I 
of the tangents. SE 


PN . 
1if TH, TK be two tangents, and HK the le 


drawn thro the points of contatt. And from the is 
ter ſection T, any line TI be drawn cutting HK ix, 
and the curve in F and I. Then TF-: II:: DF: 
DI. | 


Thro' F and I draw AC, LM parallel to HK; 
then (XX VIII. Cor. 1.) LI = NM, and AF= 
BC, whence MI = LN, and CF = AB. 

By ſimilar triangles AF: LI: : TF: TI, 

| and CF: MI: : TF: TI. 

and multiplying, AF x CF: Llx MI: : TF: II. 
: i gi ie, AFXAB:LIXLN:: TF: TI. 
But (XXVI. Cor. 2.) AF Xx AB: LI XLN: 


HA“: HL: : (parallel lines) DF“: DI*. There 


fore TF* : TF : : DF* : DF. And TF: TI:: DF: 
5 Cor. 


Cu 


nm, THE PARABOLA. 
Cor. If it be TF: TI: : DF: PI. The line HK Fig. 


which joins the Points of contat?, will paſs thro* the 


point D. 


F-ROEF. FX. 


If AF, AG, be two tangents; FG a line drawn 
thro' the points of contact; and thro the inter ſection 
of the tangents, AV be drawn parallel to GF. Then 
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32. 


from any point V, if there be drawn VL thro O the 


middle of FG, to cut the curve in P and L. 7 Ben 
will VP: VL : : OP: OL: 


Draw AQRL, and thro' Q draw PSQ parallel 


to FG. Then (XXIX.) AQ: AL:: RQ: RL, 


whence AL x RQ RL X AQ. 

By ſimilar triangles, PQ} - OR :: LF * Hibs 
and OR : SQ: : AR-: AQ. Whence by com- 
pounding PQ. : SQ : LQX AR : LR Xx AQ. 
5 21 Uivifida PS; $9: : LQX AR - LR 

RX AQ. 


75 LQX AR - LR N AQ = LR + QR x 


AR— LR X AQ = QR X AR + LR Xx QR = 
AL x QR = (before) RE x AQ; therefore PS 
= SQ, And conſequently as Q 1s in the curve, 
P is in the curve.” And by reaſon of the parallels, 
OR, PQ, VA; VP: VE : : AQ A.:! 
G. RI. : : OP : OL. 


PREOQ EF. AXE 


Let AO be a diameter; FA, GA, two tangents ; 
FG an ordinate. Let two other tangents VH, VI, 
be drawn from any point V, in the line VA being 


parallel to FG. I jay HI drawn thro' the points of 


cantact, will paſs thro the point O, the middle of FG. 


For thro' O and V draw VPOL cutting the 
curve in P and I.. Then ſince VA is parallel to 


24 the 


33* 


7 

1 

1 

7 

{ 

| . 
. 
; 
ö 
1 


34- 


line ID. 


H . A. 


the ordinate FG; therefore (XXX.) it is, VP- 
. VL : : OP: OL. And fince the tangents VI, 


VI meet in V; therefore (XXIX.) VP: VL: 
OP : OL. Therefore the point O is common to 
both FG and HI; and fo HI paſſes thro' O. 


Cor. 1. If A, V, be the concourſe of the tangents 
FA, GA, and HV, IV ; then the line, (joining the 


Points of contat? of any two tangents meeting in AV) 


will paſs thre O. 


Cor. 2. If FO, GO, be ordinates to the diameter 
AO; and any line HI be drawn thro' O; then the 


tangents HV, IV, will meet ſomewhere in the lin 
AV drawn parallel to FG. 


NI. 


FVI, VI, be two tangents at H and I; ard 
IHD se drawn thro” the points of contact. And if 
any line VPOL be drawn thro V; and the targtuss 
PD, LD be drawn; they will meet ſomewhere in the 


Draw FG thro' O, where VL and IH interſed; 
ſo that GO may be = OF; and draw VAD para. 
lel to FG. Then {XXXI. Cor. 2.) the tangents 
PD, LD, will meet ſomewhere in the line VA, as 
at D. Then if DO does not paſs thro' the points 
of contact H, I; let a line drawn from D thro 
N, pals thro? the points of contact. Then (XXIX. 
we ſhall have VP: VL: : NP : NL. But HV, 
IV, being tangents, we have VP : VL : : OP: 
OL. Therefore the former proportion cannot be 
true, except N and O coincide. Therefore DO 
paſſes thro* the points of contact H, and I. That 
is, the tangents PD, LD, meet in the line IH. 


Cor. If HV, IV be two tangents, and IH #* 
drawn thro the points of conta, I, H. And fro 


HT 


. 


B. Hl. THE PARABOL A; 


LP drawn thro the points of contact L, P, wi 
thro' V. „ 
For a line drawn thro' V will paſs thro? the points 
of contact L, P, and therefore no other can. 


PROP. XXXIII. 


MF, NF be drawn to the focus F. The angle MEN 
= twice the angle MDN. 


Draw the axis TAFB. Produce MD to cut the 
ais in T; and let ND cut it in G. Then (XI. 
Cor. 3.) the MFB = 2 < MTB, and < NFB 
= 2 << NGB,; therefore MFB + BEN. that is, 
MN = 2MTG + 2NGA = 2DTG + 2DGT 


a = 2MDG (Geom. II. 1.) 
j Cor. 1. FMD, ND, be two tangents, and the 
g line MN joining the points of contad, paſs thro* the 
: focus F. Then MDN is a right angle. 

For when MFN is a right line, the < MFB + 
. BEN is equal to two right angles; and therefore 
1 MDN is one. | 


Cor. 2. if MD, ND be o tangents, and the 
ine MN joining the points of contact, paſſes tbro the 
focus F. Then MD, ND, meet ſome where in the 
o 4re8rix GE. | | 

For the focal tangent being drawn will cut the 
as in G, ſo that AF = AG (by Prop. IX.), which 
5 the point through which the directrix is drawn 
(I. Cor. 1.), and (XXXI. Cor. 2.) the tangents 
MD, ND will meet ſome where in GE. 


Cor. 3. If MD, ND be two tangents, and MN 
paſſes thro* the focus F. Then the line DF, drawn 
from the interſeflion of the tangents to the focus, is 
berp. to MN. | 

For 
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any point D, the tangents DP, DL. are drawn , then Fig. 


ll paſs 34. 


If MD, ND be two tangents at M and N; and 35. 


| 
| 
| 
| 
| 
| 
| 
| 
| 
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37. 


Fig. 
36. 


common to both, whence FD = DF, and < MF 


from A, thro' any point P of the curve; and tir 


angle NFH. 


THE PARABOL A. 


For if GE be the directrix; and ME parallel tg 
the axis. Then (Prop. I.) ME = MF, and (V1 
Cor. 2.) < DME = DME; therefore the triangks 
MDE, MDF are ſimilar and equal, for MP i; 


= MED = a right angle. 


— TREE naar” 
If AB be any diameter, and any line AP be draw 


P, the line NP be drawn parallel to AB. The j 
the ordinate DF be drawn to interſef# theſe lines i 
E and G; DE, DF, DG will be continually Proper 
tional. 


Draw the ordinate PO; then by ſimilar triangle, 
OP: DE:: AO : AD: (XVL) OP® : DF, ax 
OP x DF* = DE x OP, or DF* = DE xQOPa 
DG Xx DE. | 


Cor. As AD: DE:: OP: latus refum of AB, 
For DE x OP = DF* = AD x parameter. 


PROP. XXXV. 


Tf any line MN cut the direfirix TO in O, ul 
from the points M, N, where it cuts the curve, Mf, 
NF be drawn to the focus F; and MF be produit 
to H. Then OF drawn to the focus, will biſſeft i 


Draw MP, NQ perp. to TO; and ND parall 
to MF. Then by ſimilar triangles, MP: NO: 
MO : NO: : MF : ND. But (Prop. I.) MP = 
MF; therefore ND = NQ = NF. Whence the 
angle NFD = NDF = DH, by the parallel 
ND, FH. 


Cor, 
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. 
N 


PROF, XXXVI. 


| If QT, PT ze two tangents. And if QF, PF 
he drawn from the points of contact to the focus. 
ben the line TF will. biſſe# the angle PFQ. 


Let DR be the directrix; draw QPR, and produce 
ITF to K; and draw LR, KR, tangents at L and 
[IK XXII. and Cor.); je QD, PE, be perp. to 


PR:: (XXIX.) QN : PN. That is, (Prop. I.) 
I : PF: : QN : PN. Therefore (Geom. II. 25. 
Cor. 1.) FN biſſects the angle QFP. 


PROP. XXXVIL 


If a trapezium ABDC be inſcribed in a parabola, 
and any point E be taken in the curve, from which 
tt 2 EN, EH, are drawn parallel to any two 


ides in N, Q and H, R. Then taking the rectan- 
ges an the oppoſite Ades; it will always be ER x 
EH % EN X EQ, in à given ratio. 


Draw DFG, BL, parallel to AC; thro' L. 
and C, draw COLS, Thro' the middle of AC; 
BL, draw the diameter MK, which will biſſect the 
parallels DF, TE; and alſo SG, OR, terminated 


FG, and OT = ER, which would alſo be ſo, if 
$G, RH were tangents. 

By ſimilar triangles and parallel lines, HO: SD: 
0C:SC: : AR : AG. And alternately, HO : 


ER : 


= then by ſimilar triangles, O: PE :: &: 


adjoining ſides, as AB, AC, to interſect the oppoſite 
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Cor. Hence if the angle NF H be-biſſefied by the Fig. 


. ne FO drawn from the Joens ; i will cut MN at 38. 
O in the direfarix. 


39. 


40. 


AKC. FT hen (XXVIII. Cor. 1. ) wl-SHEH = -. 


AR or EQ : : SD or FG: AG. Again, BP or 
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Fig. ER: PN:: DG: GB. And multiplying, Ho y 

40. ER: EQ. XxX FN ;: FG-X DG : AG x CB: 
(Prop. XXVI.) ER x RT or ER Xx EO: RA 
RB or EQ X EP. And by compoſition, FG y 
DG: AGX GB:: HO x ER +EO x ER : EQ 
x PN + EQ XEP::EHXER:EQ x EN 
And it is evident, that as long as the points 4, 
B, D, C, are fixed; that FGD to AGB is a given 
ratio, and therefore that of REH to QEN. 


Cor. 1. The ſame things ſuppoſed; it will | 
EH: EN: Ti EP : 8 . | J 

For EH x ER: EQ XEN : : FG x GD: AGY 
GB: HO x ER: EQ & FN. And dividing al 
the terms, EH: EN:: HO: PN. And divid- 
ing, EH : EN: EO EF. 


Cor. 2. F the points, A, B, C, E, are fixed, and 
D variable at plecſure; it will ſtill be EH to EN, 
and HO to PN, in the given ratio of EO to EP i 
of RT to RB. 5 


Cor. 3. If the points A, B, coincide; AG thn 
becomes a tangent. And if C and D alſo coincid:; 
DH becomes à tangent. And then'Q, N, coincide 


41, Cor. 4. If BC be drawn to cut EH in I, ond if 
it beEH:EI:: EN: EV. Then if BV be draun 
it will touch the curve in B, / 

For (Cor. 2.) if D be moveable, it will be EH: 
EN: : EO: EP, wherever D is. Therefore ſup- 
oſe D to move round till it coincide with B; then 
BND will become a tangent at B, and N will fall 
upon V; that is, BV will be a tangent. 


40. Cor. 5. If you make EH: EN :: EO: EP, and 
draw OC, BP, they will meet at L in the curve. 

For ſuppoſing L a point in the curve, it will be 

by (Cor, 2.) EH: EN: : EO: EP; therefore L 

cannot be out of the curve, TK : | 

; or, 


. F * 
Pl. VII 


=” 
— 
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my BD, BL, DC, LC, in N, P, E O, 2 that 
EH: EN: : EO: EP. Then CA, BA being drawn 
qurallel toEH, EN; they will meet at A in the curve. 
This is the reverſe of the foregoing Cor. For 
A was out of the curve, L would not be in it. 


Cor. 7. If A and B coincide, then AB becomes a 
tangent. And the like for any other two points. 


PROP. XXXVIIL 


If a trapezium ABDC be inſcribed in a parabola, 
and from any point E of the curve, four lines EL, 
EK, EO, EM, be draun to the four fides of the 
trapezium, in any angles whatever, equal or unequal, 
and cutting them in L, K, O, M. And likewiſe 
from any other point e, four more lines be alſo drawn 
to the fides of the trapezium, reſpectively parallel to 
the former, cutting them in l, k, o, m. Then taking 
the redangles of the oppoſite ſides; the rectangle EL 
X EM: el Xx em:: EK Xx EO: e& X eo. 


Thro' E, e, draw QEN, gen, parallel to AB; 
nd EHR, ehr, parallel to AC. Then by ſimilar 
trangles, ER: er:: EL: ; and EH : @*7 x 
EM : em. And by multiplying ER x EH : er X 
eh :: EL Xx EM: el x em. , 

Again, EQ: eg:: EK: ek, and EN: en:: EO: 
© And multiplying, EQXEN : 4 x en:: EK 
Xx EO: ek X eo. But (Prop. XXXVII) ER X 
EH:erXeb:: EQ EN: eq X en. Therefore 
EL Xx EM: el x em: : (EQ EN: eg X en: :) 
EK x EO: e X co. 


ora # ABCD Be an inſcribed trapezium ; and 
F AB, CD, produced interſect in X; and the diago- 
xls AC, BD in T. And XeYE be drawn, 2 5 


Cor. 6. F there be five points B, L, D, C, E; Fig. 
md thro any point E, there be drawn EH, EN, cut- 40. 


Fig. EX X:: EY: eV. Aud if E be at an infui 
| 43+ diſtance, then X = eV. 


this Prop. Then L, I, M, m, coincide in x 


THE PARA B OL 4: 


For ſuppoſe BD, AC, to become diagon 
(fig. 42.); and that EL, EK, EO, EM, and 4 
ek, eo, em, all lie in one line Ee; and that a} 
Cd, interſe& in X, and AC, BD, in 1; and th. 
Ee paſſes thro' XY ; which is a particular caſe « 


and K, k, O, o, in Y. Then the Proportion, E 
Xx EM: el x em: : EK Xx EO: ek X eo, become 
EX*: :; ETF: ↄ and EX: eX +: Ex. A 
But if eE be infinite, then EX = EY, and X = yy! 


Cor. 2. F XA, XC, be two tangents, and AY( 
paſſes thro the points of contact. Then will EX} 
eK: : EY : e. ; 

For let B approach to A, and D to C; the 
BD will coincide with AC. And it will till be 
EX: :: EY cert, 


PROP. XXXIX. 


In any diameter, as its latus redtum, to the ſum i 
any two ordinates : : fo their difference, to the diff. 
ence of the abfciſe. Latus rettum of AQ: ND: 
DC : MD. 


Let L = latus rectum; then (XVII.) L x Al 
= PM, and LX AQ = N'; and ſubtratting 
one from the other, LX AQ—L x AP SNN 


— PM* = QN + PM x QN — PM; that 
L x PQ = ND x DC. And L: ND :: DC: PQ, 


Cor. If NC be an ordinate to any diameter AQ; 
MD any other diameter. Then the reftangle ND 
= MD X parameter of AQ. 


P R-OP. 


- Fig 
PROF. 1 
If PM be an ordinate to any diameter AP, and 45. 


AM be drawn cutting any other ordinate QO in N. 
Den PM Xx N = AQ X parameter of AQ. 


Let L = latus re&um ; then (XVII.) * 
LX AQ, and (XVI.) PM* : OO“ or LX AQ: : 
AP : AQ : : (ſimilar triangles) PM : QN : : PM; 
PM x QN ; therefore LX AQ = PM x N. 

Cor. 1. PM X QN = Q-. 


t Car. 2. Every line paſſing thro' A, except the dia- 
neter AP, will meet the curve again in ſome other 
joint M. 

For QN : QA: : L: PM the ordinate where it 
meets the curve again. 


PRO XLL 


If AQ be any diameter, and any line CF be drawn 46. 
cutting it in C, and the curve in D, and F. And 
if the ordinates DB, FQ be drawn. Then CA* = 
AB x AQ. | 


For (XVI.) AB: AQ : : BD* : QF* : : (fimilar 
angles) CB* or CA + AB : CQ or CA + AQ; 
rence AB x TA® + 2CA x AQ + AU* = AQ 
C + 2CAX AB + AB, and ABXCA* + AQ* 
= AQ X CA! + AB*. Therefore AQ '— AB x 
CA = AQ* AB — AB* X AQ = AQ—AB 
X AQ AB. Therefore CA* = AQ x AB. 


Cor. Any line that is not a diameter, drawn within 
the curve, will inter ſect it in two points. | | 
| yy | For . 


ii TRE PAWABOLSA wel 


* 
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WWE 


Fig. For ſince DF is not a diameter, and therefore 


40. not parallel to AQ, it will interſect AQ ſomewhere 5 
as at C. Therefore by this Prop. it is AB: AC:; pl 
AC: AQ, the abſciſſa belonging to the ordinate 
paſſing thro? the other interſection F. 10 

„„ AS. 

47. Tf AB be any diameter, EG an ordinate, AB. ; 

tangent at the vertex, and if AG be drawn. They * 


any line BF drawn parallel to the diameter AE, cui. 
ting the curve in M, and the line AG in D; BM, 
BD, BF will be continr ally proportional. 


For drawing the ordinate MP, and DC paralle 
to it. Then (XVI.) AP: AE: : PEM or CD: 
EG: : : (ſimilar triangles) AC“: AE“. Therefore Ap; 
AC:: AC: AE; that is, BM: BD: BF. 


PROP. XLII. 


48. Tf FG, HQ, be ordinates to any diameter, AQ; 
BFT à tangent. at F; FL. a diameter paſſing thri 
F. Then if QH be produced to the tangent FB; . 
then BH, HL, FM are in continual proportion. 


Let p be the parameter of AQ; then (XX.)T6G 
= 2AG, and by ſimilar triangles, 2AG : GF:: 
ß ben p x1 
x GF =p x LBx 2AG (XVII.) 2FG* x LB, 
and 2FG x LB = px LF = (XXXIX. Cor.) HL 
XLC. Whence BE: LH: : LC: 2FG or FM; 
and by diviſion, BL — LH or BH: LH : : LC 
FM or LH : FM. 


Cor. 1. BL x FM =pXFL = HLC. 


Cor. 2. If FL be any diameter; FB a tangent at 

F, cutting the ordinate QH in B. Then BL. = 

rectangle HEC. © 
| For 
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For draw the diameter AQ; then BH: HL : : Fig, 
HL : FM, and (by adding) BH: (BH + HL) 48. 
BL: : HL: (HL, + FM) HK. And (adding a- 
gain) BH: BL : : (BH + HL) BL: (BL + HK) 
BC. | ; 
R. OHP. XV. 


If AC be a tangent at A, AH any line drawn 49. 
within the parabola, DF any diameter cutting the 
tangent iu B, and the line AH in F. Then AF: 
r 


Draw the diameter GLO to the ordinate AG or 
GH, and draw HC parallel to DB, put p = latus 
rectum. Then (XVII.) px GL = AG, and p X 
(GL.= 4AG* = AP. Bur AG = + AH; thare- | 
be GO =: 4 HC SAX; Cor. 1.) 26k, 
HC = 4GL, and p Xx 4GL or p x HC = AH*+. 


Therefore Pp: AH: : AH: HC: : (ſimilar trian- 
ales) AF : FB; and alternately AH : FB:: p: 


AF:: (XXXIX.) FH: FD : : AH — FH : FB 
—FD; that is, FH: FD : : AF: DB; or AF: 
H:: DB: DF. 


Cor. 1. If LG Ze any diameter, AH an ordinate, 
AC a tangent at A, HC parallel to GL; then AH* 
= HC X parameter of LG. | 


Cor. 2. The ſame things ſuppoſed, HC = 4GL. 


Cor. 3. The ſame things ſtill ſuppoſed, AF* = 
BD x parameter of LG. 

For AF : FH : : BD : DF. And compounding, 
AF: AH: : BD: BF. And by ſimilar triangles, 
AF: AH: : BF: CH. And multiplying, AF* : 
AH* :: BD: CH. Whence CH x AF* = BD 
Xx AH* = BD x HC X p; therefore AF. = 


X BD, 
2385-09 R „ 


C 
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50. If FT be a tangent «FE, Ll parallel to i. 
LB, FC, ID, ordinates to any diameter AD. Thuy 


- _LB + ID = 2FC, when both L and I are on ih 
ſame fide of AD. 


Draw the diameter FK which will biſſect LI in 
G , and thro' L, draw the diameter LP. Then hy 
ſimilar triangles, ſince IG = GL, IK = Kp = 
FN. And by parallel lines, PD = NC = LB. 
Therefore adding equals to equals, IK + LB = 
FN + NC = FC. And doubling, IP + 2LB or 
-ID + LB = 2FC. 


Cor. If L be on the other fide of AD; thin ID! 
— LB = 2FC. | | | 

For then ſubtracting equals from equals, it wil 
be IK — LB = FN — NC = FC; andy 
doubling, IP — 2LB or ID — LB = 2FC, 


PROF ALY... 


1. F AF be the axis, F the focus; FD perp. to AF. 
Draw any line FM, and MD parallel to AF. Tha 
FM — MD = FI, half the parameter of the axis; 
when D is without the curve. 


For make AC — AF, ad draw the directri 
CE. Then (Prop. I.) FM = ME = MD +DE 
= MD +CF = (Prop. II.) MD + FL © © 


Cor. If D is within the curve, Fm + md H 
Half the parameter. « 2 
For Fm = me = de — dm = FI dm. And 


PROP, 


pay 17 RAR 
19 M0 39 
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PROP. XLVII. 


if « any circle cut a parabola in four points B, C, 82. 
D, E; and from the points of inter ſection, 1 

y drawn to the axis AI; the ſum of the ordinates on 

one fide of the axis, is equal to the ſum of the. ordi- 
nates on the other, CG + BI = EF + DH. 


Draw the lines BC, DE, joining the points by 
two and two, let them meet in N. Let PT, QS 
be the diameters of BC, DE; from the vertices of 
which let the tangents PR, QR, be drawn, which 
xe parallel to BC, DE. Then (XXVI. Cor. 2.) 
RP* : RQ*: : BNC: END. But (Geom. IV. 2 1. 
Cor. 3.) BNC — END; therefore RP* = RO, 
nd RP = RQ. Therefore drawing PQ, and 
billeting it it in O, RO will be perp. to PO or OQ, 
conſequently RO is the axis. But (XLV.) BI + 
(G = 2PO = 2QO = FE + HD. 

And if C fall on the other ſide of AI, then 
LV. Cor.) BI — CG: = 2PO = 200 = HD 
+FE, and BI = CG + HD + FE. 


Cor. 1. If E and D coincide in Q, then HD + , 
E = 20Q. 
Ag then HD + FE becomes OQ + OQ or 
; 

00. I C, E and D, coincide in Q, then BL 
53 

For then HD ＋ FE + CG becomes OQ + oO 
CORE + 

Cor. 3. If C falls in A the principal vertex ; then 


= FE + HD; or wr = = 200 if EZ and D 
mncide, 


R 2 PROP. 


7 
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THE PARABOLA. 


PRO P. XVI. 


Tf CF, AG be two diameters; and from any puint 
B in CF, any line BE, be drawn cutting the line AC 
in D, the diameter AG in G, and the curve in |, 
and E. Then the reflangle LDE = re#angle BDG, 


Fo, x 


For by ſimilar triangles, BD : DG : : BC: AG:: 
(XXV. Cor. 3.) LBE: LGE; and BD x LGE 
= DG x LBE; that is, BD x LGE = DG x 


LB x BG + GE, or BD X GE Xx LD + DG = 
DG x LB x BG + DG X LB X GE; and BD x 
GE x LD + BD X GE x DG - DG x LB XGE 
= DG Xx LB x BG. That is, BDX LD x GE 
+ LD x DG XxX GE = DG X LB x BG, or BG 
LD x GE = DG x LB x BG; therefore LD x 
GE = BL, x DG; and adding LD x DG, LD x 
DG + LD x GE = LD x DG + BL x DO; 
that is, LD x DE = BD X D. 


Cor. The refangle LD Xx GE = reftangle LB X 
DG. | 


ry => 


P.R O F: XLIX. 


If AB be any diameter; LBN an ordinate; LC 
NC, two tangents at L and N; DG any line ju 
rallel to the diameter AB, cutting the tangents in I 
and O, and the curve in F. Then FG* = refanyi 
DFD. . 


For (Prop. XLIV.) OF: F:: LG: GN : 
FG : FD. Therefore FG* = OF x FD. 


1 ff =E=EB EB 


a= 27 
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FR 1. 


int If PG, AO be any two diameters, PO an 1 
AC i AO. And if any line AF be drawn from A, to cut 


G. NAL! = AN Xx AF. 
en For by reaſon of the 8 LG, AD; AF: 
GERM AL : : DF : DG:: (XXXIV.) DE DF: 


(Geom. 13. Cor.) Nr : (by ile 


5 -es) AL: AN; and AF x AN = AL. 

DX | 

(GE PROM + 

* _ FLC, NC, DF, be three tangents, at L, N and 
D x A; then will BA. AF : : LD : DC: : CF: FN. 


Thro' D, A, C, and F, draw the diameters DG, 


IM; ſince theſe ordinates are biſſected by their di- 
meters, we ſhall have LG = GH, NM = MH, 
ndalſo LI = IN; that is, LH + HI = NM + 
MI = MH + MI = 2MI + HI, and LH or 2GH 
8 and MI = GH = EG; and GI = HM 
= MN 

By reaſon of the parallels, DA-< AF: GH 
; in HM: : or LG: GI : : (ſimilar rriangles) LD: = 
for the {ame reaſon, DA: AF:: GH: HM: 
MI:1MN : : CF: FN. 


Cor. 1. 1f the diameter CRI cut the tangent DF 
nB; then BF = DA. 

For GH = IM ; ; therefore by reaſon of the pa- 
alles, DA = BF. 


Cor. 2. F RI be the avis, and LN an ordinate to 
t; LC, NC, tangents at L and N, DAF a tangent 
any point A; then LD = CF, and DC = FN. 


RH, CL. F M. Draw LA, AN ordinates to DG, 
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55. 


: LI po, PG in N and L, and the curve in F then 


56. 


R 3 For 


Xx AL, and BC Xx e AL = be X AU, But 


39. 


r A. 

For in that caſe CI is perp. to LN, and CL = 
N, and the angle NCI = LCI; therefore the 
right angled triangles LCI, NCI, LDG, NFM 
are ſimilar; whence CF: IM : FN: NM: : LD: 


LG or IM; therefore CF = LD, and conſequent. 
ly FN = CD. 


E 
All parabolas are ſimilar figures. 


Two figures are ſimilar, when ſimilar right lined 
figures can always be inſcribed in them, being 
drawn in a like fituation. 


Take BC: Be: : AL: al.; then BC X al =k 


(Prop. III.) BCN AL = DL, and bc x ol = al. 
Whence DL“: :: BCN AL.: bc X A:: N 
7 e 
Whence AL: al:: DL: dl; therefore the trian- 
gles ALD, ald are ſimilar, and * the 
curves DBA, dba are ſimilar. 


Cor. Hence two parabolas, that have the ſame pa- 
rameter and abſciſſa, are both equal and fimilar. 


PROP, III. 
If a parabola CAD, as ellipfs AGB, be d. 


ſcribed, having the ſame vertox and focus A and F. 
Then as the tranſverſe of the elliꝑſis: to the diſtant 
of the focus from the * rther vertex : : ſo the latui 
reflum of the parabela : to the latus reftum of tit 
ellipfis. AB: BF:: CD: GH. 


For (Book I. Pr. VI. Cor. 2.) BA: GH:: BF. 
FA : GF. But (Prop. II.) AF = ; * CD; and 
G I BA : GH : 18 


my a +3 = 


3 l. THE PARABOLA. 


x GH* *= BF x CD x GH; and BA x GH = 
BF x CD. 


Cor. If. a parabola and elliꝑſis has the ſame folks 


and latus refium. The diftances of the vertices from 


the focus will be in the ſame ratio. AB: BF:. AF: 
FO. 


= 4OF ; therefore BF x F * F: 
40 F:; BA X OF: 40 F; therefore BF * F 1 * 
N * OF. | 


PR © Þ. | LEY, 


Two equal parabolas upon the ſame axis, but hav- 


mg different vertices, approach infinitely near one ano- 
mn but never meet. | 


Let p be the parameter of the two parabolas 


DAL, FBC. Then (Prop. HI.) Xx AB +BG = 
DG*, and p Xx BG = FG“; and ſubtracting, & 
AB = DG* — DO = = reftangle DFC. Now 


ſince ꝓ X AB is a given quantity, and ſince the or- 
dinate FG continually increaſes with the axis BG, 
FG and FC at laſt become infinitely great, and 
therefore DF is infinitely little. 


Cor. In the parabola the ordinate continually in- 
creaſes, as the abſciſſa increaſes, but in a leſs ratio; 


and when the curve is infinitely extended, the abſciſſa 


becomes infinitely greater than the ordinate. 
For p x AG = DGG, whence p: DG:: DG: 


AG, ſo that the greater AG or DG eis, the leſs is 


the ratio of p to DG or of DG to AG; and when 
AG- becomes infinite, then p X AG is infinite; 
therefore DG* is infinite, and DG is infinite; and 
is therefore infinitely greater than p; and conſe- 
ently infinitely leſs than AG. 


K+ PROP. 


For BA: GH : : BF x FA: 2 GH. But GH | 


20 
CD: 4 GH: : BF x CD: GH*; therefore BA Fig. | 


59. 


60. 


THE PAR ABO LA. 


PRO Tx. 


The area of a parabola FAG is +5 the area of the 
circumſcribing parallelogram, or 5 AB X FG. 


Draw AD, DG parallel to BG, AB; divide AD 
into an infinite number of equal parts, and thro' 
all the points C, ſuppoſe lines, as CN, to be drawn 
parallel to AB. Then according to the method of 
indiviſibles, all the lines CN, compoſe the area 
b. Pur AP ] ‚ FN = 3, £= parameter; 
then by the nature of the curve (Prop. XVII.) ry 


= 37, and:x = — = CN, and the ſum of all the 
CN or of all the = (by Prop. III. Arithmetic of 


3 
infinites) is + * S area ANC; and putting & for 


=, the area ANC = + xy =42 AC x CN, and 


conſequently the area ADG = + AD Xx DG. 
Whence the area ANGB = A AD x DG or 4 AB 
Xx BG. And the area FAG = AB x FG. 


Otherwiſe, 


Suppoſe AB divided into an infinite number of 
equal parts, thro* which draw the ordthates as PM. 


Then ſince rx = yy, we have y or PM = \/rs = 


rx x*. And (Prop. V. Arith. Infinites) the 
fum of all the PM's is = VEL = Hen Nn 


= 2.yx for the area APM. Whence the area ABF 
= 4+ ABX BF, and the area FAG = AB x FG. 


Cor. The area of the complement ANGD = + AB 
x BG. | 
PROT. 


4 


TN 


# 
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e * Fig. 
PR OP. LVI. 


4 parabolic conoid is + its circumſcribing cylinder. 61. 


Let AB be the axis, and ſuppoſe it divided into 
in infinite number of equal parts; thro* which let 
circular planes be drawn as MN, then all theſe 
circles make up the ſolid. Let AP x, PM = 
y parameter = 7, c = 3.1416. Then (XVII.) 
rs = yy, and crx = cyy = circle MN. And 
(Prop. II. Arith. of 'Infinites) the ſum of all the 
crx : 5 
r = TT N 2 cru = 5 OXY = z AB x cir- 


G 


cor. The ſolidity of the fruſtum FMNG is equal 
to cylinder whoſe hight is PB the hight of the fruſa 
tum; and baſe, half the ; am the baſes of tbe 
. 
Let F = fruſtum, PB = , FB S B, then F 
7 | 
== x * + þ—=x, But (XVI.) x: yy ::x + 
5: bb, and bbx = Yx ＋ Yb, therefore 2F (cbbæx 
+ bh — q =) cyyx + cyb + cbob — qyyx = 
| cbb + cyy | 
2 


ob + cbbþ, and F =- x B. 


| PR OP. EVIL | 
The content of a parabolic ſpindle, or of the ſolid 62. 
made by the parabola revolving round the ordinate BG, 


Sy at 2 a 
ey the circumſcribing cylinder. 


Let BG = 4, AB = B, GP =x, PM =y, » 
= Parameter, c = 3.1416. Then (IV. Cor. 1.) PM 
Xr = BG + BP x PG, or ry = 2ax — xx, and 

T7 


FOR 4 wt 25s SRL — — ws ———— 2 
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Fig. 20X — XX 4a — 4ax ; ＋ x 
circle PM. the 


Then if GB be divided into an infinite number Wl 2 
of equal parts, and circles as PM drawn through 31 
them, the ſum of all theſe conſtitute the fol, 


| or 

But (Arith, Inf, Prop. III.) the ſum of all the = 
: wt 

aa 3 | 5 3 


8 S and (V.) the ſum of all 8 = = There. 
fore the content of the ſolid GPM = * : 4 gap 
—ax+* + 5 x5. And when æ becomes BG or a; 
then the whole fold = = X 4 85 — &5 +2 = 


HA 
n but 76 = aa, and rrbb = a+, There. 


a ans <a -s, =! 
| fore, folid ABG = —X5-rrbba 15 cbba = - 
circle AB x GB. 5 

61. Cor. The ſegment of a parabolic ſpindle ANOB 

is equal to a cylinder, whoſe baſe 1s eight times the 

greater baſe AB, together with three times the leſer 

_ *- baſe NO, and alſo four rirties which are mean pro- 

portionals between the two baſes ; and the hight -- the 
bight of the fruſtum. 5 f 

ier . „ AB = 5, c 


1h 
A 


2-14.76, NO =". And rs = 5y; then x ( 

= _ CN, and the area deſcribed by CN revolving ; 

about BO is = c Xx OC* C Xx ON* c cx - 

„ | out : 

„ 5 — * = 20bx — (XX © _— Therefore if 
a . . rr 
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AC be divided into an infinite number of equal Fig. 
parts, and planes drawn thro? them, the ſum of all 61. 


the circular annuli compoſing the fold ACN = 


dv - Of er 3 
* This taken from the cylinder ACOB 
3 

2 2chw3 O95 
or cbby, leaves cbby — 7 —— * — cbby — 
ch + — xy == eb — — cby x 52 — t + = cy 


— 8 | 
x þb —t * 75 cbby + 2 cbyt = E oott. 


PROP. LVIII. Prob. 
Te deſcribe a parabola by continued motion. 


1 Way. | 
Having a diameter, the latus rectum, and the 
anole the tangent makes with the diameter. Pro- 
duce the diameter PA, till AG be equal to the la- 
tus rectum; draw the tangent AL, and make the 
angle ACD = GAL. = BAC. Then if the an- 


' gle BAC be moved about the fixed point A, whilſt 


the leg AB carries with 1t the end D of the ruler 
DM, along the line GD, and DM keeps always 
parallel to GA. Then the interſection of DM 
with the leg AC, at M, will deſcribe the parabola 
AMF. | n 

Draw the ordinate MP parallel to AL, the lines 
PM, GD are equal, as being equally inclined to 


are ſimilar; for MPA = GAL = AD, and ſince 


-; 


. 
— 


— 


the parallels GP, DM. The triangles AGD, APM 


GAL = BAC or DAM, take away DAL, then 


GAD = LAM = AMP. Whence AG: GD: : 
PM: AP; that is, latus rectum: PM : : PM: AP, 
and AP x latus rectum = PM*; therefore (XVII.) 
AMF is a parabola. | | 
. If AP is the axis, then the angles GAL, AGD, 
DAM, APM, are right angles. Then it appears 


at 
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63. 


64. 


at once, that DL or AG : AL or PM : : AI. Q 


Then if the figure FHBLQ be fo moved that H; 


PM: HF: : AP: PM. Whence HF x AP = 


ſcribe two arches cutting one another in K. Like- 
wife from H and F, deſcribe two arches cutting 


THE PARABOLA. 


PM: LM or AP. | VEE 
2 Way. 

Let AP be a diameter, AC a tangent at A. Pro. 
duce the diameter AP, and make . iſoceles tri. 
angle HBL, where BL is parallel to AC, and dray 
HLIQ,; draw HF parallel to AC, and equal t 
the latus rectum; alſo draw ID parallel to Ab. 


always ſlides along the diameter HA, and HQ 
moves the line ID along CA, always parallel to 
itſelf, whilſt the point F turns the line GK about 
the fixed point A. Then the interſection M, of the 
lines AK, ID, will deſcribe the parabola ACM. 
For draw the ordinate PM. Then fince HB = 
BL; therefore HA = AI = PM. And the trian- 2 
les AHF, APM being fimilar, it will be AH or 


PM? ; therefore (XVII.) the point M is in the pa- 
rabola. | 
SCHOLIUM. 
A parabola may likewiſe be deſcribed by Def. 1, 


© 0 OP; 0 Pos. 


The axis aud parameter being given, to deſcribe a 
parabola , by finding ſeveral points in it. 


1 Way. 


Let AC be the axis, make AF = AB = - the 
latus rectum, and draw the directrix BD perp. to 
BC, and F is the focus. 

From any point G (above B,) as a center, with 
the diſtance GF, croſs DH at D and H; with the 
ſame diſtance, and from the centers D and F, de- 


each 


5. III. THE PARA BOL A. 
each other in L. Then K, L are two points of the Fig. 


curve. And ſo for more points. | 
For FGDK. is an equilateral parallelogram, and 


20 


65. 


KD = KF. Therefore (Prop. I.) K is in the curve; 


and L L likewiſe. 
2 Way. | 
Let AC be the axis, make AF = AB = * las 
tus rectum. Draw KCL perp. to AC. From 1 the 


center F with the radius BC, cut KL, in K and 


L, which are two points of the curve. And the 
like for more points. 

For ſince BC = FK = FL ; therefore (I. Cor. 2. 5 
K and L are in the curve. 


SCHOLIUM, 


When the parameter is not given, draw an or- 
dinate; and find a third proportional to the ab- 
ſciſa and ordinate, which will be the r 
The reſt as before. 1 
3 Way 

Let AE be the axis, F — focus; let AC = -CS 
= latus rectum, and CS perp. to AE, draw alſo 
AD perp. to AE. Divide CS into any number 
of equal parts, and AC into as many equal 
parts as is the ſquare of CS. Then from the 
ſcale CS, ſet along AD, 1, 2, 3, 4. c. Parts; 
tro all which points draw parallels to AE; and 
on theſe parallels, from the ſcale AC, ſet off Di4 


66. 


9, 16, &c. parts, viz. all the ſquares of the former 


numbers, having their origin at AD. And thro? 
the points where they terminate, draw a ele 
curve for the parabola, as A1 6389. | 

For let CS = x parts, and AC = un parts. There- 


fore the parts in AC to the parts in CS, will be as 


nto1, Now (Prop. II.). 
F@ 24 CS:= * parts of the ſcale cs; 
and AF = 7 AC= r un parts of the ſcale AC = 
| + u parts of che ſcale CS. 
| There- 


o 


as HE PARABOLA. nn 
Fig Therefore FG: FA: : C3: :: 2: 1, as it 
66. ought by Prop. II. And ſince the ordinates 11, 20, 
33, &c. are as the ſquares of the abſciſſa Al, Az, 
Ag, &c. therefore (III. Cor. 2.) all the points 1, bo. 
G, 3, S, &c. are in the curve of the parabola. 


PROP. LX. Prob. 


67. Given am diameter, and the tangent at the ver- 
tex; to deſcribe the parabola, by finding a number 
points in it. : 

| i Way. "EE 
Let AB be the diameter, AL a tangent ; and if 
the parameter be given, produce PA to G, ſo that 
AG may be equal to the parameter; biſſect GA 
C. Draw AF perp. to AP. Take any point O, 
and with radius OG, and center Q, cut the lines 
AP, AF in P and F. Thro' P draw MM paral- 
lel to AL, and make PM, PM = AF. Then 

M., M, will be two points in the curve. 
Fer GP is the diameter of a circle whoſe ordi- 
nate is AF, and therefore GA x AP = AF: ; that 
is by conſtruction, AP X latus rectum = PM.; 
therefore (XVII.) M is in the parabola. And thus 
as many points as you will may be found, and 

then the curve drawn thro? theſe points. 


2 Way. | 
68. If the diameter AP, tangent AL, a point M 
in the curve, be given. Thro' M draw ML paral- 
lel to AP, cutting the tangent AL in L. Prol 

PA upwards, and make AF = LB. Draw A 
sand M, their interſection N, will be in the curve 
of the parabola. And thus any number of points 

may be found. | | | 
This conſtruction is evident from Prop. XXIV. 


$ca0- 
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- The parameter is found, by ſeeking a third pro- 
7 WW ortional to the abſciſſa and. ordinate when drawn. 
J 
| 3 Way. . 
Let AP be the diameter, GAL the 69. 


Make AG. = to the parameter, and draw FG. pa- 

” rallel to AP. Make GF = AL, and draw LM 
of MY calle! to AP. Thro A draw. F M to interſect LM 
In M, a point in the parabola; and fo for more 


3 FH parallel to GA, and the dae 
if Bi p, and draw HL. Then LA = FG = HA. 
ut And the triantzles APM, AHF are fimilar, and 
ul Wi ap: PM:: AH : HF, that is, by conftruc- 
0, bn AP: PM:: AL or PM: AG the latus rectum. 


es WI Therefore (XVII. Cor. 1.) Mis in the curve of | 


ee parabola. | 


4 Wa. 

Let AB be the diameter, AL a tangent. Pro: 
duce BA, and make AE equal to + the latus rec- 
tum, Thro E draw ED perp. to EB, cutting 
the tangent AL in L. Make the angle LAF = 
LAE, and AF = AE. Thro' F 1 — DHC pa- 
rallel to EB; then to the axis DC, and focus F, 
and directrix DE, deſcribe a parabola, by Prop. LIX. 
For bifſe& DF in H, then (I. Cor. 1.) H is the 
vertex, HC the axis; and; ſince AF = AE, and 


70. 


gle FAL = LAE ; therefore (Prop. I. and VIII. 


SCH OLIUM. . 


If the abſciſſa and an ordinate are given. 
| The parameter is found, by ſeeking a third * 
5 portional to the Av=*: and OLeUnAte. | 

5 reſt as before. 


M 
l- 
Cor. 2.) AH is a parabola. 
5 
ve 
ts 
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71. A right line DE being given in a parabola, 10 
Ind its diameter, the axis, parameter, and focus. 


Draw HI parallel to the given line DE. Bifſe& 
DE, HI, in O and G, thro? which draw AO for 
the diameter. | . 

Draw HF perp. to AG and biſſect it in B; and 
draw MB parallel to AG, for the axis. 

Make MB: HB : : HB : parameter of the axis 
Then + the parameter let from M to S gives the 
focus S. F | 

Far ſince DE, HI are biſſected by AG; there. 
fore (XV. Cor. 3.) DE, HI are ordinates to the 
diameter AG. And ſince MB is a diameter (be. 
ing parallel to AG), and biſſects HF at right an- 

gles; therefore (IX. Cor. 2.) MB is the axis, and 
HB, BF, ordinates. The reſt is plain from Prop, 
XVII. Cor. 1. and Prop, II. 


For  ScHoLIUM, 
The parameter of the diameter AG is found in 
the fame manner, by ſaying as AG: GH : : GH: 
parameter ſought. | 10 | 


PROP. LXIL Prob. 


T2. * Any diameter being given in a parabola; to dra 
an ordinate from a given point in the curve. 


1 Way. 


Let AB be the diameter, H the point given; 
thro' H draw HC parallel to AB; and at the fame 
diſtance from AB, on the other ſide, draw DL pa- 
rallel to AB, to cut the curve in L; draw HL, 
which will be a double ordinate to AB. 5 

f : 0 
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For the parallels being equidiſtant, makes HF Fig. 

= FL. 1 9 72 

5 2 Way. | | 

From H draw any line HK cutting AB in G: 

make GK = GH ; thro' K draw KL parallel to 

AB, cutting the curve in L. Draw HL, which 

will be a double ordinate-to the diameter AB. - 
For HG = GK; therefore by reaſon of the pa- 

rallels, HF is = FL. © ES 


ig 


PROP. LXIII. Prob. 


To find a diameter in a parabola, that makes a - 2. 
given angle with its ordinates. | ws 


Draw any diameter DO (LXI), and make the 
angle ODC equal to the angle given, ſo that DC 
cut the curve in C. Biſſect DC. in B, and draw 
the diameter AB parallel to DO, for that required. 

For DB and BC are ordinates to the diameter 
AB, and the angle DBA = ODB = the angle given. 


Cor. There will be two diameters which anſwer 
this Prob. and equally diſtant from the axis; except the 
groen angle be right, and then the axis is the diame- 
rr ſought. | 


PROF.. 


To any given point M of a parabela, fo draw a 74+ 
N... | 1 85 „„ 
Find any diameter AB (LXI.), and thro' M 
my MC parallel to AB. Find an ordinate DC to 
he diameter MC (LXII.); thro? M draw MT pa- 
uel to DC, ſo is MT the tangent ſought. 
This appears by Def. VII. | 5 

E 8 | 2 Way. 


— OO ee EI 


| 
| 
| 
| 
| 
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77. 
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2 Way. 

Draw any diameter AB, from M draw an ordi. 
nate to it MB (LXII.); make AT = AB, and 
draw TM the tangent at M. | 

This is plain from Prop. XX. 


3 Way. 

Draw MF from the given point to the focus; 
and draw ME parallel to the axis AB. Make ME 
= MF, and draw FE. Then draw MT paralle 
to FE, for the tangent in M. 

For in the iſoceles triangle EMF, <E = CF,; 
and ſince MD is parallel to EF, < DMF = MFE 
= MEF = TME. Therefore (VIII. Cor. 3.) MT 
is a tangent at M. 


4 Way. 

From. the given point M, draw MG parallel to 

the axis AB; and make MG = MF. Draw GF 

and biſſect it in D; draw MD for the tangent at M. 
By Prop. VIII. and Cors. 


8 

Having the directrix CG and the focus F; dis 

MF from the given point to the focus; draw FI 

perp. to MF, to cut the directrix in T. Then 

draw MT, which will touch the curve in M. 
By Prop. XXXIII. Cor. 3. | 


PROP. L&Y: Proc. 


From a point given without the parabola, to dran 

a tangent to it. 
1 Way. | 
Thro' the given point T, draw the diameter Ab; 
and make AB = AT, From any point D in b 


curve 


„ 74-5 pr ORE? 


| Þ NO 55 


4 


F 
4 


* 


—— 
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curve, draw the ordinate DC (LXII.); and thro' B Fig. 

draw MN parallel to DC. Then MT, NT, drawn, 78. 

will be tangents at M and N. es” 
This appears by Prop. XX. 


2 Way. 
From the given point T draw any line cutting 79- 
the curve in H and C. Find FL a mean propor- 
tional between TH and TC. Thro' L draw the 
diameter FL cutting the parabola in F, the point 
of contact. 
This is plain by Prop. XLIII. Cor. 2. 


P RO F. - LATE - ub 


Given the focus F of a parabola, and three points 80. 
in the curve M, N, P; 10 deſcribe the parabola. 


I Way. | 

Thro' N, M, and alſo N, P, draw the lines NK, 
NI. And draw MF, NF, PF, to the focus. 
Then make FN: FM: : NK: MK; and FN :: 
FP: : NI: PI. Thro' K and I, draw the line KI, 
nd FT perp. to it from the focus. Biſſect FT in 
A, for the vertex. Then with the focus F, and 
drectrix IK, deſcribe a parabola thro? the point M 
(Prop. LIX.), which will paſs thro? the points N, P. 

Draw NG, PL, MH perp. to KT. Then by 
conſtruction, FN: FM : : NK: MK :: (ſimilar 
angles) NG: MH. Alſo FN: FP: : NI: PI: : 
(imilar triangles) NG : PL. Therefore MF, NF, 
F are to one another, as MH, NG, PL. Conſe- 
quently, fince MF = MH; therefore NF = NG, 
nd PF = PL. And all the points M, A, P, N, 
(Prop. 1.) are in the parabola. | 


| — 2 Way. p 
From N thro' M and P, draw the lines NO, NB; 
thro F draw NH, alſo draw MF, PF. Draw FO 
| | | 8 2 | biſſecting | 


$1. 


——— anotodt «4 -4 . 
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Fig. 
„ 81. 


82. 


focus is given, may be deſcribed thro' three given 


(XXV. Cor. 30) the points M, P, N, are in tie 


THE PARA BOL A. 


biſſecting the angle MFH, cutting NM in O. Alb 
draw FB biſſecting the angle PFH, to cut NP in 
B. Thro' O and B draw the line OB. Then with 
the focus F and directrix OB, deſcribe a parabok 
thro* the point M, which will alſo paſs thro' the 
points N, P. 

For (Prop. XXXV. Cor.) if N, M, be tuo 
points in the parabola; FO will cut NM in the 
point O of the directrix OB. And if N, P, be 
two points in the parabola; FB will cut NP inthe 
point B of the directrix OB. Therefore the dire. 
trix and focus remaining the ſame, all the three 


points M, N, P, are in the ſame parabola, 


- SS inn. 
After a like manner an ellipſis or hyperbola whoſe 


points; by the help of Prop. LXIII. B. I. and 
Prop. LIX. B. II. 


PRO Foz. 


To deſcribe a parabola thro* three given points, and 
whoſe diameters ſhall make a given angle with the o 
dinates. te 


| Thro' two of the points M, N, draw the right 
tine MN, and thro' the point P, draw the diame- 
ter PF, making the angle PFM = angle given. 
Thro'G the- middle of MN, draw the diameter AG 
parallel to PF. Then make, as rectangle MEN: 
MG* : : PF: AG. Then make as AG: GM:! 
GM: AH the parameter of AG. Laſtly, deſcrivi 
a, parabola with the diameter AG, and latus rec 
tum AH, this will paſs thro' the points M, P, N, 
as required. | 


For ſince MFN : MN: : PF: AG; therefor 


| parabola 


— . 1 
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, abel. And << AGM = PFM = angle Fig. 
82. 

MS | | . 
"EN PROP. LXVIIL Prob. 
* To draw 4 tangent to a parabola parallel to a given 
_ [i CD. POE EE ] 
1 Draw the directrix AB; thro? the focus F, draw 
* H perp. to the given line CD, to cut the direc- 
ec. in B. Draw BP parallel to the axis AF. Biſ- 
nel ent BE in G, and draw GP parallel to CD, cut- 

ing BP in P, and GP will touch the parabola in P. 

For draw PF ; then the triangles BPG and FPG 

we ſimilar and equal. For the angles BSP and 
* FGP are right angles, being equal GHD. And 
0 BG = GF, and PG common, therefore PB = PF, 
"2 whence (Prop. I.) P is in the parabola, and (VIII.) 
ages a tangent. 5 

PROP. LXIX. Prob. 
1 Aout a given line as 4 diameter, 1o deſcribe a co- 84. 

1 wc ſaction, to paſs tbro a given point P; and ſo as the 


ninates may make a given angle with the diameter. 


| Let AB be the diameter, from P draw PQ mak- 
ng the given angle with AB. Biſſect AB in C, 


215 


83. 


ad draw CD parallel to PQ. Then if Q fall be- 


e been A and B, make as rectangle AQB: QP*: : 

uy AC : CD*. Andwith the ary Px CEL 
N ecnbe the ellipſis ADP B. | 5 
cube But it Q fall below B, with the ſemidiameters 

s c Ac, CD, deſcribe the hyperbola BBF. 


Laſtly, if AB do not terminate, but is infinitely 


e L, the latus rectum of AQ. Then wit the dia- 
in enter AQ, and latus rectum L., deſcribe the pa- 
-abola hola AP, for that required. 


S 3 Ts All 


ertended towards B; make as AQ: QP::: QP: 


ats THE PARABOLA 
Fig. All this proceſs is plain from the properties oi 
+ $4. theſe figures before laid down. 


PROP EIXYX. Prob. 


85. To deſcribe a conic ſection to paſs tbro' five yin 
86. points, A, B, 4 D, E. 


Draw lines between the points A, C; and be 
tween the points B, D; to interſect in R. And 
thro? the fifth point E, draw EK, EH parallel u 
BD, AC; meeting them in G and Q. Then in 
| : the lines EK, EH, find the points K, HF, ſo that 
The reectangle ACC: KGE : : ARC: BRD:: EQ 
| BOD; taking QH, GK, towards ſuch parts as the 
problem requires. | | 

Biſſect KE, BD in L, and N, and draw LN 
Alſo biſſect AC, EH, in Pand O. And draw OY 
to interſect LN in F the center. But if LN, Of 

are parallel, the curve will be a parabola. 

Produce FP, FO (if neceſſary) to I and M. f. 
that IF = FM, and that PA“: PA* — OF? : : TI 
FP“: OF — FP}, to this add FP*, and we have 

IF* and conſequently IF or FM, and IM the du 

meter to the ordinates AP, EO. And the ſectio 

may be drawn by Prop. LXIX. 

For ſince IF* — FP* : FO* — FP: : PX 

PA* —OE”, by compounding IF* — FP“: IF 

FO: PR 7's 8 

that is, IPM: IOM: : PA* : OE; (therefore b) 

the properties of the conic ſections) IM is the du 
meter of the ordinates PA, OE. The reſt appea! 

by Prop. XLIII. Cor. 2. B. I. 

The ſame demonſtration ſerves for the hyperbe 

i, 3 mutandis; and by Prop. XXXIX. Cor. 


0 
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Or thus by points. 


mpeziuum ABCD, (or if A or C be infinitely diſ- 
ant, draw them in given directions). From E draw 
EF, EG, parallel to AB, AD. In EF, EG, take 

and N, either both the ſame way, or both the 
contrary ways, from F and G, in reſpect of E; 
ind ſo that EF: EG:: EH: EN. And draw BH, 
DN, to interſect in M a point of the curve. And 
us innumerable points may be found, and the 
curve drawn thro' them. 

If BH, DN be parallel, then M is infinitely diſ- 
unt; or they may be parallel to the aſſymptotes 
o a hyperbola, or to the diameters of a parabola. 

The practice is expeditioufly performed thus; 
nEF and EG, take as many equal parts as you 
ill, at 1, 2, 3, 4, &c. ſo that the magnitude of 
theſe in EF, to thoſe' in EG, may be as EF to 
G. Then thro! all the points in EF, draw lines 
from B; and thro? all the points in EN, draw lines 
from D, and where the correſpondent lines inter- 
ect, will be ſo many points of the curve. 

For (Prop. LXX. Cor. 5. B. I.) ſince EF: EG:: 
EH: EN, then BH, DN, drawn will meet at M 
n the curve. And the like for the hyperbola 
Prop. LXIII. Cor. 5. B. II.). And for the para- 
bla (XXXVII. Cor. 5. B. III.) | 


Cor. 1. If fewer points be given, provided others 
my be found to make up five ; the curve will be de- 
ſcribed in the ſame manner. 


Cor. 2. If four points be given, and the curve is 
to paſs thro* theſe points, and touch a right line given 
in poſition, in one of theſe points. It is only ſuppoſing 
wo points to coincide in one; and then the line drawn 
thro” them, becomes a tangent to that point. And 
then the conſtruction will be the ſame as before. 

8 4 e 


Fig. 
Draw AB, BC, DA, CD, forming the inſcribed 87. 
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Fig. Cor. 3. Likewiſe if the curve is to paſs thro thy 


8 7. Points, and touch two right lines, given in poſition 
in two of theſe points. The conſtruction will be the 


ſame, by ſuppoſing, two and two of theſe points u 


coincide. 


I PROP. LXXI. Prob 


88. To draw a conic ſeftion thro four given points h, 
C, D, E, to touch a right line HI given by poſition, 


Draw. 5 thro? two and two as CE, DB, meet. 
E | | ing in G, and cutting the tangent in I and H. 
— Take GK a mean proportional between GE and 
GC; IP a mean between IC and IE; GN a mean 
between GB and GD; and HL a mean between 
HD and HB, and HQ a mean between HO and 
HF. Then in the tangent HI, find the point A, 
[ ſo that HA: AI:: GR X HL: IPXGN, and A 
will be the point of contact. Therefore by Prop. 
LXX, thro' the five points A, B, C, D, E, de- 

- ſcribe 'the conic ſection, and it is done. 

For (XI. III. Cor. 1. B. I. &c.) rectangle Bob. 
EGC : : DHB: OH F; that is, GN“: GK* : : HL: 
HQ, and GN. whence GN x 
HQ = GK x HL. Again XLIV. Cor. 3. B. I. 
ac) A AN: CY CIE : : HQ* : IP*; and 
AH: M:: HQ : IF: 38K3X GN : IP xGN:: 
GK x HL:IP x GN. - 

+ According to the various ſituation of the points 
| C, D, E, B, and tangent HI, an ellipſis, hyper- 
bola or parabola will be deſcribed. 
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P:-R OP. EXXI. Prob. 


To deſcribe a conic ſeltion thro* three given points, 
B, C, D; 10 touch two right lines given by poſition, 
Hl, NK. | 


Thro two of the points B, D, draw BD meet- 
ing the tangents in H and K. And thro! two 
others of the points, C, D, draw CD, alſo meet- 


ing the tangents in I and L. Take four lines T. 


V, X, X, ſo that TT = rectangle BHD, VV = 
BKD, XX = CID, YY = CLD. Then in the 


ines HD and ID, find the points R, S, ſo that 


HR:KR::T:V, and 18: LS: : X: T. Draw 
RS cutting the tangents in A and E, the points 
of contact. Then thro' the five 
D, E, draw a conic ſection by Prop. LXX. 

Draw IF parallel to KN, meeting the curve in 
O and F. And make IZ. = OIF. Then ſup- 
poſing A, E, the points of contact, (XLIV. Cor. 3.) 
reftangle OIF or IZ* : LE! :: CID or XX: CLD 
or YY. And IZ: LE: : X: : : (conſtruction) 
IS: LS. Therefore the points 8, E, Z, are in 
one ſtreight line. Again let the tangents meet in 
G, then rectangle OI F or IZ“: IA! : : GE* : GA. 
And IZ: IA: : GE: GA; therefore the points E, 
Z, A are in one right line. 
ſoning the points E, R, A, are in one right line. 
Therefore the points A, E, are in the right line 
RS. That is, the points of contact lie in the right 
line RS, as determined in the conſtruction. : 


219 
Fig. 


points A, B, C, 


And by the ſame rea- 
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Fig. | 


90. 


PROP. LXXIII. Prob. 


; To draw a conic ſection thro' two given points D, 
E; to touch three right lines, TG, TH, CH, given 
in poſition. ; | 


Thro' the given points D, E, draw the line FO, 
to cut the tangents in G, Q, and P. And let XX 
= KQD; YY DGE, and ZZ:= EPD. And 
make, as FQ: FG::X:Y. And GK: PK:: 
: Z. And from F draw FH to the interſection 
of the tangents TH, CH. And make FI: FH:: 
IM: MH. Thro' K, M, draw a line interſecting 
the tangents AT, CH, in A and C the points of 
contact. Thro' F and A, draw a line interſecting 
the tangent TH in B the point of contact. Then 
thro' A, B, C, D, E, draw a' conic ſection, by 
Prop. LXX. | 
For ſince GK: PK: T: Z, therefore GK: 
PK* : : Y* or DGE: ZZ or EPD; therefore 
(Prop. LIV. B. I.) K is in the line joining the points 
of contact A and C. Alſo ſince FQ: FG: : X: 
Y, and FQ* : FG* : : EQD : DGE; therefore 
(LIV. B. I.) as FQ cuts the tangents TG, TO. 
in G and Q, F will be in the line AB, joining the 
points of contact A and B. Alſo for the tangents 
TG, HC; IM“: MH*:: LIN: LHN. And for 
the tangents TG, TH; FF : FH* : : LIN: LAN. 
Therefore IM.: MH* : > Fr: FH And IM: 


MH: ; FI: FH; therefore by conſtruction, the 


point M 1s in the line AC. Whence both K and 
M being in the line AC, determines the points of 
contact A and C; and FA drawn determines the 


point of contact B. Whence the five points A, B, 
E, C, D, are given, 


PROP. 


e — 1 1— 
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B, III. 
P RO P. LXXIV. Prob. 


To deſcribe a conic ſedbion thro' a given point E, 91. 


o touch four right lines, OT, TH, HR, RO, given 
it poſition. 


Draw the diagonals TR, HO, to interſe& in 
I. Thro' K and the given point E, draw FQ; 
cutting the tangents in G, P, Q. Then find the 
point D ſo that KG“: KP* : : DGE: DPPE; then 
D is another point of the curve. Therefore by 
the laſt Prop. draw the curve thro' the two points 
D, E; to touch the lines TO, TH, HR. 

Or thus; find the point F, ſo that FQ* : FG* :: 
EQD : EGD. Then draw FH, and find the point 
M, fo that FI : FH:: MI: MH. Thro' K and M 
draw CA; and thro' F and A, draw FB. Thro' 
Band K, draw BS. Then A, B, C, S are points 
of contact; thro* which and the point E, draw the 
ſection, by Prop. LXX. BY 

For (Prop. LIV. Cor. B. I.) the lines joining the 
oppoſite points of contact, pals thro K. And fince 
KG”: KP* : : DGE: DPE, (LIV. B. I.) D will 
be in the curve. And ſince FQ cuts the tangents 
TO, TH, and it is FO: FG* : : EOD: EGD; 
therefore (Prop. ib.) F is in the line joining the 
points of contact A, B. Alſo ſuppoſing M in the 
line AC, drawn thro' the points of contact of the 
tangents TO, HR; then (LIV. B. I.) MF : 
MH* : : LIN: LHN : : (for the tangents TG, 
TH) FI“: FH*. And MI: MH : : FI: FH. On 
the contrary, ſuppoſing Ml: MH : : FI: FH, then 
M will be in the line AC. Therefore a line drawn 
thro' M, K, will paſs thro' the points of contact 
A, C. And a line from F thro? A, paſſes thro? the 
point of contact B; and laſtly, a line drawn thro? 
B and K (LIV. Cor. B. I.), will paſs thro' the other 
point of contact 8. | 
PROP. 
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PROP. LXXV. Prob. 


92. To deſcribe a conic ſection, to touch five lines given 
in poſition, GT, TH, HR, RO, OG. 


Take any four of the tangents forming a quadri- 
lateral as IGTHI, leaving out the tangent OR; draw 
the diagonals IT, GH to interſect in L. Then 
leave out the tangent OG, and draw the diagonals 
of the quadrilateral K TH RK, to interſect in M; 
draw LM, to cut the tangents in A and C, the 
points of contact. Go thus round the figure; leay- 
ing out ſucceſſively the tangents GT, TH, HR; 
drawing the diagonals of the trapezia DHROD, 
ZROGZ, FOGTF; interſecting in N, P, Q. 
Then MN, NP, PQ, QL being drawn, will in- 
terſect the tangents in the points of contact, B and 
S, C and E, S and A, E and B. Then thro' the 
ints A, B, C, 8, E, deſcribe a conic ſection by 
rop. LXX. | 
For (Prop. LIV. Cor. B. I.) the interſection of 
the diagonals of the trapezium IGTH, which is 
L. And alſo of the trapezium KTHR, which is 
M, are in the line AC, drawn thro? the points of 
contact A and C. Likewiſe the interſection of 
the diagonals of the trtpeziaKTHR, and DHRO; 
that is, M and N, are in the line BS, drawn thro 
| the points of contact B and S. Thoſe of DHRO 
and ZROG, N and P, are in CE. Thoſe of ZROG 
- and FOGT, (P and Q), are in SA. Thoſe of 
FOGT and 16TH (Q and L), are in the line EB. 
Therefore A, B, C, S, E, are the five points of 
contact. 
When the center or focus is given, it is equiva- 
lent to two lines or points; and an aſſymptote to 
an hyperbola, to two tangents. 


| Many 
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3. 1. THE PARABOLA: 


have here given, are abundantly ſufficient for an 
introduction. . | | 
PROP, LAXFE 


If a cone ABC be cut by à plane LDG parallel to 
the fide of the cone AB, the ſeftion LDG will be a 
parabola. . | | = 


Draw the plane ED parallel to the baſe BGC. 
Then ſince AB is parallel to the plane LDG; a 


plane touching the cone in the line AB, will be 


parallel to LDG; whence. arch BL = BG, and 
BI paſſing thro* the center of the baſe is perp. ta 
LG, and LI = IG. And by the nature of the 
circle, the rectangle BIC = IL*. From the vertex 


223 
Many more problems might be added; but what Fig. 
92. 


93. 


D draw DI. Then by ſimilar triangles AE: ED: 


ED x DI 


M:C= „ therefore BI x IC = ILz, 
BI x ED xDI - 

becomes AE — = IL , or FN DI 

IL. But AE and ED are given quantities; there- 

fore make AE : ED: : ED: L; then = =Þ, 


and L x DI = IL*. Therefore (Prop. XVII.) 
the curve LDG is a parabola, and L the parameter, 


Cor. 1. The latus retum = KF er a third pro- 


. 8 AE and ED. And if F be the focus, 
DF = IAE. | 


By Prop. II, 


Cor. 2. Let DP be perp. to AB, then in a right . 


cone, 2PE, = the latus rectum; and DF = + PE. 
For if AN be perp. to ED, it biſſects it, and the 


triangles AEN, DEP are ſimilar; and AE: EN 


or 


94 


95 


AL are ſimilar and equal, and AH = AL =ED, 


| 96. 


Cor. 3. F AF be perp. to the baſe of the cone, and 
AP perp. 10 DI the axis of the parabola; and if 
AN = AP, and HNG drawn parallel to the baſ 
BC; then HG is equal to the latus reflum. And HA 
(on the oppoſite fide) = ED the diameter at the ver- 
tex D. Z 7 

Draw AL parallel to BC, then the triangles AHN, 


And by ſimilar triangles (AED, AHG) AE: ED: ; 
2 ED 8 88 
AH or ED: HG = IF - (Cor. 1.) latus rectum, 


Cor. 4. if MVN be a right cone, F the focus of 
the parabola ARZ. And if AG be made equal to 
AF; the circle Gl, parallel to the baſe of the cone, 
will cut the plane of the parabola in the line ED tht 
direfArix of the parabola. 1 
For (Prop. I. Cor. 1.) if DE be the directrix, 
then AD = AF = (by conſtruction) AG. And Wl 
ſince AN = AK, the triangles ANK, AGD are 
ſimilar, and DG parallel to NK; that is, Gl pa- 
rallel to MN, will cut the parabola in the line DE. 


Cor. 5. In a right cone VMH, if F be the focus, 
and AG = AF, and the circle GNI be drawn pa- 
rallel to the baſe. Then the diſtance of any point P 
of the parabola, from the focus; that is PF, will be 
equal to PN, the diſtance of P from the periphery of 
the circle GNI. | : 

For let PQ be an ordinate, and draw Qs paral- 
le] to the baſe of the cone; then ſince the plane 
SQP is. parallel to the baſe, SG will be equal to 
PN, becauſe in a right cone the ſegments of the 
ſides contained between parallel circles are equal. 


And 
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B. Il. THE PARA BOL A. 225 
And es AQ 5 * and 2 8 AG, DE being Fig. 
the directrix; therefore DQ = SG. But (Prop. I. 1 
FP = DQ = 3& = FIN. * & 


SCHOLIUM. 


From this Prop. the reaſon appears, why the 
Parabola is called one of the conic ſections: and 
that is, becauſe a cone cut by a plane parallel 
to one of its ſides, will always form the curve call- 
ed a parabola, as we have ſhewn in this propoſi- 
tion. The properties of which curve we have de- 
monſtrated at large in this Book ; and of the other 
ſections in the foregoing books; and that from the 
mechanical deſcription thereof upon a plane, with- 
out regard to the' cone or any other body what- 
ever; without analytical calculations; without har- 
monical ratios; but by the pure ſyathetic method 
of demonſtration. | | 
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| THE 
PRE 


HE enſuing Treatiſe, which is concerning curves 
of higher kinds, I have given here, as a proper ſe- 
quel to the Conic Sections. And to proceed gradually, 1 
have in the firſl Book given account of many of the 
tommon ſort of curves, as the Conchoid, Ciſſoid, Cy- 
chid, Sc. and ſeveral ſorts of Spiral Lines; which 
will oblige theſe people that want to be acquainted 
with the nature of theſe curves. And as the reader 
ill often meet with the mention of theſe curves, 
therefore be ought to know the nature of them, and 
| their eſſential properties; and this is what every one 
ought to be acquainted with, that expect to make any 
great advances in this branch of ſcience. And in 
handling theſe, I have taken the ſhorteſt way of de- 
nonſtration I could find, whether geometrical or alge- 
braical. But I have purpoſely omitted ſuch properties 
as could not be demonſtrated without having recourſe 
to fluxions. And for this reaſon alſo I have ſaid no- 
thing about ſeveral other curves of like ſort. 

In the ſecond Book I have treated of ſuch general 
properties, as belong to all curves univerſally. In 
deck. 1, are laid down ſeveral theorems about the 
transformation of curves. By the help of ſome f 
theſe theorems, the area of one curve being given, or 
perbaps the length; the area of the other may be de- 
lermined. By others, their lengths, ſurfaces, or ſo- 
dities may be found. And this by common geometry 
vithout the help of fluxions. 


I; ® —_— 


iv THE PREFACE. 
In the ſecond ſection are laid down ſeveral prope. 
fitions, relating to all ſorts of curves in general, their 
nature and properties. By theſe are determined th: 
Poſition of the axis, the ordinates, and their aſſymy- 
totes, if they have any; and what curves have aſſymy- 
totes, and what not. In this part I bave given the 
learner a taſk of the higher geometry; and here is a 
large field, for any one that has a mind to exerciſe hi; 
invention therein. 

In the third ſection you have ſeveral propoſitions 
concerning curve lines, drawn from fluxions, and 
which are ſerviceable for inveſtigating the nature if 
fuch curves. When the reader is acquainted with all 
theſe things as an introduction, be may proceed with 
pleaſure to read other books on the ſame ſubject, and 
particularly that inimitable piece of Sir F. Newton's, 
entitled, An Enumeration of Lines of the third Or. 
der. And therefore I bope, what is bere delivered, 
vill be grateful to all lovers of geometry, and parti. 
cularly to ſuch as defire to make any conſiderable pro- 

 greſs therein. 


W. Emerſon. 
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DEFINITIONS. 


DEFEN; -L 


Q is a ſtreight ruler in which the points A, Fig. 
B are fixed. Then if this ruler is ſo mov- 1. 

ed that it always paſſes thro' the fixed point P, 

whilſt the point B ſlides along the right line CD. 

The curve NAFG deſcribed by the point A, is 

* a Conchoid, or the Conchoid of Nichomedes. 


DEF. N. 


If B be between A and P, the c curve AFG is 
called the Superior Concboid. 


D E. F. III. ; | 7 | | * 
i a is between P and B, the curve ag is called 
the Inferior Conchoid. 


D E F. IV. | 
If PT is perp. to CD, and if Ba in the inferior 2. 


conchoid, be greater than TP; ; the curve 2 
is called the Nodated Conchoid. 


7 D E 3 
K The fixed point P is called the Pole or Centir of x: 
the conchoid. 
* "DB Oc: 


I, 


; 1. 


D E F. VI. | 
The line CD is called the Directrix of the con- 


choid. wy 5 
S 
All lines as AB comprebended between the curve and 
direfrix, are equal, which paſs thro the pole P. 
This is evident from the generation. 


Cor. If BTF be perp. to the direfirix CD, any 
line AB, comprebended between the curue and direc 
trix, and paſſing thro' P, is equal to the perpendicular 
FT. : 


PROP. I. 


1. | The dire&rix of the conchoid CD is an aſſymptote 


to the curve; or approaches infinitely near, but never 


 #ouches it. 


From any point A of the curve, draw AP to 


the pole, and AH perp. to CT. Then the trian- 


gles PBT, ABH are ſimilar, and BP: PT : : AB: 


AH = — . Then ſince the diſtance of 


the point A from CD; that is, AH is always reci- 
procally as PB; AH continually diminiſhes as PB 


1ncreaſes, and when PB is infinitely great, AH will 


be infinitely ſmall. Therefore CD is an afſymp- 
tote to the curve. 


And the ſame reaſoning may be applied to the 


inferior conchoid afg. 


THE CONCHOID. B.1, 


al l. THE CONC HOID. 
PROP, m. 


F s 


If from any point A of the curve, AH, Fre be 3. 


drawn perpend. to the direfirix HT; and AL parat- 
hl ta it. And if the quadrant FGK be deſcribed 
cutting AL in G. Then PL x LG = TL x LA. 


For the Ga AHB, TLG, are ſimilar and 
qual; for the angles at H and L are right. And 
AB = = TF = TG, and AH = TL; therefore 


BH = GL. Alſo the triangles ' ABB, ALP, are 


ſimilar; whence AH: HB : : PL: AL; that is, 
TL: GL : : PL : AL; therefore Ph x IG = 
TL x AL. 


Cor. 1. The ſame things ape AG = BT, 
aud GL = HB. 

For AL = HT, and GL. = HB; therefore by 
ſubtraction, AG = BT. 


Cor. 2. This Prop. holds vood alſo in the inferior 
This — 
s appears by applying e ſame demo 
N to the inferior conchoid, denoted by mall 
etters. . 


Cor. In the inferior conchoid, gl = bb. 
P RAE I. -: 


In the ſuperior conchoid, . if PTF and AH be 


perp. to the direfirix HT, and AL parallel 10 it. 
11 TFE. — AH“: / ETEE AL. 


For by Prop. III. TL: GL : : PL: AL. 


| = 


TE : GI. :: PL* : AE. But GE? = GF* 


TIL. = TF* — AH*; therefore TI. : F — 


AH! : : PL“: AL. 


T4 | Cor, 


THE CONCHOID. B. I. 


Fi ig. Cor. Hence putting 1 FT =atr =5s, ov TH 


—— — ter 


3. = x, ordinate HA = ; then the equation of th, 


Superior conchoid is — 2. = =x= AL, or 
being reduced yo + 2by + 2 — 44 ＋ xx X oy — 
8 


P RAE 
In the inferior conchoid, if pft and ab be perp. to 


the diredtrix bt, and al parallel to it. Then il: if 


— ab' :: P: aÞ. 


For (Pr. III. Cor. 2.) 11: PI: al. And ili: 
: : PF : af. But g = Ft = ba — ab = if 
— ab; therefore 2 : iff — ab:: Pl: al.. 


"Cor. I. Hence putting if -= a, P = 6, axis th 
= x, ordinate ha = y, the equation of the inferior 


conchoid will be — ee 11 
when reduced, y* — 25 + Hh — as + 3x X »y + 


2aaby = aabb. 


Cor. 2. The ſame equation bolds for the nodated 
conchoid, all the difference being, that a ts here greater 
than b. | 
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Of the CIS S OI D. 


* DEFINITIONS 


DEF. I. 


ET ABG be a circle, C the center, QED a Fi 
ſquare; alſo P, F two fixed points in the lines by 
AP, ED, ſo that GP = radius CG = EF = FD. 
Alſolet CD produced ad infinitum, be perp. to CP. 
Let the ſquare QED be fo moved, that the ſide 
2 — paſs thro? the point P, whilſt the 
ſlides along the right line CD. Then the 
point F (the middle of ED) will deſcribe the curve 
GBF, led the Ciſſoid, or the Ciſſoid of Diocles. 


5 DEF. Ik 
The circle ABG is called the Generating Cirde. 
DEF. III. 


The line CD is called the arne | 


PROP. I. 


If AB and BG be quadrants, the ciſſoid paſſes thro 5 
the point B. 


For when the ſquare PED comes into the poſi- 
tion PCB, then the angles C and E being right, 
EF falls u nt GB, CB, and F upon B, cutting off the 
quadrant 


PROP. 


Fi3. 


THE CISSOID. 3.1 
PROP. I. 


om any point F of the curve, FL, be drawn 


parallel to the direttrix CD, to cut the circle in M. 


Then LM, LG, LF, are in geometrical progreſſion. 
For draw GH parallel to CD, and FH parallel to 


AG. Then the triangles CPR, ERD are ſimilar and 


equal. For the oppoſite angles at R are equal, the 
angles at C and E are right, and CP = ED, 
therefore CR = ER, and conſequently ER + RD 


= CD. Let LF or GH = x, LG or FH = EH =», 


AC = a. Then FO =y— 4, OD VAD 


 —— — 
= Va - 5-4 = Va—y+2qQ—7= 


Vi - y. And OF FD = OF + OH =y, 


The right angled triangles F OD, El ERD are ſimilar, 


whence OD: 10 ED : 3 And by com- 


| pounding, OD: OF + FD: : ED: ER + RO or 


CD; that is, hat is, ac — 39 * 5: 24: & + OD or 
x + A — 55 therefore x ABCS + 209 — 
„ = 2ay, and x /2ay — Y = , but by nature 
of the circle, LM = Va — Y, therefore LM 
(Vi- : LGG) :: LG (9) :LF (). 

Cor. 1. Hence OD LM, the ordinate of the 


circle. 
For OD was = \/2ay — , and __ _ 
Vp -. 5 


. FH = . 
equation of the curve is 2axx — h = 


For x \/2ay — yy = yy, and by ſquaring, 24yxx 
— Y 3; and Tan z2axx — JXx = .. 


Cor. 
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7 
Cor. 3. The four lizes AL, LM, LG, LF, are Fig- 
6. 


in continued proportion. 
* by the nature of the circle AL: LM: : LM: 
: : (by this Prop.) LG: LF. 


Cor. 4. Produce FL to N, and draw NC, 1 | 


wil CD = F N. 
For LF = CO, and NL = LM = (Cor. 1.) 
OD, therefore NF = CD. 


Cor. 5. H: A.:: + FEE. 
For y: 2a—y :: xx: Y, by Cor. 2. 


PROF. III. 


F thro any point of the curve FB; LF be drawn 
perp. to the diameter AG, cutting the circle in M; 
and the line GFV be drawn, * the circle in V. 

then arch AV = arch GM. 


For (Prop. II.) LM: LG:: LG: LF: : ( Imi- 
| hartriangles) GZ: ZV. And LM*: LG. :: GZ“: 
ZV-; is, ALG: LG“: : GZ*: AZ G. And 
dividing the antecedents by LG, and the con- 
ſequents by GZ, then AL: LG: GZ: AZ. And 
compounding, AL + LG: LG. GZ + AZ: 
AZ; that is, AG: LG:: AG: AZ; therefore 
LG = AZ, and LM = Zv, and arch GM = AV. 


Cor. r. Arch AM = arch GV. 


Cor. 2. If two lines AM, GV move about the 


points A, G, ſo that their interſection be always in 


the direlirix C ; and if ML be perp. to AG; then 


the interſefion of CFE and ML, at F, will be in the 


erſſoid, 


For by that means the arches AV and MG wil 


be equal; and F will be in the curve by this Prop. 


Cor. 3. The lines AO, GO, DO are all * 
| or 


— - 
— agen do 
* 


r HE IS orb. I 
Fig. For the triangle AOG is iſoceles, and ſince AC 
7. = CG, therefore AO = OD. 


| Cor. 4. The line AM = ID = GV. 

For AO = OD, and by reaſon of the equal 
arches VB, BM, IO is = OM; and ID = AM 
or GV. 


Cor. 5. T, be lines OI, ov, OF, OM are equal, 
. Becauſe the arches VB, BM, and the lines ZC, 


CL, are equal. 


Cor. 6. The line GF = Al or MD. 
For the triangles AZI, GL are ſimilar and equal. 


PROP. IV. 


8. If GS be perp. to the diameter AG, and from ay 


point F in the curve, FN be drawn parallel to GS, 
cutting the circle in N, and ANS be drawn. Then NF 
= 29. - 


Draw GFV, and produce NF to M. Then fince 
arch NG = arch GM = (Prop. III.) arch AY; 
therefore the angle NAG = AGV ; whence AS is 
parallef to GV. And fince NF is parallel to SG; 


therefore NFOs is a parallelogram, and N — G8. 


Cor. 1. The line IZ = LF. 
For the triangles AZ I and GLF are ſimilar and 


Cor. 2. If NF be drawn perp. to AG, tbro' any 
point F in the curve, and GF be drawn. Then NF, 
GF, LF, are continually proportional. 

For draw NG, then ſince arch NG = arch AV, 


add GV, then NGV. = GVA = a ſemicircle; 


whence NGV or NGF is a right angle. Therefore 
in the right angled triangle NGF, where GL is 
perp to NF, it is NF: GF:: GP: LF. A 

5 = or. 


tic 


„ _— 
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Cor. 3. G8, GF, LF, are continually propor- F 


tional. | 
PROF TT 


If AE be perpendicular to AG the diameter of the 
generating circle ; then AE is an aſſymptote to the 
curve. 


For let GH = x, HF = y, AG = 24. Then 
(Cor. 2. Prop. II.) the equation of the curve is 
A 7 


. > 
4 
© 


8 


9. 


20Xx — y = , and xx = 3 — where EF = 


222 —95 
24 — y. So that as xx continually increaſes, and y* 


cannot exceed 24; therefore 22 — y or EF conti- 
nually decreaſes; and when xx becomes infinitely 
great, 24—y or EF becomes infinitely ſmall J and 


Z 


when y = aa, then æx = _ = infinitely. Therefore * 


AE is an aſſymptote. 
1 PROP. VI 


Tbro any point F of the ciſſoid, draw G H, cut- 


ting the circle in D, and the aſſymptote in H. Then 


GF = DH. 


10 


Thro' D and F draw BD, LM parallel to A H. 


Then (RL) arch AD = arch GM. Whence 
GL = AB, and by reaſon of the parallels AH, 
=>, LF; OF = DE. 2 : 


Cor. The Ine GD = line FI; or the line within 
the circle is = the line without the ciſſoid. 


PROP. 


Fig. Y 
: 2 


8. 


22 . wr 


PROP YE 
Thro any point F, draw NF perp. to AG, and 


Gs parallel is it, als draw ANS: Then GN : GF:; 
LIF. AG: GS. 


= 
* 


For it is fs | in Cor. 2. Prop. IV. that NGF 


is a right angled triangle, and GL to NF, 
Therefore GN : GF :* GL: LF: 2 4 ſimilat 
triangles) AZ : ZI: : AG : GS. 


Cor. AN: NG: : NG: GF:: GL: LF. 
Still by ſimilar triangles. 
PR OP. VIII. 


Thro any point F, draw NF perp. to AG, and 
425 | init alſo draw ANS. The GA: GL:: 
: GF 


For (P IV. Cor. 9 GF:: GF: LF; 


and GS* : GF* : 288 : Gämilr criangles) 
AG : GL. | 
PROP. IX. 
All ciſſeids are fimilar figures. 


This is plain, becauſe the abſciſſæ and ordi- 


_ nates of ſeveral cifloids, will be in the fame ratio; 


when either of them is in a given ratio, to the di- 
ameter of its generating circle. - 
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: Of the CyCLorD. 


DEFINITIONS. 


DEF. I. 


15 a circle DEBL be made to roll along the right Fig 
line AF, until the fixed point D, which at firſt 11. 
touched the line at A, comes to touch it again at 


F; that point D will deſcribe the curve ADGE, 
alled a Cycloid or Trocboid. 


9 n. | 
The circle DEBL is called the n Circle. 


D E F. 
The line DB i the middle of AF, 
þ the 2h of the ahh. 
I 


The baſe of the cycloid AF is equal to the circum- 11, 
ference DEBL of the generating circle. 


For all the particles of the circle are Sunn 
applied to the right line AF; and therefore the 
lum of all, or the whole circle is equal to that line, 
PROER nm. 


| Draw PM. paralle] to tbe 3afe BE, then abe ine 12. 
PM 5s equal to the orb DP. | 


For let the circle DPE come to the place LME; 
ben by che circular motion about C, the deſcribing 


_ 


12. 


13 


- 2 —̃ ů ¶ 
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THE o xt 


Fig. . D will have moved thro' the arch DP. And 
Y 


the progreſſive motion along BF, the point H 


is come to E, ſo that BE = arch BH, which is 


equal the arch DP or LM. But EM is parallel 
to BP, becauſe the arch LM = DP. Whence 
BPME. is a parallelogram. And PM = BE = 
arch BH = arch DP. | 


Cor. The ordinate of the cycloid is equal to the 
ſum of the arch and its fine. AM = DP + AP. 


P R O P. II. 


„AM be an ordinate cutting the circle in P, MT 
a tangent at M. MT is parallel to the cord PD. 


For whilſt the cord BP or EM is deſcribing the 
infinitely ſmall part of the curve at M, the point 
E may be conſidered as fixed for a moment, and 
therefore the ſmall arch at M will be perp. to EM. 
But by the demonſtration of the laft Prop. BPME 


is 4 parallelogram, and EM parallel to BP. But 


the angle DPB in a ſemicircle is alſo right; there- 
fore DP is parallel to the particle of the curve at 
M, or tothe tangent MT. | 


Cor. 1. If ME ze parallel to PB, then ME, i 
perp. to the curve in M. Wo 


Cor. 2. If MT be a tangent, and the cord DP bt 
drawn, then AP: AD:: AM: AT. 
. For DP, TM being parallel, the triangles ADP, 
ATM are fimilar. et Wo: | 
pP RO p. lv. 
If the ordinate GDM be drawn; the length of the 
arch of the cycloid AM is double the correſpondent 
cord AD, in the generating circle. | 
Draw the ordinate Exp infinitely near GDM, 
draw the cord Aon, and Dr perp. to it. T 1 
. | | t c 
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the cw Du is iſoceles; and An biſſects the Fig. 
angle DE. For the angle AuD = AEn = EnA 14. 
2D, by reaſon of the parallels; that is, aD 
10D; and 1D = D, whence ur = + ub. But 
(Prop. Ill. ) the tangent pT is parallel to the cord © 
An; therefore Monp i is a parallelogram, and Mp 
='no = 2nr; that is, the difference of the arches 

ky, AM, is twice the difference of the cords 

u, AD. And as this always Happets till they 
raniſh at A; therefore the whole arch Ap is twice 

the cord An, and the arch AM = twice the cord 

AD. 


Cor. 1. The * of the ſemicychid AMP is 4 
tie the diameter AB, of the generating circle. 


Cor. 2. The length of the whole oycleidal curve is 
fur times the diameter of the generating circle, 


Cor. 3. If GM is an ordinate, then AG, arch 
AM, and 4AB, are in continual proportion. 
For AM. = 2AD, and AM* = 4AD* = SN 
x AB, and AG: AM : : AM: 4AB. 


Cor. 4. AG, arch AM, and 2 AF are in . 


proportion. | 
For (Cor. 2.) 4AB = 2AF. 


FA Uv. 


F GM be an ordinate, AG the abſciſſa ; then AB: 13. 
:: AF* AM“. | 


For 1 IV. 4 Con: I.) AF = = 2AB, and 
AM = 2AD; therefore AF. = LAB. and Au“ 
= 4AD*. And AF* : AW": : 4AB*: 4AD*:; 
AB* : AD*: : AB: AG. To. 2 


Cor. The abſciſſa AG 1s ret as _ N of 
be arch AM.. | | 
U | For 


= THE XSL OI p. . 1 

Fig. For AF* : AM* :: AB: AG : : 4AB* : ap 

x5. X AG : : (VV. Cor. 63 AT: 4 A5 X AG. 
Therefore AM = 2 4AB x AG. And therefore 
AM* is as AG. This alſo * be inferred * 
Cor. 3. Prop. IV. 


PROP. VL 


16. ME be perp. to the baſe BF; then AB x ME 
= AB x MF — MF! 


For (IV. Cor. 3.) x AG = AM? But 
AG = AB— BC, and AM = AF — ME; there. 


fore 4AB x AB — BG = AF — FM: = (0% 


Cor. 1.) 2AB—FM ; that is, 4AB* — 4AB x 
BG = 4AB* — 4AB X FM + FM“. And 4A4B 
x FM — 4AB x BG = FM. Whence AB 
FM = AB x BG + + FM*; or ABx BG = AB 
x FM — FM“; that is, AB * ME = AB x 
MF —: Mp. 


PROP. VI. 


16. FME Be perp. to the baſe BF, MG parallel to it; 


then EF = arch BD — the fine GD. 


For GM or BE = (II. Cor.) AD + DG, and 
EF = BF — BE = (Pr. I.) ADB — BE = ADB 
AD —=DG = DB — DG. 


PN VU 


17. F GDM be an ordinate, AN parallel to it, aul 
NM parallel to AB; the external cycloidal ſpat 
ANM 7s equal to the tircular ſe ſegment AGD. 


For draw the tangent MT and cord AD, and 
amp parallel to NM. Then (Prop. III. * 2 


But 


fre- 
(IV. 
B * 
4AB 
\B * 


AB 
B * 


10 it; 


and 


ADB 


„ and 


ſpact 


, and 


IE. 2. 
AG: 


MH. THECTCLOIK 


AG : GD : : TG : GM:: (ſimilar triangles) pm : Fig. 
Mm therefore AG x Mm = GD x pm; that is, 17. 


the area NMyn = area GgdD. But theſe are the 
correſponding elementa 0 the cycloid and circle; 
therefore by the method of indiviſibles, the ſum 
of all the NMpr, or the area ANM = ſum ks all 
the GgdD or the area AG, of the circle. 


Cor. 1. The area of the internal tycloidal FRY is 
equal to the reflangle AG x GM— the circular area 


AGD: 


For area AGM = AG x GM — ANM = AG 


x GM — area ACP. 


Cor. 2. The area of the whole cycloidal ſpace 
_ B #s . to thrice the area of the ſemicircle 
5 
For (Cor. 1.) area AMFB = : reftangle AB x BF 
— area ADB = (Prop. I.) AB x ſemicircumference 
ADB — area ADB, = 4 areas ADB — area ADB 
= 3 times the area "ADB. 


Cor, 3. The whole — ſpace AMF B is & the 


circumſcribing parallelo gram. 


For the external ſpace is equal to the aun reis 
ADB = + AB x arch ADB = + AB X BF. 


Cor. 4. The whole cycloidal ſpace without the crc 
ADBFM is double the ſemicircle ADB. 


[16 7 
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CAI. 
Of the QuADRATRIxX. ; 
DEFINITIONS. ? 
DEF: I. : 


CBL is the quadrant of a circle, and ſuppoſe Wl | 

the radius CL to move uniformly round the l 
center C, from A to B; and at the ſame time, the Will , 
line FG to move uniformly along AC, from A to I 
C, continuing always parallel to CB; and ſo that 1 


both motions begin and end t ether, at A and 


= EH 


B. Then the interſection N of the lines CL, FG, 
during the motion, will deſcribe the curve AND, 
calle the Quadratrix, or Dineſtratus's Quadratrix. 


D E F. II. : 

The circle ALB 1 is called the Generating Cirdle 

DEF. III. þ 

The radius AC is called the Axis, and CD the Baſe [ 
RG L 


7. bro any point of the curve N, draw the radius 
CNL, and NF parallel to CB. Then AF : AC: 
angle ACN : a ACD. 


1 2— 


For by the generation, AF: AC : : arch AL; 
arch AB : : angle ACL: angle ACB. 


Cor. 1. AF: FC: : angle ACN: angle NCD. i 


Cor. 2. The abſciſſe AF, are as the angles at tht 
center ACN, or as the arches which meaſure * : 
PR 


«a IV. THE "RH TRY EE” 
W 


The baſe is a third proportional to he ee, and 19. 
the aris. ALB: AC: - AC.: GP. 


* Thro' N infinitely near D, draw cl. ; and draw 
NF parallel to CD; and NI, LS rp. to it. Then 
(Prop. I.) AC: AF: : angle ACB: angle ACL-: : I 
arch ALB : arch AL. And by diviſion, AC 2 7 
CF or NI: : arch ALB : arch LB. And alternate- 53 
ſc , ALB: AC or CB: : LB: NI. But when I. 
he coincides with B, S alſo coincides with B; and N 
ne and I, with D. Therefore ALB: CB : : LB or 
to LS: NI : : (ſimilar triangles) CS or CB: cl or CD. 
That is, ALB : CB or CA: : CB or CA: CD. 


PROP. III. 
With the radius e equal to the baſe CD deferibe the 20. 


quadrant DNH. will this 25 878 DN H ve | 
mo to the axis AC. 


| Deſcribe the —_ ALB; then ( Prop. 


ALB: AC:: A (Ar ſedtors) TY 
DNH therefore Fo e 'DNH. 


PROP. IV. 


Thro' a any point N of the curve, draw the radius 19. 
CL; and FN Parallel to the baſe; then CD: CA: 
AF: arch AL. 


For (Prop. II.) CD: CA : CA: ALB: 
{Prop. I. Cor. 2. *) AF: arch AL. 


<3 i /  — 


i THE QUADRATRIX. B. I 
J- PROP. V. 

21. Jt the * CD, deſcribe the quadrant DPH. 
the curve draw NF perp. to AC, 


2270 CN — age inſcribed quadrant in P. 7 hen 
AF = arch HP. 


| Draw the quadrant ALB; then (Prop. IV.) AF: 
Arch AL: D CA:: fimilar ſeKors) arch HP: 
arch AL. Therefore AF = = arch HP. 


Cor. FC -= arch PD. 
For (Prop. III.) AC = - HPD, and AF = HP; 
n FE =; -- 


PROP. VI.. 


22. If the radius CA be continued to Q, /o that A 
| = AC; and the ſemicircle BAK be deſcribed. And 
make AQ: AF:: AK: AL. And draw CL, and 
N parallel 0 CK, cutting CL in N; iber willN 
e in the curve of the quadratrix continued without 


the circle. 


k For the. part AR is conſtructed by the fame law 
as the part AD within the circle. 


Cor. 1. The quadratrix DANn is continued ad in. 


finitum, by Sabine a ſufficient number of points N, 1, 
Sc. by the [ame rule. n 


f Cor. 2. The line QM, erefed perpendicular to tht 

line QAC, is an aymptote to the curve. 
For ſince AF : AL: : AQ: AK, when F is 
infinitely near Q, L will be infinitely near K, and 
the interſection N vill be infinitely diſtant. Whence 
the curve AN, and the line QX, continually ap- 
proach to one another; and yet never meet, but 

at an infinite diſtance, 

SECT, 
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S E 
Of tbe LoGARITHMIC Cunvs. 
DEFINITIONS. 
DE F. 1. 


3 


F in the right line AE, the parts AB, AC, AD, Fig. 


AE, &c. be taken in arithmetic progreſſion, 
trom the fixed point A; and at the points A, B, 
C, D, E, &c. the ordinates AF, BG, CH, DI, 
EK, &c. be drawn parallel to one another, and in 
geometrical progreſſion. And if theſe' ordinates 


are ſuppoſed infinite in number and infinitely near 


to one another ; then the curve line FGHIK drawn 


thro! the extremities of all the ordinates, is called * 


the Logarithmic Curve, 


| BRF. II. 
The line AE is called the Aris of the curve. 


PROP. I. 
The axis AE is an afſymptote to the curve. 


Let the curve be continued backwards from A, 
and the-ordinates AF, bg, ch, &c. continually de- 
creaſing, and let Ae = # X AB. Then ſince AF, 


by, ch, &c. are continual proportionals ; therefore it 
will be as AF: ek :; AF: by", Now as u increaſes, 
the ratio of AF* to bg*, and that of AF to e, will 


continually increaſe; and ſince AF is given, eł 
continually decreaſes. And when 7 is infinite, AF* 
will be inflattely greater than bg*, and conſequent- 


ly et infinitely leſs than AF; therefore Ae is an a 


lymptote, 4 


23. 


2 


20 


Fig. 
| „ 


. 


Then ſince BC = CD, it will be BE : CF : : CF; 
F: 6. And alternately BE: F:: CF: 


26. 


tance of the other tuo; and thro' the points G, F, 


BG: EK. And AF: BG: : DI: EK; and AF: 


milar, as alſo the triangles VDI, ILK. Therefore 


FS = IL, therefore TA = VD. 


THE Lo CURVE 1 


Tf TE is a tangent to the curve at E, BE an o/. 
dinate : then the ſubtangent TB is every where th; 
ſame, wherever the point E is taken. 

Suppoſe the ordinates BE, CF, DG equidif. 
tant and infinitely near each other; draw the tan- 
gent FV, and draw En, Fr, parallel to AD. 


DG : : (by diviſion) CF — BE: DG — CF:: 
But the triangles FuE and EBT are ſimilar, 2 
alſo the triangles GrF, and FCV. Therefore BT: 
E:: BE: F:: CF: G:: CV: , but E = 
5 therefore BT = CV, and ſo it will be every 
where. | 


PROM mm 


If AF, BG, DI, EK, be four ordinates, and AB 
the diſtance of two of them be equal to DE, the di. 


and K, I, the lines GFT, KIV be drawn, cutting 
the axis in T and V. Then will AT = DV, 


Draw FS, IL parallel to AE. Then ſince AB 
= DE, therefore AD = BE, and AF, DI, BO, 
EK are four terms in the ſcale of continual pro- 
portionals, of which the firſt two, and the laſt tuo 
are equidiſtant; and therefore it will be AF: Dl: 


BG — AF:: DI: EK — Dl, or AF: 68: 
DI : LK. But the triangles TAF, FSG, are ſi- 


TA: HS:: : SG:; UI; LK: : VD: IL. but 


PROP 


* 


gl, v. THE LOG. CURVE. 
PROP. IV. 


ordinates EL., BG is equal to LE X SL, the rectan- 


For let DI be infinitely near EL, and -draw Ir 
parallel to AE. Then LF being a tangent, the 


But LE X rI = area DELl, therefore ET X Le 


quantity, whence the ſum of all the DELI or the 
area BELG = ET x ſum of all the Lr, or ET 
1 Shi 


Cor. 1. The area of the whole curve infinitely pro- 


J duced towards A, is equal to the rectangle of the ſub- 
tangent and ordinate, LE X ET. N 
For then LS becomes equal to LE, by Prop. I. 

3 Cor. 2. The whole ſpace infinite towards A, is 

„ Luble the triangle TEL. = N 

5 Cor. 3. The logaritbetic ſpaces infinitely long, are 

* Wl « the bounding ordinates. EG 

Cor. 4. The ſpace between any two ordinates, is to 

be Pace between any other two; as the difference of 

J, Wl ihe firſt two; to the difference of the laſt two. 

0 | — ; | 

2 5 PR OF. V.. 125 

£ The ſolid made by the infinitely long ſpace FLEA 

F: revolving about the axis AE, is equal to half a qylin- 


3 of the ſame baſe, and hight equal to the ſubtangent . 
— X circle EL. | e 


draw Ir parallel to AE, Then the line LT being 


The ſpace BEL, comprebended between any two. 
gle of the ſubtangent and the difference of the ordinates. 


triangles LTE and LIr are ſimilar, whence LE: 
ET:: Lr: rl; therefore LE X rI = ET x Ly: © 


=area DELI. But (Prop. II.) ET is a given 


For let EL, DI, be two ordinates infinitely near, 


27. 


. 
4 
5 


E 


THE LOG. CURVE. nx 


22 
ec 
Fig. a og the triapgles.” TEL, IL. are ſimilar; 
27. therefore LE: ET:: Ly: rl, and LENA =I. 
x ET, and LE. x rf = LE x Ly x ET. Put 
IE = ET =#, c = 3.1416; then zl X yy = n 
x Eg. and r1 N oy = Ly x eh; but n & oy * 
= ſolid LIDE; whence L x cty = ſolid LIDF. 46 
Therefore if LE be divided into an infinite number ori 
of equal parts equal to Lr = 1, then the ſum of the 
all. the cty = fum of all the ſolids LIDE. But Dy 
(Arithm. Inf. Prop. II.) the ſum of all the y is a 
2, and the ſum of all the 4h = <2 = fas of 1 
"the folids LIDE = the whole folid LEAF infi- — 
nitely extended towards A. But cyy = area of the 
the circle whoſe radius is EL or y; therefore the gre 
whole folid LEAF Sr area of the circle the 
whoſe radius is LE. 1 
Cor. 1. The infinitely long fold i is to @ cone of the for 
fame baſe, and hight the ſubtangent , as 3102. 400 
Cor. 2. The ſolid LEBG, contained between tus Jn 
ordinates, is half the cy kinder, whoſe hight is the ſub- ; 
tangent, and baſe the difference of the circles whoſe Ma 
radii are LE, GB. 25 
For the folid LEAF = 2 7 x circle LE, and the 
GBAF = +7 x circle GB; ; therefore the difference 
LEBG = + z x: circle LE — circle GB. 
PRO VL * 
33. AF =, BG = 2, AE = xx AB, EK = . 
T4 then the equation of the curve is y = &. | 
For let AB, AC, AD, AE, &c. be arithmetic fin 
proportionals, then AF, BG, CH, &c. are in the 


trical BY reſſion. And we ſhall have AF*: 
BG=: : AF ER, that is, 1 : BG* 3; 1: EK, or 1: 


#4;1 _ and y = 48. 


PROP. 


*»&,V. THE LOG. CURVE. 23 
8 3 | Fig. 
PNG. VIE - * 
| If the ordinate AF, BG, CH, c. repreſent num- 23 
bers in geometrical progreſſion, and be placed at equal. 
diftances ; the abſciſſas AB, AC, AD, Sc. being in 
arithmetic progreſſion, will repreſent the logarithms of 

theſe numbers. ET | 


That the abſciſſas are in arithmetical progreſſion, 
when the ordinates are in geometrial progreſſion, 
appears from Def. 1. And from the nature of lo- 
garithms, if they be in arithmetical progreſſion, 
the numbers anſwering will be in geometrical pro- 
greſſion. Therefore the abſciſſas in this curve are 
the logarithms of the ordinates belonging thereto. 


Cor. Hence logarithms may be of. as many different 

forms as ave pleaſe. But as @ — 52 of ways 

would be uſeleſs, Mathematicians confine themſelves to 
u forts only. 1. When AF, BG, CH, DI, Se. 

are 1, 10, 100, Sc. and AB; AC, AD, Se. are 

I, 2, 3, Sc. and theſe are called Brigs, or the com- 
mon logarithms, and the ſubtangent is, 43429448 

Sc. 2. Napier's or the hyperbolic logarithmsg where 

the ſubtangent is 1. 15 * 


PROP. VIII. 


If. FG, Qs be two logarithmic. curves, AF = 28. 
PQ = 1, BG = HS = any other erdinate; GT, 29. 
dV, tangents ; then will AB: FH:: IF: H. : | 


Let the equal ordinates LI, NK, be placed in- 
finitely near BG, HS, then ſince they are equal, 
they have a like poſition upon their abſciſſas; that 
ie, LB: NH: : AB: PH. Draw In, Kr, paral- 
{el to AB, PH, Then the triangles Glz, GTB, 
8 alſo SKr, SVH, are ſimilar ; whence BT: = 8 : 


* THE LOG. CURVE. 1 
Fig. BG: :: HS:rS:: HV: K; and alternately, 
28, BT: HV:;xzlor LB: K or NH: : AB: ph 
12 Cor. 1. The logarithms of equal numbers are pro- 
porlional to the ſubtangents of the curves they belong to. 
For AB, PH are the logarithms of the equal 
numbers BG, HS. | | 


Cor. 2. In a number extremely near 1 ; its exceſs 
above 1, is to its logarithm; as 1, to the ſubtangent. 
28. For let LI be = 1, and BG infinitely near it; 


then by ſimilar triangles, Gn: zT or LB its log. : : I 

IL or 1: LT the ſubtangent. 1.x 

Cor. 3. The diſtances of two equal ordinate: in Wl h a 

* two different curves, are as the e of the don. 

. _ 

23 if DI, EK be two ordinates ; then DE = log.: F cone 

For AE = log. : EK, and AD = log.: Dl, I 
whence AE — AD = log.: EK — log.: DI = (by UW 

K of logarithms) log. * DI z that is, DE 4 

Cor. If BG, CH, and Dl, EK, ze am ori. Ml © 

p nates; then BC: DE: : lag.: BG : log.: DÞ by as 

any table of logarithms. 5 ove 
3 | CH 

Fare in this hg. BC = log. IE and DE = log:: 8 

a 8 | CH Or 

| Di 8 (VIII. Cor. Ki BC: DE 2 2 log. 50 1 

9 10 | met 
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E the SPIRAL „ Archimedes. 


'/ 9 
A. EY 
T1 FS UA . G 


DEFINITIONS. 8 | 


DE F.. bs 


F the radius CA be moved untformly round. the Fi io. 

center C, deſcribing the circle ABDA; and at 30. 
the ſame time a is ſuppoſed to move uniform- 
U _ that radius from C to A, ſo that both mo- 
tions begin -and end together; the curve CFGA 
ende by that point, is called the Spiral of Ar- 
cimedes. . 

And if the. radius (produced) move round a ſe- 
cond time, while the deſcribing point continues its 
motion, the curve deſcribed, is the Second Spiral, 


ne fo on. 
'D E 7 © | 
"on circle ABDA is called. the W Circle 


PROP. E Sa 


FF te am point in the curve, then will CF : 30. 
radius CA:: arch AB: ae ene ABDA. 25 


"the fince the motion of the Wan and mi mov- 
ing point are both uniform, and the radius moves 
over AB, while the point moves over CF; alſo 
the radius moves over ABDA, whilt the point 
moves over CA. Therefore by the laws of uni- 
dom motion, CF: CA ;: arch AB: arch ABDA. 


Cor. 1. If the angles a Oo be taken in "eb. 


metic progreſſion, the diſtances of the movin Point. 
h rom C will alſo be in We: progreſſion. 2 z 
-or, 


ARCHIM. SPIRAL: 3.1 


26 * 
Fig. Cor. 2. The angles about the center, are a; 1; 
30. diſtances of the moving point from the center. * 
Cor. 3. The arches of the circle ABD, are ag th 
diftances of the moving point from the center, 
Cor. 4. If radius CA r, circumference ABDA | 
= c, any arch ABD = 2, and its ordinate Cp = X F 
wh ( 
Y; then the equation of the curve is, y = 5 a ren 
PROP. I. = _ 
31. To any point P of the curve, draw CPD fron t © 
center, and CT perp. to it; and let the radius CA: . 
arch ABD : : CP: CT. Draw PT, and it will 0 
touch the curve in P. - 
1 Put c = circumference ABDA, # = radius CA, 
z = arch ABD, y = CP. Draw Cm infinite 
near CD, cutting the ſpiral in u, and draw Pr per. Y 
to Cm. Then (Prop. 1. Cor. 3.) arch ABD: CP: | 
arch ABDm : Cz. And by diviſion, arch ABD: 
CP : : arch Dm: Cy — CP or ur; that is, 2:9: | 
Dm ur —_ — Xx Dm; and by fimilar ſectors, CD Cl 
e 602 2 = x Dm. But if PI 8 
be a tangent, the triangles Pr and PTC are ſimi- 90 
lar; 3 (x Dm) YE 2 x Dm) * 
ob ages Te RY bos 
PC (3): CT — ö Whence : 2 1.5 CI. th 
5 ed 


Cor. I CT be perp. 10 CP, and the arch POL. 
Le deſeribed with the radius CP. And if CT lr 
made equal to the arch POL; then TP will be a lun. 


War.” 
| | For 


8 * # 
Try N oP 
/ : 


- 


27 


For by ſimilar ſectors, CD (r): CP (y).: arch Fig- 
ABD (a): arch POL === CT by this Prop. 31. 


PROP. I. 


Let F be any point in the curve; with radius CF, 
deſcribe the arch FG; then AC* : CF“: : circumfe- 
rence ABD . arch FG. 1 . 6 


For let CA = 1 e ener = c, arch AB 
=2, arch GF = v, CF: =. Then (Prop. I.) 
circumference (c): radius (r):: arch AB (z): CF 


32. 


) and by ſimilar fectors, CF (): FG (:: 


CA (r): arch AB (2). And multiplying, y: ru:: 
z: zy: 1: y. And taking the product of the 
extremes and means, cyy = rrv, and rr: 393: 0c: u. 


Cor. Hence another equation of the curve is 
y = 
PROP. IV. 
: The ſpiral ſpace CPNC is equal to * the ſector 
CNQL, whoſe radius is CN, and arch NM... 
| Draw CIS infinitely near CPO, and Pr perp. to 
CS. Then CO. or c.: r : ſector CQS: 
| . | 


ſdtor of the ſpiral CPI = A * COS. Thbere- 


fore the ſum of all the ſectors CPI = ſum of all 
CLIN © + | | 2 A 
the Sa x CP*. But if the arch NQL be divid- 
ed into an infinite number of equal parts, equal to 
SQ, and lines drawn from the center; all the ſec- 
tors formed thereby will be equal. And all the 


C?P's will be in arithmetic progreſſion. © Therefore 
(Arith. Infin. Prop, III.) the ſum of all the CP* = 


CN. 


r 33. 


4 


2 ARC HIM. SPIRAL: Bf 
Fig. 3 CN* > by the number of them. And the ſum of 
33. all the Sin X-"CP =<CQS x Dh the number of 


nerating circle ABDA. 


& : : If the area of the fr circle be A, the firſt, ſecond, - 
2 A, L A, &c. 

3 3 * 

twice 


ſpiral ſpace is deſcribed four times; the ſecond 


ny revolutions. 


0 


them. Whence the ſum of all the CPI or the ſpi- 
ral ſpace CNC = + CQS X number of ſe&ors 
CQS = x the whole ſector CI. ON. L 


Cor. The whole ſpiral ſpace CPNA = + the ge 


For then CN becomes equal to CA. 


"PROP. v. 


Ve 


third, fourth, Ec. ſpiral ſpace, will be TAL A, 


It muſt be conſidered that in deſcribing the ſe- 
cond ſpiral CEGALMN, the firſt ſpiral fpace is 
Jeſeribed, becauſe there are two revolutions. 

Alſo in deſcribing the third ſpiral, the firſt ſpiral 
ſpace is thrice deſcribed, and the ſecond twice. 
ikewiſe in deſcribing the fourth ſpiral, the firſt 


thrice, the third twice; and ſo on. Likewiſe 
in deſcribing the ſecond, third, fourth, ſpiral ;*the 
correſponding circle is twice, thrice, or * times 


deſcribed, reſpectively; by reaſon there are ſo ma- 


* 
— 


\ 


bed VI. ARC HIM. SPIRAL 29 


. 
| Therefore let them be denoted as follows. FEE 
f orders|ſimplejcircles}ratio of > > 
| ſpiral [areas [the circles 
: . 
1 a . 

2 13 1 
0 3 SS = 9A 

4 1117... =. 

83 E. E 2264 

„ | | | 


Then by Prop. IV. and what is now mentioned, 
ve ſhall have „ 


© + + 
+> + v8 
& +. || || 


+ -A- 
IX 
N 


+ S+ a! 


&c, | 
Then ſubtracting each term from the following 


one, we ſhall have, the ſimple ſpiral ſpaces, viz. 
0 % 1 ; | 5 9 
4 2 ＋ A | 
] 4 N | 
þ==B——A==A—AZSA 
: 3 2 El g? 19 
. (= IC——D Eon A 3 - A. 
b I=E4D—LCc=Zh Zandt 
3 3 I 3 3 
e KE -A DNA- AS A. 
3 ä 


third, fourth, c. ſpiral ſpace, and A, B, C, D, Oc. 
the correſpondent circles. Then will a, b, c, d, Ce. 


be reſpeively equal to 4 A, The 2 C, 3 D, &c. 
X 


Cor. 


Cor. 1. If a, b, c, d, Sc. be the firſt, ſecond, 1 


3: 

- Po | N 
>, 40,8 
% 100 


-  ARCHIM SFEFRAL + B61 
Fig. Cor. 2. The area of the nh ſpiral, will be I Ax: 
34. zu - 1 ＋ 1: 

Take the ſeveral differences as fol lows, 
I —A 1 #12 4 , as 
i 2|-A 2 A 2A Fi 
1 4A A2 A 


— 
3] A&A T8314 i 
+|falgal 
I 
5, A 
Then by Prop. II. of the pg method, the 
nth ſpiral ſpace is = DEP 3 fy 9 * 2A + = 
XxX xX2A =4A:X1+6X" ——+6 x 
21 S#—-2 | 1 — 
I X 2 = AX T* x 
:; xz 


2 * 8 2 
= IAN: I ＋ 3 X- IAT ANA. 
Cor. 3. FP be the nth circle. Then the nth hi- 


* Foo 3 
un | 

For mA =P, and A = —. 

un 


ral ſpace is equal to 


Cor. 4. The ſpiral ſpaces contained between every 
two ſucceeding circles, are 2A, 4A, 6A, 8A, &c. 
For theſe are the firſt differences of the whole 
ſpace. 


er 


. . 4 . . 
* 


8 4 * 1 0 * 
of * 
- * : 
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DEF LINET FOR 

E | D E F. I. | 

F the curve FGDA be drawn about the center Fig. 

C, fo that it may every where cut the radi CF, 35. 
(D, CG, CA, &c. in one and the ſame angle; 
that curve is called the Logarithmic or Proportional 


iral, . | 
” DEF II. | 
The lines CF, CD, CG, &c. are called Ordinates. 
ET To | 


If any number of ordinates CF, CK, CD, CA, 36. 
Cc. be drawn, making equal angles at the center C. 
Ven theſe ordinates ſhall be in continual proportion. 


Suppoſe an infinite number of ordinate CF, CG, 
CH, CI, &c. to be drawn, making equal angles 
the center. Then the triangles CFG, CGH, 
CHI, CIK, &c. are ſimilar; for the angles at G, 
H, I, K, are equal (by def. I.), and the angles at 
the center are all equal by conſtruction. Whence 
F: CG :: CG + CH :: CH: CI: : CF: 
(K, &c. continued as far as CA. But ſince the 
angles FCK, KCD, DCA are equal; as many 
continual proportionals may be interpoſed between 
KC and DC, and alſo between DC and CA, as 
ere are between FC and KC. Therefore CF, CK, > 
D, CA are equidiſtant terms. But in a ſeries of 
rms im continual proportion; the equidiſtant terms 
de alſo in continual proportion (Propor. Prop. 21.) 
Therefore CF : CK : : Deen 
„ Core 


» _ 3 —— — —„—- — - | 
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Fig. Cor. 1. If the angles at the center be in aritbne. 

36. tic pro reſſion, the ordinates will be in geometrical 
e a | . 


Cor. 2. The ſpiral makes an infinite number of ri. 
volutions, before it comes to the center C. 

For theſe proportional ordinates are continued ad 
infinitum downwards. | 


Cor. 3. Let any radius CA cut the ſpiral in its 
ſeveral revolutions; then the diftances of the ſeveral Wl ® 
points of interſettion from the center, will be in geo. 
metrical progreſſion, and that in the ratio of CA to CB, 

SO This appears by Cor. 1. for each revolution 
makes four right angles. 


PROP. IL h 


27. JTf CD, CE, CF, CA, Sc. be in geometrical propre]. 
fion, and CD = 1", then will the angles DCE, DCE, pa 
DCA, Sc. be the logarithms of CE, CF, CA, &. 


For fince CD, CE, CF, CA are in geometrical 's/ 
progreſſion; the angles DCE, ECF, FCA, ar 
equal, and the angles DCE, DCF, DCA, in aritt- 
metic progreſſion. But it is the property of logs 
rithms to be in arithmetic progreſſion, when tie d. 
numbers anſwering are in geometrical progreſſion. MI 
8 theſe angles are the logarithms of the o- 
mates. 


38. Cor. Let CF, CG, CA, be any ordinates, ttt 


„ ee CA 
angle FCG : angle FCA : : log. : F: log. : of 


For let CD = 1. Then angle DCA = log. C4 
and angle DCG = log, C6 
alſo angle DCF = log. Cl 


1! 
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and by fubtrattion, Fig 
CDC G- DCF = log.: : CG bos. CF, 3 
that is, angle FCG = log. : 55" 

- Alſo < DCA - DCF = log.: CA — log.: CF, 


that i is, angle. FCA = log.: &F* 


Therefore in any ſyſtem « of lars it will be ; 
angle FCG : angle FCA : log.: 4 : log. : : FF 


PROP. 1 


F CM is 1 ordinate, and CT perp. to it; and 39. 
if the angle CMT be made equal to the angle of a 
ſpiral, Then MT ts a tangent at M. | 


e For the tangent Mr, and the indnitely ſmall 
CF, Bi part of the curve at M, coincide. 


Cor. TM is to CM every where in the be ſons given 4 
ratio. 


rical | 

* PRO P. IV. | 

arlth- „ 
lil F MT ze 4 tangent at M, CT perp. to the or- 29. 

1 te dinate CM; then will the length of the whole N 
ot MDGC be equal to the tangent TM. : 

he ot- 


Take the point x infinitely near M, and draw 
* perp. to CM, Then in the right angled trian- 
ple Mr, all the angles are given, therefore Mr is 
to wk in a given ratio, ſuppoſe as 7 to s, then My 


== X Mr. And all the My == N all the Mr. 


at is, «the length of the curve = —X CM. But 


ke triangles AM and TMC are ande whence 
3 | TM: 


* 


—— 
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Fig. TM:CM::aM:Mr::5:r, therefore TM = 


39- - X CM = length of the whole curve. 


PROP. V. 


40. Let W be à tangent at m, and CD perp. to n 
CM, Cm, ordinates. Then mD: mC:: CM — Cy: 
Mm the length of the ſpiral contained between the 
ordinates. TT 


Draw CT, Ct perp. to CM, Cm, produce mD 
to t, and draw the tangent MT. Then from the 


5 | 5 
laſt Prop. TM = — CM, and im = — Cn, and 


TM- n = = x TM — Cm. But (Prop. I) 
TM = curve MGC, and tm = curve MCC; there- 
fore TM — tm = the part of the curve Mn; 


therefore Mm = = x CM — Cm, and CM — Cn: 


= 1 1151: CM im:: (ſimilar triangles) n 


Cor. Hence the parts of the cu ve are as the dif- 
ferences of the ordinates including them. 


f 


PRO Y VA 


41. FCM be an ordinate, MT a tangent, CI pery. 

to CM. Then the area of the ſpiral MDC, de- 

ſcribed by a radius making an infinite number of rev0- 
tations, is balf the triangle TCM. 


Draw the ordinate C infinitely near MC, and Bil er 
ur perp. to CM. Then ſince all the angles of the 
triangle Mr are given, Mr is to ur in a giv 

| ratio, ſuppoſe as 1 to 4 then ur x Mx. And 
| | the 


* 
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M 
ber of them is denoted by MC,) equal to = Xð 


MC or = And the ſum of all the 7 Xx MCX 


27 


| ES | c= 1 | 2 
Mr == gy or X MC‘ Therefore the 


ſum of all the triangles MC», or the whole area of 
. ; _ . . ho 2 
the ſpiral ſpace = 77x X MC*. But by the ſimilar 
triangles Mur, MTC; MC: TC:: Mr: :: 
b , MC x2 
7:9, therefore TC x r = MC x , and 


TC, and {== = TC. Whence the whole 
area of the ſpiral ſpace MDC = + TC x MC = 
; triangle TCM. Wy 


Cor. 1. The ſpiral ſpace MDFGM, comprebended 
between the part of the ordinate GM, and the curve 


MDFG ; is equal to 810 * MC* C. 
For the ſpiral ſpace MDGC = > x MC, and 


the ſpace GC.= 3 * GC, therefore the differ- 


5 — 

ence, vi OS i — GC = = 
ce, viz. MDFG = NN GC = M0 

x MC* = C. FR 


Cor. 2. If MC, mC be two ordinates; MT, mt, 40. 


o tangents ; CT, ct, perp. to CM, Cm. Then the 


Pp 
X 4 ares 


3 nt HER are erg hte N 
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Fig. area MCm, comprebended between theſe ordinates, and 


40. 
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the ſpiral , is equal to half the difference of the tri. 
| 6 IS; 
angles TCM and tCm ; or equal to MC * 


CM* — C. ; 
This follows from the Prop. and Cor. 1. 


SchOLIIU Mu. 


The area mentioned in this Prop. is that made 
by infinite revolutions of the radius; where every 


ſucceeding revolution covers a part of the former. 


42+ 


And ſo the ſame parts of the area are deſcribed 
over and over. . And therefore the area mentioned 
in Cor. 1. 1s the true area of the whole ſpiral; and 
is that contained between the curve and the part 
of the ordinate intercepted by the curve. 


PROE YU 


In the ſpiral CAB, if the ordinate CA = 1, and 


the circle ADE be deſcribed with the radius CA; 
and any other ordinate CB be drawn. Then arch 
AD =. log. of CB. : . 


For ſince AC = 1, therefore (Prop. Il.) the 
angle ACD is the logarithm of the ordinate CB. 
But the angles at C, being proportional to the 


arches of the circle; therefore the arch AD will 
alſo be the logarithm of CB, according to ſome, 


ſpecies or other of logarithms. 


Cor. 1. From the point A where it cuts the circk, 
draw the tangent AT, and CT perp. to CA. Then 


if *the ſubtangent CT be 43429448, then AP i 


Brig's logarithm of the number CB. 

For by the nature of logarithms (demonſtrated 
Cor. 2. Prop. VIII. Sect. V.), the exceſs of a num. 
ber (extremely near 1) above 1: is to its logarithm: 

| 33 


m_ > 


CY bw 0D o vv 
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1: ſubtangent. Therefore draw the ordinate Crn 
infinitely near CA. Then the triangles Ar, ATC, 
are ſimilar z whence ur: Ar :: AC: CT. But wr 
i the exceſs of Cx above 1, and Ar is its loga- 
rithm; and AC is 1, and CT the ſubtangent = 


43429448 ; and (Prop. VII. Cor. Sect. V.) this 


is the ſubtangent to Brig's logarithms. Therefore 
Ar is Brig's logarithm of Cn, and conſequently 
AD is Brig's logarithm of CB. | | 


Cor. 2. If the ſubtangent CT be 1; then AD is 


' Napier's logarithm of CB. In other caſes AD will 
belong to ſome other ſpecies of logarithms. 
For (Cor: Prop. VII. Sect. V.) 1 is the ſubtan- 


gent of Napier's logarithms. 


37 
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B. Il. 


DEFINITIONS. | 

| =. DEM + CC 

Fig. RAW any line CG; and from C as a center, a 
43: deſcribe as many arches of circles as you 
pleaſe from CG, as VE, GF, gf, &c. all equal 
to one another. Then the curve paſſing thro! all 


the points which terminate theſe arches, as FEfdC 
is called the Hyperbolic or Reciprocal Spiral. a, 


DK. 


Any right line drawn from the center to the 
curve, as CF, is called an Ordinate. 


D E F. III. 
The line CG is called the Axis. 


PROP L 


44. CA be perp. to the axis GC, and equal to am 
of the arches VE, GF, Sc. and AB be parallel to 
CG. Then AB is an aſſymptote to the curve. 


eq 


Thro' F draw DB parallel to CA, then ſince 
DB = CA = GF, therefore BF = GF —DF = 
the difference between the arch and the ſine, but 
when the radius CG is encreaſed infinitely, that dit- 
| ference FB is infinitely diminiſhed, and becomes lels 
than any given line. Therefore AB is an aſſymptote. 


222 Gs A as AA et 2% 254 on DH.Q 


Cor. The diſtance of the aſſymptote from the axis, 
is equal to any arch GF, between the axis __ _ , 
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Po n Fig. 


Thro* any point F of the curve, draw the arch GF 45. 
and the ordinate CF; and draw any other ordinate 
CH, cutting the arch GF in L. Then will CF x 
arch GF = CH X arch GL. | 


Thro' H deſcribe the arch HI. Then the ſec- 
tors CHI, CLG, are ſimilar ; whence CH or CI: 
CG : : arch IH or GF: arch GL. Whence CH x 
arch GL = CG X arch GF. | 


Cor. 1. CI X arch IH = CG X arch IN. 
For CI: CG : : IN: GF or IH. 


Cor. 2. If radius CG = r, CA or arch GF = YN 
a, ordinate CH = y, arch GL = z. Then the | 
equation of the curve is ar = 2y. | 


PROF » 


If HT be a tangent at any point H, and CT be 46. 
drawn perp. to CH. Then the ſubtangent CT is 
equal to the arch IH. | 


With any radius CG deſcribe the arch GF 1. 9 
cutting the ordinate CH in L, and draw Cy in- 
finitely near CHL. Then (Prop. II.) CG x GF 


= CHxGL = Cr XG! = CH —rb Xx GL + Li ; 
= (becauſe rb, L., are infinitely ſmall) CH x GL | 

+ CH x LI LV rb. Whence CH x LJ = 

GL X 7h. But the ſectors CH, CLI are ſimilar, 

whence CH: H:: CL: Ll, and CL x Hb = 

CH x Li = GL. Xx rb. Alfo the triangles CHT 

and brH- are ſimilar; therefore bh: BH : : HC: | 
CT, and CT x rb = HC x Hb; and CL Xx CT | 
X]? = CHi*x CL:c HY = EH X GE rb = | 
(Prop. II.) CL GF rb. Therefore CT = GF 
= (Defin. 1.) IH, h * | 
LE, : Cor. 


> &# ww Gans gas ww 
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Fig. 
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Cor. 1. The ſubtangent CT = CA the diſtance of 
the aſſymptote, and therefore is always the ſame. 


Cor. 2. The angle CHT continually increaſes, i 
approaching to the center. | 


For CT is given, and CH continually decreaſes, 


Cor. Hence the curve makes an infinite number of 


revolutions about the center. 
For in the logarithmic ſpiral, where the angle 
at H is perpetually the ſame, the curve makes an 


infinite number of revolutions. And much more 
does it ſo in this, where the angle at H continually 
increaſes, and makes it keep without the logarith- 
mic ſpiral. 

: PR OT TIv. 


If CF, CH, be any two-ordinates, theſe ordinate; 
are reciprocally as the angles they make with the axis 
CG. CF: CH:: <GCH : < GC. 


For (Prop. II.) CF x GF = CH x GL. There- 


fore CF: CH : : arch GL: arch GF: <GCL: 


SCF. 
ene 
. The length of the ſpiral between any two ordinates, 


is equal to the length of the logarithmic curve between 
two ordinates of equal lengths with the former; when 


the ſubtangents of both curves are the ſame. 


Let HDC be the fpiral, CEK the logarithmic 
curve; let the ordinate CH, Cx and DG, CF be 


infinitely near, and CH = DG, and Cx = CF, in 
the two curves. With the radius Ci deſcribe the 


arch um; alſo draw Fr parallel to AD. Then 
fince the ſubtangent VD = CT, alſo DG = 


CH. Therefore the right angled triangles CTH 


and 


des JET BE „r mW iu 
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and DVG are equal and fimilar, whence the angle 
CHT = DGV. And ſince Ca = CF, therefore 
CH - Cn or H = DG — CF or 7G, and ſince 
<H = < G; therefore the triangles H and 


FGr are equal and ſimilar; and Hz = GF; that 
is, the curve H contained between the ordinates 


CH, Ca, is equal to the curve GF contained between 
the ordinates DG, CF equal to the former; and fo 
it will always be. Therefore the ſum of all the 


41 


Fig. 
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Hy, or the ſpiral contained between any two ordi- 


nates, is equal to the ſum of all the GF, or the log, 


curve contained between two ordinates equal to the 


former. 


volutions, is alſo infinite in length. 
For the logarithmic curve, and its aſſymptote 


Cor. The ſpiral making an infinite number of re- | 


is infinite in length; and conſequently the ſpiral, 


which is equal to it, is the ſame. 


"PROP. VI. 


The area of the whole ſpiral FL DC, making in- 


XxX CT - 
finite revolutions, is equal to ql =, half the rec- 


tangle of the ordinate aod ſubtangent. 


Draw the ordinate Cr infinitely near CF, and ru 
perp. to CF. And by ſimilar triangles Fs : ar :: 


CF: CT the ſubtangent. Whence CT x Fn = 
CF x ur; but the triangle FCr = EXT ; there- 
Crx Fn 888 


fore the triangle F Cr And the ſum 


2 | | 
of all the triangles FCy deſcribed in all the revo- 


46 


lutions = CT „ all the Fn. That is, the whole 


area of the ſpiral ſpace = 4 CT x FC. 
4 d Cor. 


* 
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Fig. 

48. tween the curve, and part of the ordinate DF, i; 
' equal to 1 CT x DE. 


ther, as the making uſe of any other method, would 
be carrying the reader too far about. 


CF, and the ſpace DSC, which is covered by the 


X CEC. 


contained between two ordinates, equal to the former; 


_ eaſily be done without having recourſe to the me- 


THE HYPER. SPIRAL. BI 
Cor. 1. The ſpiral ſpace FLNDF contained be. 


For the whole ſpiral ſpace FLNDC = : CT x 


other, is = + CT x CD. And their difference 
=4+ CTXCF— CDS CT x DE. 

Cor. 2. Any part of the ſpiral ſpace contained be- 
tween two ordinates CF, CL, is equal to; CT x 
CF — CL. 

For 4 CT N CF = ſpace FLNDC, and 2 CT 
x CL = LNDC. And their difference = 5 CT 


Cor. 3. The ſpiral ſpace contained between any wo 
ordinates, is half the ſpace in the logarithmic curve 


oben the ſubtangents of both curves are the ſame. 

For (Prop. IV. Sect. V.) the logarithmic ſpace | 
is equal to the rectangle of the ſubtangent and dif- 
ference of the ordinates, and in the ſpiral it is 
equal to half that reQangle. | 

I might here have given more properties of all 
theſe curves, and likewiſe have ſhewn the nature 
and properties of ſome other ſorts of curves, as 
the Catenary, the Epicycloid, &c. But as this cannot 


thod of Fluxions; I forbear purſuing them any fur- 
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of Convn LINES in General; and 
their Affections. | 
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URVE lines may be conceived to be gene- 
rated theſe three ways. Firſt, they may be 
made by the ſection of a ſolid and a plane. Se- 
condly, they may be defined by an equation, ex- 
preſſing their nature, or ſome principal property 
thereof. Thirdly, they may be conceived to be 
deſcribed in plano by local motion. | | 
1. Firſt, thoſe who conſider curve lines as ge- 
nerated in the ſurface of a ſolid by a plane cutting 
it; find it proper and neceſſary to conſider the pro- 
perties of that ſolid; and to demonſtrate from 
thence what muſt be the nature of a figure ariſing 
from ſuch a ſection. Accordingly the ancient geo- 
metricians conſidered the conic ſections, as made 
by a plane cutting a cone. . 
2. In the ſecond caſe, equations, which expreſs 
the nature of curve. lines, are not properly defint- 


tions of theſe curves, but certain arithmetical com- 
putations, grounded on ſome property of theſe 


curves, and which (duly managed) may lead us to 


the knowledge of theſe properties. For theſe 


equations, being analytical expreſſions, will (like 


the ſcience itſelf) lead us in a retrograde order from 


the equations themſelves, to the properties on which 
they are founded. For it is well known in analy- 


tics, that by conſidering the things ſought, as if 


they were known; at laſt, by equations expreſſing 
their conditions and relations, we arrive at the real 


knowledge of them. Juſt thus in geometry, by 


denoting 


\ 


* 
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divided into kinds by the dimenſions of the equa- 


T »n 


denoting the conditions of a curve by an equation 
expreſſing its nature, we at laſt arrive at ſome pro- 
rty of that curve, upon which that equation is 
ded. - Therefore it 1s plain, that equations are 
not true definitions of a curve, but only artificial 
expreſſions, by the help whereof, and the given con- 
ditions, we are able to trace the firſt, moſt ſimple, 
and defining property of ſuch curve. An equation 
then is nothing . elſe but a, deſcription, by which a 
figure is rendered more eaſy to the conception. 
When 'the nature of a curve is expreſſed by an 
equation, we muſt find out by. what motion of 
Points, interſection of lines, . or by what deſcription 
or conſtruction, a curve is generated, which ſhall 
have the conditions expreſſed in that equation. An 
equation then pre-ſuppoſes a curve deſcribed ac- 
cording to ſome law or rule, upon which that equa- 
tion is founded. 
3. Thirdly, The deſcription of a curve in plano, 
is the moſt true and natural definition of a curve, 


and the proper original thereof, and from which 


all other properties may be determined. Now this 
conſtruct ion may be effected various ways, as by 
the interſection of lines, the motion of points, 
ſimple or compound after ſeveral manners, which 
will generate ſeveral ſorts of curves. Thus a cir- 
cle is deſcribed by a line revolving round a fixed 
center; an ellipſis is deſcribed by a flexible line 
moving round two fixed centers; a cycloid is de- 
ſcribed by a point in the circumference of a circle, 


whilſt it turns round along a right line; and fo of 


The ancients admitted only right lines, the circle, 
and the conic ſections into geometry, excluding all 


other curves as not geometrical. But modern geo- 


meters admit all curves into geometry, that can an) 
way be expreſſed by equations. Curves are beſt 


tions 


* CURVE LINES. * 
tons expreſſing their nature. By help of theſe 


equations, We gain a better idea of ſuch figures, 
ad more eaſily comprehend the nature of them. 


DEF INIFIONS 
D-E F: 1 | | 
A Curve Line is that which is deſcribed by a Fig. 
noving point which continually changes its direc- 49. 
ion, as ABC; whilſt a right line always goes on in 
tie ame direction, as Ap). 


| PE MM. 

If BM be any curve line, and any right line AD 50. 
being drawn of an indefinite length, and having 
is origin in A; and if any part AP be cut off, and 
fom P, the right line PM be drawn to the curve, 
making a given angle with AP; and this be every 
where done; then the line AP is called the A 
ſiſa, and PM the Ordinate, of that curve. 

| D:- KB, Ms | 


A line of any Order is denominated from the 
lpheſt power of, the equuation, expreſſing the na- 
tute thereof; which powers are made of the ab- 
aſa, or the ordinate or both. : 

Thus if x = abſciſſa; y = ordinate; a, 5, c, 


pen quantities; if ax = &y + cc, this denotes a 1 
1e ine of the firſt order, or a right line. If yy — ay = 
e- = by + xx, this denotes a line of the /zcond order, 
e, WW" = curve of the firſt order. And fo does this 


quation ay + xy = bx. And this ayy = bxy — ccx. 

Again, y} — 3axy = bxx, denotes a line of the | 
ird order, or a curve of the ſecond order. And 

bon to higher orders, according to the dimen- 
ons of x or I, or both of them in one term. ; . LL” | 
- DE F. IV. . | | | 
If x be the abſciſſa, and y the ordinate of any 2 
ve; then if the equation expreſſing the nature 1 
| 


of 


2 8 
* " » 
* 9 9—— * Vs 
- 


52. 'The Subtangent is the line PT, or the diftanceol 
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Fig. of. the curve; be made-up of. x.and 3. and. given 
80. — — and x and y denote ſtreight lines, then 
curve is called a Geometrical or Algebraic. Curve. 


D E F. V. 
But if the nature of a curve be expreſſed by an 


equation, wherein one of the indetermined quan- 
tities Or y, repreſents a curve line, then the curve 


denoted by ſuch an equation, is called a 7 ranſcen- 


dent or Mechanical Curve. 
DE F. VI. 


Exponential Curves, are thoſe where the equa-| 


tions expreſling the nature thereof conſiſt of terms 
whoſe indices are indetermined or variable quan- 
tities made of * or y. Thus @ = y, is an expo- 
nential curve, as allo y* + = axy. 


DE F. VII. 


51. Curves that turn round a fixed point or center, 
are called Spirals or Radial Curves, as ADE. And 
any line CE, drawn from the center C to the curve, 
is called an Ordinate. | 


A tangent to a curve, is a line drawn thro a 
* of the curve without entering into it; ſo that 
being produced, it leaves the curve on both ſides. 


DE F. IX 


the ordinate from the interſection of the tangen 
and abſciſſa. 5 7 
And in ſpirals, it is the line CT, which is petp 
to the ordinate CE, and meets the tangent at J. 
55 DEF 


' 
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NE 6279 | D E F. X. 3 + 
The Subnormil is the line PQ, which is the dif- 
tance |} the ordinate from that point of the ab- 
if, where a perpendicular to the curve (or tan- 
err TT TT on 
And in the ſpiral, it is the line CQ, perp. 
CE, and cutting the line EQ (which is perp. 
the curve) in Q. Wn TW 
DEB -::;; . 

The Axis of a figure is a line paſſing thro the 
center, which is ſome remarkable point of the 
curve; if it biſſects the ordinates, it is called a 
Diameter. | | 


DEF. XI. 


An Aſymptote is a right line which continually 


approaches the curve, but never touches it, till it 
be at an infinite diſtance. | 


SeHhOL IV u. 


All curves are more ſimple or compounded, ac- 
cording as their equations conſiſt of fewer or more 
terms. But the equations are the more comprehen- 
ſive the more terms they contain; and become uni- 
verſal when all the powers and products of the ab- 
ſciſſa and ordinate, are expreſſed therein. To give 
ſome inſtances, let x = abſciſſa; y = ordinate z 
e, b, c, d, &c. known quantities, which may be 
either affirmative or negative. Then a line of the 
firſt order will be denoted thus, y + ax + 5 = o. 


& Ine of the ſecond order thus, * + ax + Þ X 
)J+cxx +dx +e o. Lines of the third order 
thus, y3 +ax +b X + +dx +eXy + 
fr + g + bx + K S O. And ſo on; and theſe 
equations' are univerſal, and take in all caſes of 
theſe ſeveral orders. And in theſe ſeveral equa- 


> tions, 
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Fig. tions, any of the quantities a, , c, &c. may 
51, be wanting; and then the curve changes into a 
more ſimple one of the ſame order. 
When theſe coefficients are multiplied out at 
length, the number of terms in the equations of 
the ſeveral orders, will be in the firſt 3; in the ſe- 1 
cond 6; in the third 10; in the fourth 15, &c, 
which are thus generated, the firſt =1 +2 =, 
the ſecond = 1 + 2 +3 = 6; the third =1 + 
2 + 3 + 4 = 10; the fourth =1 +2 +3 + 
4 +5 = 15, and ſo on, | 


SECT. 


CURVE EINES tt 


SROQCT [I . 


The generation of Curves, by which the 
length of any given Curve is determin- 
ed ; the uſe of tangents in determining 

their areas, ſurfaces or ſolidities. 


6 


P R O P. I. 


If AOM be any given curve, AP its axis, MT Fig. 
a tangent at M. And BC be ſuch a curve, that 53. 
MDC be drawn parallel to AP; it may be, AD: 
tangent MI: : AN a given line: CD. Ge 
Then the ſpace ABCD will be equal to the redtan- 
gle of AN and the curve line AOM. | 


Take the point m infinitely near M, and draw 
mc parallel to MC. Produce the ordinate PM to 
„ and draw 7C parallel to M. Then the trian- 
gles MPT, Msm are ſimilar, whence Me: My : : 
MP or AD: MT : : (conſtruction) AN: CD. 
And therefore CD Xx Ms = Mm x AN; that is, 
the rectangle CDar or CDdc rectangle Mm * 
AN. Hence the ſum of all the rectangles CDac 
= ſum of all the rectangles Mm Xx AN; that is, 
be area ABCD = rectangle AN x curve line AOM.. 


8 
Cor. 1. Hence if any tangent MT be known, the 
wrreſponding ordinate CD will be known. 


Cor. 2. And if the area ABCD can be bad, the - 
nth of the curve AOM will alſo be bad. | 


Ya PROP. 


58 


Fig: 


54. 


and drawing the line MB perp. to the curve in M 
cutting the axis in B, and producing MP to Z; it 
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PROP I 


Let AM be any curve, AP the axis, PM the or- | 


dinate perp. to it; and let the curve KZ be of (uh 
a nature, that taking any point M in the curve AM, 


5 


may be always PM : MB:: arch AM: PZ. They 
the ares AKZP will be equal to half the ſquare of 


the arch AM. 


Take the point n infinitely near M, and draw 
mB. Alſo draw ms parallel to MZ, and mr perp. 
to it. Then the triangles Mmr, MPB are ſimilar, 
and mr: Mm : : MP: MB:: (conſtruction) arch 


AM: PZ. Then Mm X arch AM = mr Xx PZ 


= Pps5Z. And the ſum of all the M x AM = 
ſum of all the PpsZ = area AKZP. 


Divide AM into an infinite number of equal 


parts each equal to My = 1. Then all the arches 
beginning at A, conftitute a ſeries of quantities in 
arithmetic progreſſion, whoſe number is AM, and 


the greateſt alſo AM. Therefore the ſum of all 


A AM 
the AM (or AM x Mm) = =x a= 


by Prop. II. of the Arithm. of Infinites. There. 
. fore 2 = area AKZP, 


. 
* I 


PROP. 


— . 6 we & 1 3c 22 . *& . 14 £23 we 
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PROP. III. 


Let ATB be any curve, AD the axis, BD the or- 
dinate perp. to AD. And let KL, CE be two curves, 
ſo related to this, that producing BD to E and L, and 
taking a given right line KN, it may be Dl. DE- 


' +'KN*, and that the reftangle KN Xx BD = area 


ADEC. Then the refiangle KN X curve AIB = 
area ADL.K. 1 | _ 


Take the point + infinitely near B, and draw 


5¹ 
Fig. 


55. 


bdel parallel to BDEL ; and draw Bm, En, Lr pa- 


rallel to AD. And put AD = x, DE = y, DL 
= v, carve AIB = 2, BD = , and 'KN' = 6, 
then by conſtruction vv = yy + aa; and aw = 
ADEC; that is, a x BD = ADEC, and à x b4 
= AdeC, and their difference a X mb DadeE = 


DE x Dd = y x Dd = y x Bm, and fquaring, 4. 


* =»* X B; that is, vv —yy X nb. = * 


Xx Bm; and tranſpoſing, wv x nb. = yy Xx 


mb* + Bm. = yy x B, and extracting the root 


0 x mb = X Bb, and av X mb = ay x Bb, or 
(becauſe a * mb; = x Bm) vy x Bm = ay x Bb, 
or vx By = a X Bb; that is, DE x Dd à & Bs, 


and the ſum of all the DL x Dd = @ x ſum of 
all the Bb, that is, the area ADLK = 4 Xx curve 


AlB. 


Cor. Hence if the areas of the curves, ADLK, 
e be known; the length of the curve AIB will 
e rnown. ä g | 


„ PROF 


* 


\ 
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PRO IV. 


56. F aefg be any ſort of ſpiral, af an ordinate, i; 
perp. to it, tf a tangent, HI a given line; and it be 
made as f: at:: HI: gl; and aq be made equal 10 
af, and ql laid from q to l, in a line perp. to aq, and 
if this be every where done, and the curve mlt 
drawn And if the curve EFG be of ſuch a na- 
ture, that the ordinate CF = af, and BE = ae, 

Sc. and that BC x HI = area mpgl. Then will 


the length of the curve EF = length of the ſpiral ef. f 
And the area BEFC = twice the area aef. WM < 
; e 
For ſuppoſe ag infinitely near af, and DG inf- i 
nitely near CF. Draw FN parallel to BD. Then 4 
ſince CF = af, and DG = ag, their difference WM 7 
NG = ug. Put HI = 4. Then ſince pmkr Sa tc 
Xx BD, and pmlq = a x BC, therefore the differ- 7 
ence qr = a X CD; that is, gl X qr or ug X q ” 
= a Xx CD. But the triangles aft, ug, arc ſimilar, i 
whence ug: f:: af : at:: (conſtruction) @ : 4; c 
therefore a X nf = wg X gl = a x CD, therefore 5 
17 = CD = NF. Whence the triangles / and i 
NFG are equal and ſimilar, and FG = fe, and all t 
the FG = all the /g; or the curve EFG equal to | 
the curve /g. And ſince of = CF, and ag = DG; 
therefore the triangle g = half the trapezium 
CDGF. And the ſum of all the triangles off b 
= half the ſum of all the trapezia -CG ; that is, 


the area aef = half the area EBCE. 


PROP. 


. th. 1 


8 Ty Www, w 9 Oe 
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PROP, V 


Let AMC be any curve; AB the axis; PM, CB, 57. 
ordinates, MT a tangent. Let the parallelogram 
PMDB be inſcribed in the curve. Then will PMDB 
be the greateſt poſſible inſcribed paxallelogram, when 
the length PB is equal to the ſubtangent PT. © 


Take the point m infinitely near M, and draw 
mp, md parallel to MP, MD. Then we have another 
parallelogram mpBd, inſcribed in the curve. Every 
quantity is at its greateſt, when by varying the 
terms-of it, the increaſe 1s equal to the decreaſe. 
The triangles TPM and Mrm are ſimilar, whence 
TP: PM:: Mr: rm. Therefore PM Xx My = 
TP X rm, Therefore if PB or MD be put equal 
to TP, we ſhall have PM x Mr = MD x rm = 
DB x 7m. That is, the parallelogram Mp = par. 
mD. But when the parallelogram MPBD is changed 
into the parallelogram mpBd. The former is de- 
creaſed by the ſpace Mp, and increaſed by the ſpace 
mD = Mp. Therefore, ſince the infinitely ſinall 
increaſe, is equal to the infinitely ſmall decreaſe; 


the parallelogram PMDB is a maximum. 


Cor. By a like reaſoning, the greateſt cylinder 


PMDB, that can be inſcribed in the ſolid, generated 


by the curve AMC, revolving about its axis AB; 
- =O the length PB is equal to half the ſubtangent 

For let c = 3.1416, then fince PM x Mr = 
TP rm; let PB = © PT, then TP = 2PB, and 
PM Xx Mr = 2PB Xx rm; multiply both by 
X PM, then c Xx PM x Mr = 2c x PM X rm 
PB. But c Xx PM x Mr = ſolid deſcribed by 
PMmp; and 2c x PM X rm Xx PB = ſolid de- 
ſcribed by DM md. | 

3 Therefore 
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Fig. Therefore, the increaſe of the inſeribed cylinder 

57. being equal to the decreaſe, the cylinder muſt be 
a maximum. 


PROP. VI. 


58. In any curve, if the points M, m, be taken in- 
nitely near together, and the ordinates MP, 
drawn; and alſo Mr, mn, parallel to the axis AP. 
Ten either of the parallelegrams MPpr, or nPpn, 
may be taken for the ſpace MPpm. 

59. And in ſpirals, if M, m be infinitely near, and 
AM, Am drawn; and the ſmall arches Mr, mn, 
deſcribed from the center A, which will be perp. to 
AM, Am. Then either of the triangles AMr, Ann, 
may be taken for the ſpace AMm. 


58. For ſince the hypothenuſe My is infinitely ſmall, 
the ſides Mx, um, or Mr, rm, will much more be 
infinitely ſmall. + But the parallelogram MPpyr is 

to the parallelogram Mrmn, as PM to Mn, and 
* as Mn is infinitely leſs than MP ; the parallelogram 
Mrmn is (infinitely leſs than MPpr; and much 
more is the triangle Mum, or Mrm infinitely leſs 
than the ſpace MPpm; and therefore vaniſhes in 
reſpect of it, conſequently the par. MPpr = ſpace 
Mm = par. »Ppm. i 
59. In like manner in the ſpiral, the triangle Mam 
or Mrm is infinitely leſs than AM or Ann. And 
therefore AW or Ann, may be taken for AMn, 
the difference being infinitely ſmall, or nothing, in 
reſpect of any of them. 


58. Cor. 1. F a curve APM ze divided into an inf- 
nite number oje parts by the ordinates MP, mp, &c. 
. infinitely near one another; either the ſum of the cir. 
eumſcribing p arallelograms, as Ppmn ; or the ſum of 
the inſcribed parallelograms, as Ppr M; may be taken 
for the area of the curve. 1 Fe 
| i 
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And in ſpirals, either the ſum of the circumſcrib- Fig. 
ing triangles Amn, or of the inſcribed triangles AMr, 59. 
may be taken for the area. 

For when the ordinates are parallel, the ſum of 
the circumferibing and inſcribed parallelograms, 
differ from ane another only by one of the paral- 
Fam, which is infinitely leſs than the 
area APM. as Pp is infinitely lefs than AP. And 
much more will the difference between the curve 
and either ſum, be infinitely ſmall. 

For the ſame reaſon in ſpirals, the ſum of the 

circumſcribed, and the ſum of the inſcribed trian- 

gles, differ from the curve by leſs than the Winne 
ja mall triangle AMm. 


Cor. 2. The infinitely ſmall part Mm of * curve 
AM may be looked on as a right liue 

Becauſe its deviation from a right line ma. be 
nfigitely ſmall in that ſhort page. 


FRO VIE ; 


Lit AM be any curve, AP the abſciſſa, PM an 60, 
ordinate, AT a tangent at the vertex. And let AN 
be ſuch 4 curve, that drawing the tangent MT to 
any point M, to cut AT in T, and producing MP, 
nabe PN = AT. And this be every where done.. 
Then drawing AM, the area of the curve AN P is 
twice the ſe gment ABMA. 


Take m infinitely near M, and draw pn p 3 
o MEN; alſo draw AQq parallel to MT, then 
QM = AT = (by conſtruction) PN. Therefore 
7 the parallelogram QMmq = trapezium PNyp 
- Crop. VI.). But the triangle Au (contained 
5 between the ſame parallels AQq, TMm) = half 
if Mug = half PNup. Therefore the ſum of all 
„ be triangles AMm = + ſum of all the trapezia 

Np ; ; that bs the ſegment ABMA = = half the 
1d "ey ANN. I 
P R O P. 
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PROP. VII 


F AM be any curve, AP the abſciſſa, PM an or- 
dinate, BC parallel to it, MT a tangent at M. Aud 
F BD be @ curve of ſuch a nature, that CD, draun 
thre M, parallel to AP, may be always equal to the 
fubtangent TP. Then the area of the curve BCD, 
is equal to the area of the curve APM. 


Take m infinitely near M, and draw mp parallel 
to MP, and nd parallel to AP. Then the trian- 
gles TPM, mrM are ſimilar, whence Mr: rm: 
MP: PT or CD; therefore MP x rm = CD 
- Mr; that is, the trapezium MPpm = trapezium 
CDadc. And fince there are as many trapezia in 
the ſpace CBD, as in the ſpace APM]; and theſe 
trapezia being always equal, their ſums muſt be 
equal. That 1s, the area of the figure BCD will 
be equal to the area of the figure APM. 


PROP. IX. 


62. JTf PQM be a ſpiral or other curve, AM an or- 
Ainate, AT perp. to it, MT a tangent. And if the 
curve ABC be of ſuch a nature, that drawing AF, 
and AG perp. to it; and with the radius AM and 
center A, deſcribe the arch MN, | and draw NB pa- 
rallel to AG and equal to the ſubtangent AT. Then 
the area of the curve ANB is twice the area of the 
 fowral PQMA, beginning at A. | 


— = ——— vK1½2 — — 
— = 


Take m1 infinitely near M, and draw the ordinate 
Am, and with the center A and radius Am, deſcribe 

the arch urn, and draw ub parallel NB or AG. Then 
the triangles Mrz, MAT, are ſimilar, whence Mr: 
m:: MA: AT or NB by conſtruction Therefore 
MA X 7m =-NB x Mr, or NB «Nn; that 1 
twic 
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wice the triangle MAm = BNnb. And ſince this Fig. 
i; ſo every where, therefore the whole area NAB 62, 
= twice the area APQMA. Z 90s 10 0 2 
„„ | 
AFM be any curve, AP the axis, PM an or- 63. 
dinate, MC perpendicular to the curve in M. And 

if the curve BOD. be of ſuch a nature, that produc- © 

in7 MP to D, PD may be equal to the ſubnormal 
CP. Then the ares ABODP = ; PM*.' © 


Let the point m be infinitely near M, and draw 
nd parallel to MD. And draw Mr parallel to 
AP. Then the triangles Mar and MCP are fimi- 
lar, whence mr: Mr: : CP or PD: MP. There- 
fore mr x MP = Mr x PD. Now if PM be di- 
vided into an infinite number of equal parts each 
equal to r '= i; then all the PM will compoſe 
a ſeries of terms in arithmetic progreſſion, whoſe 
number and greateſt term is PM. Therefore 
the ſum of all the progreſſion (Arith. Infinites 
Prop. II.) is z PM.. And ſince wr x MP = Mr. 
PD or Pp x PD = trapezium PpdD; therefore 
the ſum of all mr Xx MP = ſum of all the PpdD ; 
that is, + PM“ = area 'APDOB. RE 


PROP; XE- +. 
If AMB be any curve, AP the axis, PM an or- 64. 
dinate, MT a tangent. And KZ be ſuch a curve, 

that producing MP to Z, it may' , TP: FM+:- 
1 4 line a: PZ. Then the area APZK =a 

X FM. | 


* 


Let m be a point of the curve infinitely near M, 
and draw mpæ parallel to MP, and Mr parallel to 
AP. Then the triangles Mrm,- TPM are ſimilar, 
whence My : mr : : TP: PM : : (conſtruction) 4: 
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8 Fig; PZ. Then Mr & N = 4 > r that is, the 
64 trapezium PpzZ- =o X mr. And the ſum of g 
the PpzZ or the 3 4 
n 


4 


PROP. XU. 


To AM gh? any curve, AP 41 abfeiffs, IP ar 
ord nate, MT a tangent. Aud let the curves B, 
and F be / 3 > ther drawing CN. Parallel. t 
PM, and . — P to D, and drawing MNF 


Mel to AP; it may. always bez PT: PM: 


a 
| | PD. Then the area . 410 th 
FA 


e ling nezw Bf, nd. draw 5 oa 
1 to Mp, and nf parallel to AP. Tick. the 
nes Mon T'MP, are ſimilar; whence Mr: 
: TP: EM:: NF : PB. Therefore Mz 
PH. = r x NE; chat is, Pp. PD Nu x NI, 
or which is the fame thing, the trapezium: PpdD 
=-trapezium NEVu. And as this is ſo every where; 
the ſum-of all the trapeziums PgdD = ſum of al 


the trapeziums NE: or the area ABDP = S ares 
CGFN. 


Cor. Hence if any two if the curves AMP, 
ABDP and CGFEN, 5e ey. the _— may be 


| Jouns. | 
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PROP. XIII. 


Lit AM; be any curve, AP its axis,, PM an 
ordinate; and let the curve ANE. be of ſuch à na- 
ture,. that producing PM to N, the tangent NT may 
he parallel to the chord AM. Then drawing AD, 
ND. parallel to M, A; the. area- APN. will: be 
equal to the area APM. 


Let m be a point infinitely near M, and Fn 
pm parallel to PM, and ds, NS, Mr parallel. to 
AP. Then the triangles N»s, TNP; and AMP 
are ſimilar, whence AP: PM:: TP: PN:: Ns: 
Ml. Therefore AP x S = PM x Ns z thar iS, 
DN x n = PM X Mr, or the trapezium DNxd 
= trapezium' PMmp. And the ſum: of all the 
trapeziums DNzzd = ſum of all the abs,” 
PMmp ;: that is, the area ADN = area 


P R O P. XIV. 


If AMB ze any curve; AP the axis, PN a or- 
dinate; and let KZ L be ſuch @ curve, that taking 
any right line r, and continuing the ordinate MP to 


59 


 Eigg 


66. 


Z, it may be, V area APM: PM:: : 7: PZ. Tben 


tbe area APZK = 27 * area APRIL | 


Take m infikitely near M, and draw mp2 iparak 
ie to MP. And put 2. = area APM S ſum of 


the: in; og TH or PM Xx «7 AP = = 1 . = 


xPp on PZ x By. = = ee 


eee PMmp. Let un trapezium 


PMmp. 
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Fig. PMmp, and divide the area APM or 2 into an in- 
a * finite number of trapeziums equal to w = 1. Then 
All theſe areas denoted by z conſtitute a ſeries of 
: quantities in r progreſſion, and the ſum 


of all the 1 by Prop. V. Arithm, of In- 


finites) i * TA - X 5 many times s the writ term, 
where m = — 2 che 8 term — 8 25 and num- 


ber of terms 2. therefore the row of all the — 
1 


is FG 


2- 


PE * y = = 95 X w. Therefore the ſum of all 


5 ) 
— * And therefore ſince 


che PZX Pp = = r x ſum of all the — a or X fon 


of all the _ IN a is, . area 
APZK-= x2 area APM. 


FB XV. 


68. ſes AMB Be any curve, AD the axis, PM an or- 
dinate, MT a tangent. And let the curves EX and 
GY be ſuch, that continuing MP to X, and drau- 
ing MQY parallel to AP; it be TP: PM : : QY: 
FX. Th ihe. area APXE = = area DGQV. 


Take the point m ; infinitely near M, and draw 
mpx parallel to MP, and mgy parallel to MQY. 
Then the triangles Mrm, TPM are ſimilar, whence 

Mr: mm: : TP: PM:: (conſtruction) Q: PX; 
therefore My x PX = rm X , or Pp x PX = 
Q X QY ; that is, the — PXop = = trape- 
zium 


/ 
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zum QY39. And the ſum of all the trapezia PXxp Fig. 
= ſum of all the trapezia Q); that is, the area 68. 
APXE = area DGYQ. | | 


PROP. XVI. 


Suppoſe AMB any curve, DM an ordinate; DT 69. . 

perpendicular to it, MT a tangent. And let the 

curves EN, and GH be of ſuch a nature, that producing 

DM to N, and with _ 178 and center i = 

tribing the arch MrQ, and drawing QH and D 

= 1 D . Then making TD : B : DM Xx 

H: DN*. Then the area DGHQ = twice the 

area EDN. Ee 


Take the point m infinitely near M, and draw 

d1mn. From the center D, with radius DN de- 

ſcribe the ſmall arch Ns; and with the. radius 

Dn, the arch mq, and draw gb parallel to QH. 

Then the. triangles Mym and TDM are ſimilar, 

whence Mr: 7m: : TD: DM : : (conſtruction) 

DM x QH : DN“; therefore Mr x DN* = 71m X 

DM x QH. But the ſectors DMr, DNs are fi- + 
milar, whence DM: Mr: : DN: Ns, and DM x A 
Ns = DN x Mr, and DN x DM x Ns = DN* 
x Mr = 7m x DM x QH,; and dividing, DN & 


0 Ns = 7m Xx QH = Qq x QH; that is, twice the 

Hh viangle DN = trapezium QHbg. Therefore the 

4 ſum of all theſe trapezia or the area DGHQ = 

4 by the ſum of all the triangles, or twice the area 

IW 

L; 
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PROP. XVII. 
Let DOM be any curve, DA a tangent at D, DM 


an ordinate, DT perp. to it, MT a tangent. Aud k 


- 61. 


let AGF be ſuch a curve, that producing DM 10 F. 
And taking a = any given line, let DT : 24: 
DM“: DF*. Then the area ADF = 2 Xx DM. 


Take the point m infinitely near M, and dray 
Dmf; alſo draw Mr perp. to D/, and fr perp. to 
DF. Then the triangles MDT, mrM are ſimilar, 
and therefore DT: DM:: Mr : mr, whence DT 
X mr = DM x Mr. But DM * Mr : DF x of: : 
triangle DM»: : triangle DFf : : DM: DF*.. . 
(conſtruction) DT: 24. Therefore 24 x DM x dy 
Mr = DT x DF Xx u,, or 22 X DT x mr D if 
x DF x f, whence 24 X mr = DF X of = twice 4 
the triangle DFf. And ax mr = DE; therefore ” 
a X all the mr = ſum of all the triangles DFf; 
that is, a x DM = area DAF. 


PROP. XVI. 


If AM be any curve, AP the abſciſſa, PM an or- 
dinate, BC parallel to it, MT a tangent at M. And 
if BD be ſuch a curve, that drawing MCD paralltl 
to AP, CD may be always equal to the ſubtangent TP. 
And both curves APM and BCD revolve about the 
axis APB. Then the ſolid deſcribed by BCD, will 
ze double the ſolid deſcribed by APM. 


Let m be a point of the curve, infinitely near 
M, and draw np parallel to MP, and md parallel 
to AP. Then the triangles mrM, TPM are ſimi- 
lar; whence mr: Mr: : TP: PM; that is, Pp: 
Cc : : CD : PM; therefore Pp x PM = Cc x CO. 
Put ? = circumference deſcribed by Mor D; _ 

* | - | 0 
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the area deſcribed by Cc is p x Cc, and the area Eig. 
| p X PM | 8 61. 
deſcribed by PM = And the folid de- 
ſcribed by CcdD is p Cc x CD, and the mes 

„ x Ce & 
ſuibed by PpmM is © r LEE. 
Therefore the ſolid deſcribed by CcdD is double 
the ſolid deſcribed by PpmM. And the ſum of all 


the CcdD or the ſolid CBD is double the ſum of 
all the PpmM or the folid APM. | 


PROP: XX. 


Lit AFM be any curve, AP the axis, PM an or- 63. 
linate,, MC perpendicular to the curve in M. And 
if BOD be fuch a curve, that producing MP to D, 

PD may be equal to MC. Then if the curve AFM 
revolve about the axis AP, the ſurface deſcribed by 

AFM evil to the area APDB, as the circumference 

of a circle to the radius. | 


„ TE Ea 3 a} bs T7 


Take M infinitely ſmall, and draw mpd paral- 
el to MP, and Mr parallel to AP. Then the 
inangles MPC and Mrm are ſimilar ; whence Mr: 
10 Mm :: MP: MC; therefore My x MC = Mm x 
ry MP. Let p = circumference deſcribed by M; 
P then the area deſcribed by Mm, will be p x Mm. 
* And the area PpdD = Pp x PD = Mr x MC. 

Therefore the ſurface. deſcribed by Mm: areaPpdD: : 
Mn x: Mr x MC or Mm x MP:: : MP:: 
arcumference : radius. And the ſum of all the 
lurfaces Mm: ſum of all the PpdD; that is, the 


n face deſcribed by AFM : area APDB : : cir- 
6 cumference: radius. 


PROP. 


CURVE EINES 320, 


PROP, IX. 


I AM be any curve, AP the axis, PM an or. 
dinate, BC parallel to it, MT a tangent at M. If 
MD be drawn parallel to AB ; and the curve BD je 


ſuch, that CD be always equal to the tangent MI. 
' Then the ſurface deſcribed by the curve AM revolving 


about the axis AP, is to the area BCD, as the cir- 
cumference of a rele to the radius. 


Take the part M infinitely ſmall, and draw mp 

parallel to MP, and md parallel to MD; and let 

— circumference to the radius PM. The trian- 

les »rM, TPM are ſimilar, whence Mr: My :: 
MWP: MT or CD; therefore My x CD = Mm x 
MP. Then the ſurface deſcribed by Mm = Mn 
X p, and the area CcdD = Cc x CD = Mr x CD 
= Mm x MP. Therefore the ſurface deſcribed 
by Mm: area CcdD : : Mm x : Mm x MP::p: 
MP. And the ſum of all the ſurfaces Mm: 
ſum of all the areas CcdD : : p : MP; that is, the 
{ſurface deſcribed by the curve AM: area of the 
curve CBD : : circumference : radius. 
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SECT 


Of the Aves, Ordinates and Aſſymptotes 


of Curves, their nature and proper- 
ties in general; their affections de- 
duced from the equations of the curves 
the product of the ſegments of paral- 
lel lines; generation of curves y 


” * A 


8 


Nn 


If the abſciſſa of a curve be repreſented by x, and Fig. 


the ordinate by y; and the nature of the curve be ex- 
preſſed by any equation between x and y. Then if any 
particular value be aſſigned to x, there will be as ma- 
ny values for y, as is the index of its higheſt power 
in the equation, and no more. 


Suppoſe any equation, as y* — aay + xy* — 
ar = o, and put 5 = x, then the equation will 
become 1 — aay + by* — abb = o, which is a 
cubic equation with the unknown quantity y, and 
therefore by the principles of algebra, this equation 
has three roots, which are the three values of y 
correſponding - to that value of x denoted by 6. 
And aſſigning any other value for x, as ſuppoſe c; 
then there will be produced another cubic equation, 
having three roots or values of y correſponding to 
and fo on for any other value of x. And the 
lame reaſoning holds good for any other equation 
tow high ſoever it be, that there are as many va- 

#2 | lues 
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Fig. lues of y, as is the dimenſion of the higheſt power 
of it. And there can be no more, becauſe there 
are no more roots of the equation, than the high- 
eſt power of the unknown quantity has dimenſions, 


Cor. 1. In an equation between x and y, expreſſing 


the nature of a curve ; for any particular value of y; 


there are as many values of x, as the higheſt power if 
it bas dimenſions in the equation. 

For in the former equation, put þ = , then 
5 — aab + bbx — axx = o, a quadratric equation 
for the unknown quantity x, which equation haz 
two roots or values of x. And the like for other 
equations. 


Cor. 2. Among the ſeveral values of y, for any de- 
terminate value of x; thoſe that are affirmative are 
drawn on the upper ſide of the abſciſſa to the curve; 


and thoſe that are negative, are drawn from the ab. 
ſciſſa downwards to the curve. 


And among the values of x, for any particular 
value of y, if thoſe that are affirmative, lie from 


the origin of the abſciſſa to the ordinate, on the right ; 


then thoſe that are negative, will lie from the origin o 
the abſciſſa to the ordinate, on the left hand. 

For affirmative and negative quantities muſt lie 
contrary ways from any fixed point or given line. 


Cor. 3. When ſuch a value of x is aſſigned, that 
in the reſulting equation, ſome of the roots are in- 
Poſſible. - This denotes that ſuch ordinates as are re. 
preſented by theſe impoſſible roots, don't reach the curve; 


and in that caſe there is no ſuch ordinate. 


For impoſlible roots in an equation always ſhew 
the impoſſibility of the thing propoſed. 


Cor. 4. Hence by affigning ſeveral values of * 
you may determine as many values of y as you pleaſe, 


aud by that means find as many points of the curit 
a5 
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gs you pleaſe, which being drawn thro* all theſe 
points will be the LOCUS of that equation. 


Cor. 5. In aſſigning any value for x, if one root or 
value of y be o, then the curve cuts the abſciſſa in 
that point. But if y be infinite, then the ordinate to 
that point, is an aſſymptote to the curve, which runs 
out ad infinitum. 


Cor. 6. If » be made infinite, and then ſome value 
of y is o, this ſbeus that x or the abſciſſa is an aſ- 
ſymptote to ſome branch of the curve, which runs on 


infinitely. 
| FACE ©, 
If a curve is defined by an equation ſhewing the re- 
lation of the abſciſſa (x), and ordinate (y) ; a right 
line may cut that curve in as many points, as the bigh- 


eft power of y has dimenſions in that equation, and not 
in more points. 


67 
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71. 


Let RAMN be a curve defined by the equation 


* — agy +  —ax* = o. It is. ſhewn in the 


laſt Prop. that for any determined value of AP. of 
x, there will be three values of y, viz. PM, PN, 
and PR, becauſe the equation has three roots or 


values of y. Therefore the right line NR cuts th 
curve in the three points N, M, R. But there 


being no more roots or values of y, it cannot cut 
the curve in more points. It may cut it in leſs, 
when ſome of the roots are impoſſible. As if PM 
was to move into the poſition QO, vhere it 
touches the curve at O, there the two points M, 


N, coincide ; but beyond Q, the ordinate cannot 


touch that part of the curve at all, and then the 


wo roots PM, PN vaniſh, + / 


Cor. 1. Hence one root alone cannot vaniſh out of 
the equation, or one ordinate vaniſh out of the curve; 
but two muſt vaniſh together. STE 

24 For 


= 
Fig. 
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ſcribed by the continual motion of a point; and 
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For firſt the two ordinates PM, PN, coincide 
with QO; and then vaniſh together, and are no 
where found. 5M 


Cor. 2. In 4 line of the third, fifth, Sc. or of 
any order whoſe dimenſion is an odd number; the ab- 
ſciſſa, or any right line not parallel to an aſſymptote, will 
cut the curve at leaſt in one point. 

For if the equation of the curve be odd, it will 
at leaſt have one real root. 


Cor. 3. F a right line cut a line of the third 
order in two points, it will neceſſarily cut it in three. 


For if the equation of the curve has two roots 


real, it will have three. 


Cor. 4. Fa right line touch a line of the third 
order; it will neceſſarily cut the curve in ſome point. 

For the point of contact muſt be taken for two 
points which coincide together. 8 


Cor. 5. If a right line touch a line of the third 
order in the point of contrary flexure ; it will cut the 
curve there, and in no other point. 

For three points muſt be ſuppoſed to coincide 


there. 


Cor. 6. If a right line cut a curve in a double 


point of the curve, this muſt be taken for two points. 


And a line that touches one arch of the curve in that 
point ; cuts the other in the ſame point, 


PROP, III. 


Every geometrical curve being continued, either re. 


turns into itſelf, or goes on to an infinite diſtance. 


Any geometrical curve may be conſidered as de- 


this 
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this being effected by ſome certain law, the motion Fig. 
muſt needs continue ad infinitum. And therefore 71. 
the ſpace run thro*, that is, the line itſelf, muſt 
either return back or proceed on infinitely, by 
reaſon of the regular motion of the deſcribing 
point. | bn 1 or ns 
Cor. 1. If any curve has two infinite branches or 
legs, they join one another either at a finite, or at 
leaſt at an infinite diſtance. | 
For the curve being deſcribed by the continual 
motion of a point, it muſt needs paſs out of one 
branch into another, | 


PROP lx. 


Let BM be any curve, AP the abſciſſa, PM an 72. 
ordinate. If inſtead of MP, MQ - and the parallels 
thereto be made ordinates; the equation between A 
and QM, denoting the nature of the curve, ſball not 
riſe to higher dimenſions, than the. equation between 
AP and PM, did before. ob | 


9 - 


Let AP = x, PM= , AQ =v; QM = w. 
Then ſince the lines MP, MO Q are given. in 
poſition, their ratio to one another is given; there- 
fore let PM = rw, and QP = -5w; then AP = 
v + , PM = rw. So now we ſhall have the 
equation of the curve made up of v + $», and 
rw, which before was made up of x and y. It is 
plain if v + $w be ſubſtituted for x, and rw for 
3, it will ariſe to no higher powers of v and 2, 
than it did before of x and y, becauſe v and @p- 
are but of one dimenſion ; for v + S raiſed to any 
power, can conſiſt of terms of no higher power 
than the like power of x. So that now the curve 
will be defined by an equation where the higheſt 
Powers of v and , are the ſame as the higheſt 
pcwers of x and y in the firſt equation IF 

| Cor. 
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Fig. Cor. JI the abſciſſa begin at any other point C, 


72. fill the equation between CQ and QM will riſe but 
a 


73 
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to the ſame hight as that between AP and 
For the abſciſſa is now increaſed or leſſened by 
ſome given quantity as @; therefore if we put 
v = CO, then AP = a +v + 5w; the equation 
ftill contains only one dimenſion of v and w, and 
therefore can riſe to no higher power than before. 


PR Q P.” V. 


An aſſymptote' may interſect the curve in ſo many 


Points abating two, as the equation of the curve bas 
dimenſions, and no more. | 


A right line may interſe& a curve in as many 


points as the equation of the curve has dimenſions, 
and no more, by Prop. II. Suppoſe then that 
DAE is a line of the third order, whoſe aſſymp- 
tote is CB. And let the right line DFE cut it in 
the three points D, L, E; and the aſſymptote in 
F. Let the line DE revolve about the pole F, 
ſo as that the point D may approach towards C by 
this motion the points D, E of interſection, will 
move further and further from the point F, till 


at laſt when the line DE falls upon the aſſymptote 


CB, the points of interſection with the curve, D 
and E are removed to an infinite diſtance; and 
there remains only the point A, in which DE 
or the aſſymptote CB, can cut the curve. And in 
the ſame manner it is ſhewn in any other caſe, 


that two points of interſection go off to an infinite | 


diſtance. And therefore the number of points in 
which an aſſymptote can cut the curve, will want 


two, of the number of dimenſions, in the equation 
of the curve. | 


Cor. In à conic ſection, which is the ſecond gender 
of lines, the aſſymptote does not cut the curve at ys 
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In the third gender it can only cut it in one point. In Fig, 
the fourth gender in two points, and no more. And 73. 


0 forward. | 
# F FL 


Lines of the third, fifth, ſeventh, order, Sc. or 
add number, have at leaſt two infinite legs or branches, 
running contrary Ways. | 


Suppoſe NAM a curve of ſuch an order; then 
fince this is an equation of ſome odd power, there- 
fore from the nature of equations in algebra, this 
equation muſt at leaſt have one real root, whatever 


the value of AP or x be; therefore ſuppoſe AP 


infinite towards P, then PM will be a root of the 
equation, and haye a real value, and M will be a 

int of the curve. And the branch AM will be 
infinite. Again, let AB be = — x, the equation 
ſtill will have one real root BN, and N will be 
another point of the curve; and the branch AN 
will be infinite, So there will be the two branches 


AM and AN both infinite. And perhaps there 


may be more branches infinite upon other conſi- 


derations. 


Cor. 1. Hence the roots PM or BN may be infi- 


nite; in which caſe the curve runs off infinitely from 


the abſciſſa BP. Or they may be finite; in which 
caſe AP or AB may be an aſſymptote to the curve. 


Cor. 2. In lines of the ſecond, fourth, ſixth, or 
any even number of dimenſions ; the roots of the equa- 
tion may be all impoſſible; and then the figure may re- 
ent itſelf, and be contained within certain 
ounds. | 


PR OP. 
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PROP. VI. 


The affeftions of a curve may be known from the 
equation of that curve. 


Let the abſciſſa AP = x, the ordinate PM = ”; 
then the affections of the curve may be traced out, 


by putting æ or y, ſucceſſively = o, and infinity, 


and equal to any of the given coefficients, affirma- 
tive or negative, &c. By ſuch equations as reſult, 
all the points of the curve will be determined, and 
where it cuts the axis, the poſition of the aſſymp- 
totes, if it have any, and ſo on. 

For example, let ay* — xy = x* + zu, or 


2 — K N + x X xx, where a = AD, 5 = 


| þ pix - 5 
AB; then yy = ——;, X x, and y = +x / 
+: This ſhows that any ordinate may be ei- 


ther affirmative or negative, and may be taken both 

above and below the abſciſſa, as PM, Pm, and 

equal to one another. Put x = o, then y =o, 

this ſhows that the curve cuts the axis at A the 

beginning of the abſciſſa. Put x = a = AD, then 
b +a b + a 


e S infinity; there- 


fore the ordinates erected at D will be infinite, or 


EDF will be an aſſymptote to the curve. If x be 
will be the ſquare 


greater than a, then 2 8 
root vf a negative quantity; which ſhews that no 
part of the curve can run beyond the line or aſ- 
ſymptote EF. If x lie the contrary way; that 15, 


— 


; if x be negative, then y * , now if 


| a + x | 
x be leſs than 5, then y will have two equal m_ 
whic 
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which are equal to one another; and that which Fig. 


73 


was the affirmative one before, is the negative one 75. 


now; and what was negative before is now affir- 
mative, cauſed by changing + r 5 


But here ſuppoſe x = b, then ” = 8 Vf ; 


= o; and therefore the curve will paſs hint che 
point B, and be a tangent to the 2 If x be 


greater than 6, then y = * r becomes an 


impoſſible quantity, ſo that the curve goes no fur- 
ther to that hand than to D. If we make y =0; 
that is, e then xx * Y Fr So, 
here the roots are x = — b, x c, x =0. There- 
fore the curve paſſes twice thro! the point A, and 
once thro* the point B; and therefore A is a double 
point of the curve. 

Suppoſe 5 = o, then the points B and A coin- 
cide, and the nodus or part o the curve between 


A and B vaniſhes, Here y Wi} 8 and 


————— 


a—xXy = M; and this is an equation to the 
ciſſoid, by Cor. II. Prop. I. Sect. II. Book I. 
which is plain by comparing their equations toge- 
ther; x repreſenting there what y repreſents here; 
and y repreſenting there what x does here; and 23 
there the ſame as à here. 


Put x = infinity, 7 x 9 b +xX_ 


xx, becomes — xyy = #3, or — yy = xx, andx = 


M, an impoſſible equation and therefore x 
cannot be infinite, - 


Pur y = infinity, then + x NV — = infinity, 


Ex ; 
end xx x —— = infinity; therefore ſince x is 


5 | finite, 


—_ | 


74 „ wm 
Fig. finite, we ſhall have a — * = o, or * =@ = AP, 
75. and DE an infinite ordinate, or an aſſymptote, as 
If we ſuppoſe 4 b; this makes no alteration 
in the nature of the curve. = 


PROP. VIII. 


In any curve, if tangents be drawn to all points of 
the curve; and if they always cut the abſciſſa at a 
finite diſtance from the beginning of it; that curve 
bas an aſſymptote; otherwiſe not. | 


76. Let AmM be any curve, AP the axis, not be- 
ing an aſſymptote, or parallel to one. To all the 
_ m, M, ſuppoſe tangents to be drawn as mt, 
T, cutting the abſciſſa in: and T. Now if n 
be any point of the curve near the vertex, mt its 
1 and if AF be a finite quantity; and if » 
be ſuppoſed to move further and further from the 
vertex, to M, and that the diſtance AT of the 
tangent MT is ſtill finite; and if M be removed 
to an infinite diſtance, the length AT till conti- 
nues of a finite magnitude. Then the tangent 

MT will be an aſſymptote to the curve. For an 
aſſymptote is nothing elſe than a tangent drawn to 
a point of a curve infinitely diſtant. But if T be 
at an infinite diſtance, then ſuch a tangent is no 
where to be found, and therefore in ſuch a caſe 
the curve has no aſſymptote. 

For example, let AM be a parabola then if 
AM be infinite, AP is infinite; and AT = AP is 
alſo infinite. Therefore AM has no aſſymptote. 

If AM be an hyperbola, and M at an infinite 
diſtance ; then the tangent MT cuts the axis AP 
in the center T; then AT is half the tranſverſe 
axis; conſequently MT is an aſſymptote. 


Cor. 
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Cor. Hence to find the aſſymptote to a curve, is Fig. 
the ſame thing as finding the tangent to @ point of 76. 
it, at an infinite diſtance. 


PROP. IX. 


If the equatian of a curve be y = a + bx + cx 77+ 
+ d, Sc. to fx". And n be an even number; then 


the curve has two infinite legs both on the ſame fide 
of the abſciſſa AP. 


For when x is infinite, then y = fx", all the 
other terms vaniſhing; ſo that if y = f, ory = 
fre, or y = fx5, &c. and ſuppoſe x infinite, then 
whether AP be = + x or — x, ſtilly = + fo, 
or y = + , or y = + /, &c. that is, the 
value of y will always be-affirmative, when z is 
even; and therefore the curve is always on the 
ſame ſide of the abſciſſa. = 

For example, if a, &, c, d be S o, and a = 4, 
then y = fx*, and AP = x, then PM = x, and 
if Ap = — x, then again pm = + fx*, and there- 
fore both the parts AM, Am, infinitely extended, 
lie on the ſame fide of the abſciſſa AP. This 
curve is a Kind of parabola. 


PROP, * 


Tf the equation of the curve be y = a + bx Tc 78. 
Þ+ 4x3, Sc. to fu. And n be an odd number. Then 
the curve bas two infinite legs, running contrary. ways, 
and on different ſides of the abſciſſa. | 


For when x is infinite, all the terms of x vaniſh 
except the greateſt ] therefore y = fx*. But if 
"= 1, 3, 5, 7, &c. and the abſciſſa = — x, 
then Pm or the ordinate, y = — fx, or y = — n, 
or) = — ,, &c. that is, if x be negative, and 

u an 


76 


Fig. 
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„ an odd number, then 5 = — fu, whence the 


78. ordinate lies on the contrary ſide of what it does 


when it is + x, for then y = + fox", And the 
branches of the curve AM, Am run' contrary ways, 


| becauſe — x is contrary to ＋ x ; that Is, the ab. 


ſceiſſas lie different ways. 


19 + | | 
; curve has four infinite legs contained between two a: 


- FOR PM = 


For example, lety = *. Then if AP = x, then 


5 S fer = PM; but if Ap =— x, then y =— 


* 


fr = pm, on the contrary. fide of AP. So the 
curve MAm has two infinite branches runnin 


contrary ways, and on different ſides of AP. This 


curve is the eubical parabola. 
r NOF. * XI. 
| If the equation of the curve * al 3 thi. 


mptotes ; which lie in the oppoſite angles DAC, 
BAE, when n is an odd number; but in the adjacent 
angles, DAC, DAB, when n is even. 


Let AP = x, PM = y, ſuppoſe x. affirmative, 
| 2 5 
3 if x be = o, then PM is in- 


finite, and the curve runs on infinitely towards D; 


therefore DA is an aſſymptote. And if x be inf 


nite, then PM o, and the curve runs on infi- 
nitely towards C, and AC is an aſſymptote. 


Let x be negative, or 22 x, then if u is an 


+ , , 
odd number, y = — —.— therefore y or M 


lies on the contrary ſide of BC, and the curve 15 
contained in the angle BAE. Let x S o, y15 in- 
finite, and the curve runs on infinitely toward E 


=_ — — a 


+ aj = = woos — 


ee 


An 


S SI =D 
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And if x = infinity, then 35 o, and the curve Fi ig. 


runs on ad infinitum towards 
But whilſt x is negative, if be an even num- 


of + I 
her, then y = * 2 and therefore y or Q 


lies on the ſame ſide of BC as at firſt. And as * 
js = © or infinity, y will be infinite or nothing; 
therefore the curve runs-infinitely towards B and 


there are four infinite branches of the curve, con- 


in the oppolite angles, when 7 is odd; or in the 
adjacent angles, when is even. And here one of 
the aſſymptotes AC is the abſciſſa of the curve. 
| Theſe are called Hyperbolic Curves. | 


oppoſite ſections are contained in the oppoſite angles 


i commonly knowy. 


PROP. XII. 


If FM be ay curve, FD the diameter ; and if 
an ordinate MD be drawn to cut the curve in as ma- 


ordinates on the other ide; taken in the Jame line MG. 


equation; y* + ax + 3 


. 5 


ar + de +e e 2 Kc. =o; < Schol. to 
the definitions), and this general equation teferred - 
to ſome: abſciſſa AP, and ordinate PM. Produce 


'b 
AP toC ell AC = , and draw AB parallel 3 


2 


79-- 


D, and is contained in the angle BAD. So that 
tained between the two aſſymptotes BC, DE; either 1 


Cor. If 12 = or xy = aa, then the curve is 
the conimon hyperbola, and fince n = 1, therefore the 


DAC, BAE; between the aſſymptotes BC, DE, as 


80, 


y points as it bas demenfions; then the ſum of the . 
ordinates on one fide FD is equal to the ſum of the 


Let thi nature of th curve be denoted by this | 


4 N "EN . , 
- — * 3 — : 2 
. IEEE eos = — — 
— - — — — — 
— ———— öZ2—%i 22 — : 


— 


* 

Kn 
8 

—— — 


= | 

1 
0 | 
£ 3 


 ſettions; th e ordinates are biſetted by the diameter. 


CURVE LINES. B. n. 
; 3 
MP and = — Thro' C, B, draw CFBD, and 


take BD for a new abſciſſa, and DM its ordinate; 

and let BD = v, DM = z. Take 1: p:: BD 

(v: AP = pv = x. By ſimilar triangles, CA: 
b 


b 
AB:: CP: PD; that is, =: 2:90 + : ID 


7 
N 5 f 
—.— and PM = MD — PD = 2 
apy + b apo ＋ 5 


_ , = = — OO And involving, 


| &c. | * — 2 2 &c. 
ſubſtitute theſe values of y, and x in the equation 
y + ax +b X + &c. = o, and we have 


* —apv +bX 2") þ 3—<1TXapp+d 
. „ 
2 


+ apv + bX N a 2 — 1 * 
x N. 


_ 
e 


+ cppov X &c. 


Here the ſecond term of the equation vaniſhes, 
and therefore the ſum of the affirmative roots ot 
ordinates is equal to the ſum of the negative ones, 
by the nature of equations; that is, the ſum 
of the ordinates on one fide is equal to the ſum 
on the other ſide of BD, and BD is the diameter 
of the figure. z | | 


Cor. 1. Ip curves of the firſt gender, or the conc 


Cor. 


© 9 oo: 


— 


—— 12 .es . 2 2 


\ 
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Cor. 2. In curves of the ſecond gender; the di- Fig. 
ameter cuts all the ordinates; ſo that the ſum of two 80. 


parts on one fide is equal to the. third part on the 
aber fide. | „ 


Cor. 3. The line which cuts two parallels, that 1 
' the ſum of the parts on one fide be equal to the ſuns | 

of the parts on the other , will cut all other paral- | 
lels in the ſame manner. | | 


PROP. XII. 


If a right line FN cut a curve of any order, in 81. 
the points M, m, N, Sc. and its aſſymptotes in F, 
C, G. Then the parts FM, GN, lying the ſame 
way from their aſſymptotes to the curve, will be equal 
to the part-or parts Cm, lying the contrary way 
from their aſſymptotes to the curve. 5 


Let AP be the diameter to the ordinate PM, 
and let the curve be a line of the third order. 
Then (Prop. XII.) PM + Pm PG. Now be- 
: WH cauſe the curve coincides with the aſſymptotes at 
4 an infinite diſtance ; therefore M, F; and n, C; 

and N, G coincide. But at an infinite diſtance it 

is alſo (Prop. XII.) PM + Pm = PN; that is, 
: PF + PC = PG. But if this be ſo at an infinite 

diſtance, it will be the ſame at any other diſtance; 
3 as parallel lines are cut in the ſame proportiön; 
gh therefore it will be in general PC + PF = PG,. 
8 but Pm + PM = PN; therefore taking equals 
1 from equals, Pm — PC + PM — PF = PN — 
oh PG; that is, C — FM = GN, or Cm = FM 
ter RS | 


And the ſame is eaſily ſhewn of curves of 
higher orders. Ds 


AA 2 PROP. 


- 
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p ROH W. 
If ANB be a curve of the firſt order, AB « 


_ right line cutting the curve in A and B; MN ano. 


ther right line, cutting the curve alſo in M and N, 
and the other in P. Then the rectangle APB, will 


| be to the retiangle MPN in a given ratio, having 


any parallel poſition. 


Let AP be the abſciſſa, PM and PN ordinates, 


and let AP = x, PM or PN either of them = y, 


©. "Then the equation of the curve (Schol. Def.) in 


general, is * + ax + b X y xXx + dx = o; 


in which the determinate quantity e is o, becauſe 


the abſciſſa begins at the curve. Let y = o, then 
cxx + dx = o, becauſe all the terms vaniſh where 


73 is found, then cx = —4, and x =——= = AB; 


therefore AB — AP or PB = — - — X, or ra- 


1 | 
ther x + => and AP x PB = xx +=. But by 


the nature of equations, the laſt term in which the 


unknown quantity is wanting, is the product of all 


the roots; that is, cx + dx = PM xXx PN. 


T | - ax 
Therefore AP x PB: PMXPN: : xx 14 


cxx + dx: : 1c; but whilſt the paralleliſm of 
the lines AB, MN continues, the quantity c re- 
mains the ſame; and conſequently the proportion 
of theſe rectangles remains the ſame. . * 


PROP. 


mn. OS A WH tt 


Ef Md - 


— 
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Let AMN be a line of the third. or any other or- 
der; and let the right line AD cut it in the three points 
A, B, D; and. the line MN in three others M, m, 
N; and let P be their point of inter ſection. T hen 
will PA X PB X BD be to PM x P X PN in a 
given ratio; whilſt they are in any poſition 3 
4% AD, MN. 


Let the abſciſſa AP = x, and any of the lines 
PM, Pn, PN = yp. Then (Schl definitions) 
the nature of the curve is denoted by this equa- 


tion, 5 + ax + U K* + & + dx + eX'y + 
fe + g + x = o, where the determinate 
quantity & is = ©, becauſe the abſciſſa begins at 
the curve. Let y o, and all the quantities 
will vaniſh where y is found, therefore fx? + gx. 


+ bx o. In which caſe, we ſhall have x = =T 
+ ; that is, AB = . 
i $7 __ SF 
_— 
nd <= = 
. AD T; — 47 2 th 1 BP = 


AP — AB = 8 JE; = and PD = 
AD — AP = — 


ther x 75 5 


2 


2 
2 * 


2 — * 


Fig. 
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5 = er or ra- 
Therefore AP * BÞ 


32 


* 
* 
* 


F 
8 


ig. 
3. 


CURVE ULENES. B. 
- me 


=. . 
. 7 kk 


. gx* bx 
xx + f TOE = * + 1 But by the 
nature of equations, the laſt term is equal to the 


praduct of all the roots; that is, MP x mP x NP 
= + gx* + kx. Therefore AP x BPx DP: 


| x bx 
MP x mPXNP:: x + 2 4 F f + * + 
bx 1 : J. But whilſt the lines AD, MN, have any 


other places parallel to the former; the quantity 


1 J — . 
F E = * — RA X «x — RB X 


F remains the ſame; and therefore the ratio of AP 
Xx BP x DP to MXN x NP. 


Otherwiſe thus, 


Let R be the beginning of the abſciſſa, which 
cuts the curve in the three points A, B, D; and put 
RP = x, and let the ordinate MP cut the curve 
in the three points M, m, N. Then in the gene- 
ral equation, when y vaniſhes, we ſhall have jx#* + 
| 2 ER.” 
gx* + by + k =o, and x. 7 x +7 

= ©, the roots of which equation are RA, RB, 
RD; therefore the equation is made up of the 
three quantities x — RA, x — RB, x — RD, 
multiphed into one another.. Whence * + 


* NB RP RA x RP—RBxRP—RD 


AP x BPI — PD. But in any equation, the 


laſt term is equal to the product of all the roots. 
Therefore fx* + gx* + bx + k = MP x mP x 
— NP. Therefore the product of AP x BP * 


— PD: product of MPX Xx NP; or 2 


ws, 7 


a wr A at © A 22 
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BÞ x PD: Mpx x NP: : v2 + wx + 


I + gxn + bx TK:: 127. 

It is evident, the ſame way of reaſoning may 
be. applied to a curve of any gender, and there- 
fore when the angle of inclination APM is given; 
if the right lines AP, PM; or. RP, PM, cut a 
curve line of any order in as many points as it has 


5 Fig. 


7 83. 


dimenſions; it will always be, that the product of 


the ſegments of the firſt line, between P and the 
curve, is to the product of the ſegments of the 
ſecond line likewiſe between P and the curve, in 
a conſtant ratio. | 


Cor. 1. F the line AP cut the curve only in one 


print A; then if you make AF = — 27 and CF 


| perpendicular in it and = ML =, and draw 


PC; then will PM x PH PN: APN PC.: : f: 1. 


Rs For fr + gr + by = fxX . + x + 7 


So, (where E = o, becauſe a is in the curve), which 


has only one root x, becauſe AP cuts the curve 


: . 
only in A; and the quantity xx + 7 x + Jronn. 


tains two impoſſible roots, viz. & = S + 
7 7 > therefore - is greater than = or 
afh greater than gg. Therefore CF is a real quan- 


tity. And PC- N =#+ + 


Aa 4 1 4 


CURVE LINES. By. 


* . 1248 4 — gg 


T 2 4; ods 
33 And fe x PC. =f x AP x PC = 


fx? + gx* + bx. Therefore F x AP x PC* = 
6 Hah and AP x PC. PM Xx Pm x 


I: F. 


Cor. 2. And fince AF and F C are compoſed if | 


given quantities, the point C is fed; whatever be 
zhe angle APM. 


PROP. XVI. 


4 line of any order may bave as many 0 mptotes, 
as it bas dimenſions; ; and not more. 


For let the curve be of de nth order of lines, 


ſo that its equation is y* + ax + ax +b X NI &. 
= o. This equation will have roots, and the 
root being extracted will appear in this form, y = 


A + B. Ii &c. Now if by increaſing x ad in- 
finitum, if y be a real quantity the curve will have 
an infinite leg, and conſequently may have an aſ- 
ſymptote. And as there are # ſuch roots there 
may be as many branches and aſſymptotes, for 
the ſame reaſon; but there can be no more, as 
chere are no more roots of the equation. 


PROP. XVII. 


The properties of curues of a ſuperior order, agree 
likewiſe with thoſe of all inferior orders. 


An equation of a curve of the third order is 


denoted thus, y + ax + Þ X yy + N + ds Te 
* ＋ r ＋ g + bx +k = o. ff, 8b 


* 


EE CURVE LINE 


be ſuppoſed = o, then the equation will become ＋ Fig. 


ar +bXy + cxx# + dx +e = o, which is one 
of a lower order. Now the properties of the curve 
belonging the firſt equation, muſt hold good of 
the curve belonging the ſecond, equation, with all 
the quantities that remain ; and therefore its' pro- 
perties are included in the former. For all the 
difference is, that ſome line or lines become o and 
vaniſh, and others become infinite, ſome coincide, 
others become equal; likewiſe ſome points coin- 
cide, and others afe removed to an infinite diſ- 
tance ; yet under theſe circumſtances, the general 
properties ſtill hold good with the remaining 
quantities; ſo that whatever is demonſtrated ge- 
nerally of any 'order, holds true of the inferior 
orders. And on the contrary, there is hardly any 
property of the inferior orders, but there is ſome - 
ſimilar to it, in the ſuperior ones. 


\ o 


For as in the conic ſections, if two parallel lines 
are drawn terminating at the ſection; the right 
line that biſſects theſe will biſſect all other paral- 
lels thereto; and is therefore called the Diameter of 
the figure, and the biſſected lines, Ordinates; the 
interſection thereof with the curve, the vertex ; and 
the interſect ion of all the diameters, the center; and 
that diameter, the Aris, which is perpendicular to 
the ordinates. So likewiſe in higher curves, if 
two parallel lines are drawn, cutting the curve in 
a proper number of points; the right line that 
cuts theſe parallels ſo, that the ſum of the parts 
on one fide the line, to the curve; be equal to 


the ſum of the parts on the other ſide, it will cut 


all other parallels in the fame manner, which cut 
the curve in as many points ; then theſe parts may 
be called Ordinates ; and the line ſo cutting them, 
the Diameter; the interſection of the diameter and 
curve, the Verte; the interſection of two diame- 

ters, the Center; the diameter perpendicular to the 
| | | ordinates, - 

\ 


I 
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Fig. ordinates, if there be any, the Avis. And when 


all the diameters concur in one point, that's the 
general Center. | | 
Again, the conic hyperbola being a line of the 
ſecond gender, has two aſlymptotes ; ſo likewiſe 
that of the third gender may have three; that of 
the fourth four, and ſo on; and they can have no 
more. And as the parts of any right line, between 


the curve and its allymptotes are equal; fo like. 


wiſe in curves of the third ſort of lines, if any line 
be drawn cutting the curve and its aſſymptotes in 
three points; the ſum of the two parts of it, 
drawn the ſame way from the aſſymptotes to the 
curve; will be equal to the third part drawn the 
contrary way from the third aſſymptote to the curve, 
And ſo of higher curves. | 


Allo in the conic ſections which are not para- 


bolical. As the ſquare of the ordinate or the 
rectangle of the parts of it on each fide the dia- 
meter, to the rectangle of the parts of the dia- 
meter, terminating at the vertexes; as the latus 
rectum, to the diſtance of the vertices, or tranſ- 
verſe diameter. So in non-parabolic curves of the 
ſecond gender, the ſolid under the three ordinates, 
is to the ſolid under the three abſciſſæ or the 
diſtances to the three vertices; in a certain given 


ratio. In which ratio, if you take three lines pro- 


rtional to the three diameters, each to each; 
then theſe three lines may be called each of them 
the Latus Refium, and theſe diameters the Tranſ- 


verſe Diameters, And in the common parabola 


which has but one vertex for one diameter, the 
rectangle of the ordinates is equal to the rectangle 


of the abſciſſa and latus rectum. So in curves of 


the ſecond kind which have but two vertexes for 
the ſame diameter. The ſolid under the three 
ordinates, is equal to the ſolid under the two ab- 


{c iz, 


T——_ eo. w +... AS ü rw a a. oc. oem. wi. 0 


f 
— fot „ 


— 


bun, 2 


bh. % = 2 


1 — 1 


© 2 


IT 


another. 


* mh > e 


Iiſa AP = x, its ordinate PM = y. And let x 
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« x 


_ 
ſciſſe, and 2 given right line, which therefore Fig. 


may be called the Zatus Refum. 
| ly, fince in the conic ſections, where two 

allel lines terminating at the curve both ways 3 
are cut by two other parallels likewiſe terminati 
at the curve; make the rectangle of the parts of 
one of the firſt, to the rectangle of the parts of 


one of the ſecond lines, paſling thro? the ſame 


int of diviſion: as the rectangle of the parts of 
Fe ſecond of the former, to the rectangle of the 
parts of the ſecond of the latter two, paſſing alſo 
thro' the common point of their diviſion. So when 


four ſuch lines are drawn in a curve of the ſecond 


kind, and each — 1" in three points. The 
ſolid under the parts of the firſt line, will be to 


that under the parts of the third; as the ſolid under 


the parts of the ſecond line, to that under the 
parts of the fourth. | 5 


The legs of curves of the ſecond and higher 


genders, juſt as thoſe of the firft, running on in- 


finitely ; will be either of the hyperbolic kind, hav- 
ing ſome aſſymptote ; or of the parabolic kind, 
having no aſſymptote. Theſe things appear plain- 


ly from the foregoing propoſitions; ard therefore 
it is ſufficiently confirmed, that the properties of 
curves of a ſuperior order include thaſe of an in- 


ferior order. 


PROP. XVIII. Prob. 


To inveſtigate the equation of a curve AMK, 
baving given the relation of the abſtiſſes to one auo- 


ther, and alſo the relation of the ordinates to one 


Let the abſciſſa AD, and its ordinate DL be 


ven; and let AD = a, DL =, any other ab- 
be 


LY 
— wt —— —H— 


88 


Fig 


TURVE EINEs. R U 


be denoted by @ multiplied or divided by the va. 


85. riable quantity v, or ſome power or powers there. 


| „ 
then v = — = 


of. And likewiſe let y be denoted by 5 multiplied 


or divided by ſome powers of v, according to the 


nature of the figure. Then expunge v and you't 


have the equation of the curve. 


. 


Let AP = va = x, and PM S vb = y; then 
y all aa 
7 = vv = >, whence FI x; and the curve 


is a parabola convex towards AD. 
Ex. 2. 


= yz 


81 


Suppoſe AP = ve = x, and PM = 
55 and xy = ab; an equation 
to an hyperbola between the aſſymptotes. 
1 | Ex. 3. 


Let AP = va x, and PM = 3 = 


y/vab — vvbb; then v = - and y = 


MENS 3 
Vis "oy ., an equation to the ellipſis. 


aa 
F: Ex. 4. | 
Let AP = = , PM = y = dub. Then v = 
ö 2 =, whence &* #* = A y®; a figure of the 


-parabolic kind. 


Ex. 


— 


Ci 


« 
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Fig. 
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Suppoſe AP = & = va + va + wa, and PM 
=; = vb + vb + v6; then is v vo +03) = 
- =53 and ay = bx, a right line. 3 
4 4 * 

Ex. 6. 


Let A = x =, FR =4 53 


V 


Then 


179 —1 


* 8 
— — 
4 


; Whence 3 
* 
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2 = 2, and conſequently * * 
a 


Fe os 
323 and ift 1, then y* = be, and this is 


the log. curve. 


PROP. XIX. Prob. 


Jo find the radius of curvature in the vertex of a 
turve, where the abſciſſa is perpendicular to it. 


Let R be the radius of curvature, x the ab- 
ſeiſſa of the curve, y its ordinate, Then inſtead 


of y in the equation of the curve, put /2Rx; 
and throwing out ſuch quantities as are infinitely 
leſs than others, and then reducing the equation, 
R will be had. Me ed 

For let AGM be any curve, AG an infinitely 86. 
ſmall part of the curve, AF its abſciſſa, GF its 
ordinate perp. .thereto, C the center of the circle 
which paſſes thro* A and G, then CA is the radius 
of the circle. And fince the part AG is common 
to both the curve and the circle, CA will be the 
radius of curvature required. Put R = CA, AF 
| of BG = x, GF or BA = , then by the na- 
ture 
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Fig. ture of the circle 2Rx — xx = 39, but xx Was 
86. infinitely leſs than 2Rx, we ſhall have yy S 2Ry 


and y VR. Therefore if VaR be put for 


y in the equation of the curve, you'll have R re. 


quired. 


| . | 
Let the curve be an ellipſis, 27 the tranſverſe, 


2c the conjugate, / the latus rectum. Then 21 — 


Zo 


| Ing out the infinitely ſmall quantities, oy = « 

Viax, and aayy = 2ddax; that is, aa X 2Rs = 
| 2ddax. And aR = dd, whence R = 8. the ra- 
dius of curvature in the vertex. 


*.: y: : 2: % and 2ty = 2th — bx; that is, 


(by ſubſtitution) 2 Xx 2Rx = 2th — les = (be- 


cauſe [xx is infinitely leſs than 2 Tl) 27s, whence 
2R = I, and R = < /, or half the latus rectum. 


Ex. 2. | 


Let AM be the ciſſoid, whoſe equation (by 


Cor. 2. Pr. 2. Sect. II. B. I.) is 11 = 2axx — 


gxx. For y put 2Rx; then 2Rx Had = za 


— xx = (becauſe 2axx is infinitely greater than 


yxx) 2axx. And ſquaring, 8R3x* = Aa And 


2R1 = aax = o, becauſe x is infinitely ſmall. 
Therefore the radius of curvature in the vertex is 0. 

Let the curve be the conchoid, whoſe equation 
(by Prop. IV. B. I. Sect. I.) is TL x AL = PL 
IF — AH*; that is, TF — FL x AL = 

— — ͤ[((—— . 

PF — FL X VTF' — TE—FL z that 1s, put- 
ting TF =a, TP = 5, FP = d, FL = x, AL 
= 5, the equation of the curve is a — * X 2 
d—x Xy/2ax— xx. And in the vertex, throw- 


Cor, 


„ © m- mqt HIS pig &@ 
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Cor. If the ordinates make not a right angle with Fig, 
the diameter, but any. oblique angle GFH, put s = 87. 
ne of the angie GEH, AF = FG KM = 
radius of curvature ;, then inſtead of y in the equa- 
tion of the curve, put /2R5x, and rejecting the in 
fnitely ſmall quantities as before, aud reducing the 
equation, R will be found. „ 

For let AFH be the diameter of the curve, AC 
the radius of curvature, ABD a tangent at A, GB 
parallel to the abſciſſa AF, GD perp. to AD; 
and let GD = v. Then if the arch AG be ſup- 
poſed infinitely ſmall, AG = GF, and the part 
AG of the curve will coincide with the circle. 
But by the nature of the circle, AG* = DG X 
AL; that is, yy = 2Rv. But in the infinitely 
ſmall triangle DGB, DG (v: GB or AF (x): : 
s.DBG or GFH (s): radius (1); therefore v = 5x; 


whence yy = 2Rv = 2Rsx, andy = /2Rsx. 


Example. | | 
Let DGA be a parabola, HAF a diameter, FG 88. 

an ordinare, the latus rectum, of the diameter 
HF; then if AF = „ FG =9; 5 Sa male 
GFH, we ſhall have Ix = yy = 2Rsx, by the rule, 


| whence R = = This may be denoted otherwiſe, 


„ == 
for . AT : AP, and = Af = 

AP: + | 

tus rect 18 5 — ram 

| un of the axis TP, 8 Ib T axDÞ 
I ... IP. X64 2 5 433 
4DP* + 3 x DP © V = Jan” 

1 2 : 

A That is, if 8 be the focus, 3 


. 
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= a, whence R= 4/2. © 


drawn thro' the light, and thro' a right line in the 


- , Tight line, which will be the ſhadow of the given 
line. Therefore right lines that interſect one ano- 


Fig. 


any line touches the curve, the ſhadows of the 


And all. points at a diſtance in the figure, 


CURVE LINES. B. u 

= x | Whence the radius of curvature in A 
„ 

= IX He = x4 ITE by 

the nature of the curve. - 

And if P falls upon 8, then PA = +9, and a! 


A U . 


The ſbadoto of any given curve line, projelted from 
a lucid point, upon an infinite plane, will be a curve 
of the ſame gender, with the given one. 


For the ſhadow of any point will be in the right 
line drawn thro! the light and that point. And any 
Tight line in the given curve is projected into a 
right line upon the plane. For imagine a plane 


given curve, and that this plane is extended to the 
Plane of the ſhadow, it will cut this plane in a 


ther will be projected into lines or ſhadows that 
interſe& one another. If any line cuts the curve, 
its ſhadow will cut the ſhadow of the curve. If 


line and curve will touch one another. If one part 
of the curve interſe& another, their ſhadows will 
alſo interſect. So that all points that are coincident 
in the figure, will be coincident in the ſhadow. 


will be diſtant from one another in the ſhadoy. 
Now let a right line be drawn in the figure to cu 
it in as many points, as is the dimenſion of the 
figure; and it cannot cut it in more. Then the 
ſhadow of this line will alſo be a right line, jy 
W 


. 
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vill cut the ſhadow of the curve in as many points, Fig. 


and no more. Therefore this ſhadow is a curve of 
the fame dimenſion, or of the ſame gender with 
that given. 


Cor. 1. Hence the ſhadow of |, the circle, or any 
conic ſeftion, will be a conic ſection. The ſhadow of 


lines of the third order, will be lines of the third or- 


der, and ſo on ad infinitum. 


Cor. 2. If any part of the curve be higher ( or 


further from the plane) than the light is; that part 


of the curve can caſt no ſhadow upon the plane; 


and the ſhadow of the curve will run on infinitely to- 


wards that hand. And therefore whatever there is 
in that part of the curve above the light, will be quite 
loft in the ſbadow, and no where be found. 


Bb 3. SECT. 


IR 


94 


Fig. 
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SECT. m. 


Some fluxionary Propoſitions neceſſary 
for inveſtigating the nature of Curves. 


} AVING handled ſeveral things of this na- 
ture in my book of Fluxions, I intend not 
to repeat them here; but ſhall only take notice of 
ſuch as have been omitted there, or but lightly 
mentioned. And this I the rather do, becauſe 
many properties of curves of high genders are 
far more eaſily inveſtigated by the method of 
fluxions, than by common algebra. 


PROP 1. 


Let AM be any curve, AP the abſciſſa, PM an 


ordinate perp. to it, MC the radius of curvature in 
M, CF parallel to AP meeting the ordinate MPF 
in F. Then the ſecond fluxion of the ordinate, the 
fluxion of the curve, and the line MT, are continu- 


ally proportional; ſuppoſing the fluxion of the axis to 


be conſtant. 


Let M, m, r be three points in the curve, Mo 
and ms parallel to AP. Produce Mm to u, then 


ſince Mo = mr, therefore Mm = mn; then rn = 


fluxion of om, or the ſecond fluxion of the ordi- 
nate. Draw F, then the triangles urn, MFm 
are ſimilar, for < urm = alternate angle M. 
and mur = Mmo = MmF; and therefore ur: 
m:: Mm: MF, but rm = Mm, therefore ur: 
Mm : : Mm: ME. | 


Cor. 


i 


ect, III. CURVE LINES 93 
Cor. 1. Hence, the fluxion of the axis Mo : to Fig. 
fuxion of the curve Mm :: MF: MC, the radius of 89. 


curvature in M. 


Cor. 2. Hence the radius of curvature in any 
curve is eaſily found; by firſt finding MF by this 
Prop. And then MC by Cor. i 1-8 


Example, ” 
Let AP = xs, PM g, AM = 2, and let the 
equation of the curve be 2ax + xx = zz, this put 
into fluxions, is 2aX + 2xXx = 22S, or ax + K* 


= 22; then Z = ——$,ands* ＋ 7 = = 
1 q ; "0 | — 2 "uh 
| SE. 1 5 > — 
— K, and . =<X* * * LI 
24 | ⁊⁊ 2ax ＋ x 
F a 
1 — XX *2 — . and . — . 
a ＋ Xx 24% + Xx WV 2ax + ge 
” ax X ax + Xxx 
Then 5 = —= —=—=—— bro Then 
2ax + xx 
XA & N a+x a + x 
| — 77 ):: x (2): 
zar + xx* G 1 "0 25 f 1 
— ; 3 7 j 3 ö 
a+X X#* 2ax + xx* __ MP = ZE; 14 
| — X IDS — a if 
2 axx X a + * b 
N Then & & ( 8 &) MF ( 85 x): MC | 
| — | — | ; 1 
| a+x 6 


the radius of curvature. 


And in the vertex where x is o, the radius of 1 
curvature = a. This curve is called the Catenary. 11 


e PROP. 


ey 
i 
/ 


90. 
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PROP . 
If PF, OD, RC be three equidiſtant ordinates in 


any curve and infinitely near; and ub be a tangent 
at D. Then the ſubtenſe F or bC, will be equal ty 


half the ſecond fluxion of the ordinate. 
For draw FDa; then ſince D = Db, and the 


ſubtenſes F, C parallel, and the curvature 


91. 


the line ns ==", 


FDC the ſame throughout; therefore »F = }C. 


Again, in the triangles DF, Da, ſince 1D = 
Db, and all the angles equal; therefore »F = 45 
K. II!!! = Cc. 
Let FL and DO be parallel to the axis PR, and 
and let PF = , then = = Os, and Oa— 


OC or dC = j, and C or F C= 25. 


Cor. F PF, OD, RC be three equidiſtant ordi- 
nates, and FD be drawn, cutting RC in a. Then 
Ca = ſecond fluxion of the ordinate. 

For aC = 24C = , by the demonſtration. 


'PR OS In. 


In any curve whoſe ordinates are drawn from a 
fixed point C. Let CM, Cm, Cn be three ordinates 
infinitely near, ſo that the perpendiculars Mo, mp 
may be equal. And if Mm be drawn interſecting Cn 


ins. And if Cm , mp = x, mn = 2. Then 


= 


For draw mr between « and C, making the an- 
ole mr = mCn; then the triangles Cn, mrs will 
be ſimilar, for the angles at and C are equal by 
conſtruction, and msC or ms = mn; therefore 


Sal. 4a. 


2 — PF 


Cn 


* 


I 


For by the nature of curvature 1 w 5 8 5 535 


cn CURVE LINES 


parallel to Mo. Then the angle pmꝗ = mCn = 
aur, whence the angle 7mp = ing = mMo, and 
Mo = mp. Therefore the triangles Mmo, mrp are 
ſimilar and equal, whence pr = mo. Therefore 
j =np — mo = 1p —rp = rn. But n rn — 


„„ 
75; therefore n = 7 — 15 5 


Cor. In any curve whoſe ordinates are referred 


10 a fixed point; if CM, Cm, be two ordinates, 


and mt a tangent at m; then the ſubtence Mt = 


. 
. 


y — 22. 
20 | CS. - © 
For Mt is half of n = 27 — be 


C IV. 
F 5. 5. 5. Sc. denote the firſt, ſecond, third, 


c. moment, increment, or fluxion of y; and if P, 


Q R, S, T, Sc. be ſeveral equidiſtant ordinates in 


a curve, being infinitely near one another. And tet 


the firſt P be called y. Then will 


Fa 
3553 

I af nee: 

=) TI +9 +7 


that js, q=5 +$jþ,r=q+qs=r+r, &c. 


Therefore t ing the fluxions of theſe equations, 
| B b 3 e 7 | 


97 


8 P = = — . | Fig. 
Cm (y) : mr (S).: : mr (S) 75 OS. Draw my 91. 


92. 


_—_ CO 2 : 


$3 
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7 =j „ =j +j, 
ke, Whencer =9 +5 =5 + $+J+j =5 + 
J +jþs=r+r=qg+q+9+7=q+ 


Ws EI SSSI $9 = Y + 


Cor. Hence the Auxion of the nth ordinate P, O. 


R, 8, Sc. is=5 +n—1 Ts 


2 yz 
1. 2— 2. 2— 33 
＋ 1 n * + Ce. 
PROVE v 


Let M be the point of contrary flexion in any curve 
AM; and if curve AM. = 2, ordinate PM « 


CM = y, Mo = x. Then in curves referred to an 


axis, j = o, aud in ſpirals yj = ,, ſuppoſing x 


to be Liver. 


F or at M the point of contrary flexion, three 

ints u, M, m, infinitely near one another, lie 
in a right line. Therefore in curves referred to an 
axis, if Mo or x be given, om or y will be given, 
Bar rr £4 O. 


And in ſpirals let CT be perp. to the tangent 


MT ; then ſince TM 1s a tangent at all the points 
u, M. m. Therefore at M, CT is a conſtant 


* J let CT = , then by ſimilar triangles 
* : 22 * =, and yx = 72, in 


been yx Z, x and t being conſtant quanti- 


Therefore * 25 Z, and ye = J#2. But 
# 


3” 4A S=. SD. TA 


Kd. Il. CURVE LINES. 
7 =. + *, therefore 22 = = . and & = Fig. 
| 2 Therefore ya = yx x2, a and ⁊ =2, and %* 


4 4 


Cor. Hence to „ the point f contrary flexion, 
let x be given, and put y So, in curves referred | 


1 an axis; or j = 7 in ſpirals. 


a . Ex. . - | 
Let the equation of the curve B X y —@a = 
e N 8 = 


g; then 5 - 4 = 7 , and y — & = 
| SPY 
5 
bpm, ' 


33 = - \ FR | I 5 


X x, and = — \ S * 5 
Wb # * a XXX =O 


therefore 1 — 4 = o, and x — 4 = ©. Thete- 


; fore x = @. 
Ex. 2. 


Let ABM be a fort of ſpiral, RFB its gene- 
rating circle, radius CD = r, CM = y, arch RD 


, andy = 2 + — 4, whencey = T* 
b | byYb © TT 


82 


95. 


=v. And let the nature of 1 it be denoted by the 8 


equation 3 
The ſectors C Dad, and CMo are ſimilar, whence 


c (5): Mo (x) : : CD (1) : Dd = - = v, and 
by the equation of the curve v + 2 = 


—2 — * | 
2 and y = = 9 


cauſe v = 595 — . whence 7 = 2 n and 


B b 4 | ** 


100 „ nme . 85 II. 
. 22 2 A. 


1 = "PB Allos. =# * =x* 


| _ 


— Whence T r ＋ 
8 8 4.45 + 194. An * 


72a 


ad 


24; whence y = ng And if r = a, then 


A | 
PROP 


Fu, y, 2, Ge. repreſent any right lines; and in 
any _ if x X 2 * 2, Sc. = a given quantity; 


then — 799 + = C. = = O. 


For let XYZ = a, then the fluxion will be 2 


+ Xzy + xyZ = o; divide by the given equation ; 


r * f 0 7 
_—— | ym + ea 8, —_ 
chen e e ee 
2 N 
＋ , &c. = 0 8 
dag = 


co, If "yy * 4, @ given quantity ; ; then 
7 = + 2 += = &c. = 0. 


„ ONS” of on 
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PR OP. VII. 


2 Se. 
vue Sc. | 


ines and in ay curve e. =. any given 


\þ 5 . N 
Vu 
Hani nag +2 +3 = Oe — DD 
9 „ 
Te T 8; 3 T3 . 


* g | 
Let 2 a, then — = e 


N vu + 255 vuw 


Vow uw. 
oe „ 
715 = 3 
2 W ; 


wy „Ge. * my 17 
bb. 1 Wo — 8 
Tow on Ge.” "+ £ I 9 


PR OP. 


Fo x, % . 2,*V," u, . __ ' repreſent any right £ 95. 


a SM XYZ 
| ö ou — Sa, Anddividing al by 


= 8, we Wen have >= 5 4 5 4 Bon Ye | 


102 Dees. . 
Fig. | | | | 
PRO. FE. VII. 


96. If from a given point P the right lines PA, 
Pa, be drawn, cutting amy curve in as many points 
A, B, C, and a, b, c. as it has dimen/ions. Hyd 
the” tangents AK, BL, CM; and ak, bl, em, be 
drawn, cutting any line PE, in the points K, L, M, 


| a 1 1 1 | 
and E, 5 N. Then will PK + PL * PN S. = 


| 57 — 57 = = Sc. wherever the points A, B, C, 


Let AC, ac be ſuppoſed to move parallel to 
themſelves, and then the point of interſection P 
will move along the right line PE. Then ſince 
(Prop. XV. Sect. II.) PA x PB X PC : : Pa x 
Pb X Pc: : f *1, a given fatio. Let AP =x, 
FE = 75, FC = Wwe =y == 0 
= ; then xyz = fouw, or 2 = = f. Therefore 


. © 


| mie TSS.__ 

(Prop. VII.) ew — y * 5 5 4 58 
__ +>  R= But fince 
AP is moved with a parallel motion, it is evident 
the fluxion of AP is to the fluxion of EP, as AP 


to the ſubtangent PK; whence, putting EP = 5, 


| X * | | 
we have _ = , and for the ſame reaſon - 


P 
ed ot. 3 3 = 
PL Z = r w 
_ . 
=p YWhence PR FL FN II P 


| Sect. III. CURVE LINES. = 


+ Fs ad FK + Fr FN Fr n * 96. 
I | 
But if any of the points K, L, M, &c: fall on 


the contra ade of P, then the correſpondent lines 
„ FL, PM, &c. muſt be made negative, 


Cor. 1. If any line PC cut the curve in = points 
| FE B, C, and tangents drown 3 then will 5 N WA pl. 


+ bu on: be always equal to an invariable quantity. 


Cor. 2. And hence if a right lin A 
curve in D, E, 5 c. 4s pat —_ as it _ di- 


e then wil bK +PL + pa = PD + 
7 + PE 
For in this caſe E, I, n, N with D, I. E. 
Cor. 3 „ any of the points K, L, M, oY fall 
on the ks fide of P; you * take — PR” 


k. P- 0 
For Ting the contrary way, 1 muſt have con- 


trary hgns. 


PR 0 P. 


f f - * 
_ A 
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97- Tf the line AB be drawn thro? wen point P 
Parallel to the afſymptote CM; * the tangents 
AK, BL drawn, cutting any line DE (drawn alſo 
thro P, and cutting the cur ve in three - 2 3 L 


E; and the aſſymptote in M). Then BN 
1 I 1 I 


PN = 4 Pi T 
PE FD TK Tr. | 
For by 1982 VII. 8 PM + PR 5 P = 57+ 


Fe ST becauſe D bes the contrary way from 


P, and AB meets the curve and aſſymptote CM at 
an infinite * 1 they _ Then by 


I 1 
rranſpoling, PyI = pj + PE PD — PK I. 


Cor. Hence the di. Nance of the Wen, may be 


found, by finding the point M. And if PN 7 be So, 


then the aſſymptote is at an infinite diſtance, and the 
curve will be of the parabolical nt 


PR OP. X. 
To find the aſſymptotes i a curve. 


98. This Prob. may be ſolved by the laſt Prop. and 
F its Corol. or otherwiſe as follows. Let AP = *, 
PM = y, TM a tangent at M, and TP the ſub- 


x 
tangent. Find the value of the fubtangent 5; 
by the equation of the curve, then putting x = 


infinity 1n the value of the MOR, and allo i o 
the 


Set III. CURVE LINES. 10g 
the equation of the curve, and you will get TP Fig. 
and PM, which gives the poſition of the aſſymp- 98. 
tote TM, and TP — x, gives the interſection T. 
- For-the- triangles Mm and TPM are ſimilar, 


and rm G): Mr () :: MP 69): TP-= And 
ſuppoſing M at an. infinite diſtance x will be infi- 
nite, from whence both TP and PM will be. had, 
and conſequently the poſition of TM the aſſymptote. 


+ 5 = : 
Let the equation of the curve DM be xyy. = 
m; in fluxions y*s% + 2xyy = o, and x = 


— — ii. Therefore PT => = —= 2X. | 


3 f i 3 2 : 
And PM ='y = E . 7 Then making infinite, 


. | +4 Es : Wy a3” | 
PT = — 2x = — infinity, and PM => O &- _ 
o; therefore the aſſymptote coincides with the axis 
1E. | 8 | 6 


. | | 
Let aayy = 2abbx + bbxx. In fluxions 2 aay/ 
1 1 al = 
_ 2abbx + 200X%, and x _ 58 . there- : 
: 3 = 
ore PT 375 = 33 + r 2nd y = — 
bb bbx. 3 : 3 
Pi = = Make x infinite, then PT = 
|  aayy aa 2abbx + bbxx bbxx _ 
abb + br bbx © bbs ' — 
3 a OM 
= infinity, and * 8 — = =in- 


ad A 


* 
CCC ˙ q. . p . ee _=_ 9 a 
. _ .- —_ * Fe - 
A 
— 
0 — r — 


1 
N 


n 


2 + — 


finity. Therefore PT PM:: Xͤ 4: 5. Al- 


— — 


— 


— —  _—_— 
— —ũ—ůw—ñ4I4 ̃ — — 
, 


Fig. 
98. 
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-- a 
mb = bbxx — abbx — bbxx 5 he 


. a + bbe © 1 = ad TN = 


(when x is infinite) 3 _— S. Therefore the point 


T is determined, and the poſition of the my 
tote TM. 


Alſo ſince y may be = — 3 . 2 — LE, this 


gives another aſſymptote on the * ſide of the 
axis AP, and making the ſame angle. 


Ex. 3. 


Let * equation of the curve be, 9) — a + 
axy — * = o. Extracting m root by infinite ſe- 


ries, then y = * 2 T a +5 — &c. The equation 


of the curve put into PR. gives 3y 2 — aay 
+ axy + ayx — 3x = o, whence x = 
aa — ax — 35 "08 ax + 3 — aa 
ay — 3 * 7 MEET Du = J —a ” 
N + 3yy — 44 
and AT = 72 oy 
205 + — 3* 
ws 3xx — ay = (expunging y) 
2% — Gay — 3x" + 3% — 3axy ＋ Z 
| 3xx — 4 75 


— K* 


2. (expunging ) = 

3 — ay — (PIES J 3xX — ax &c. 

5 DNN 

= I © — 4. But PT == * — a 
hy . — aay + 3x ＋ 3aay — — 58 

(expunging y)= r 


240 


— ax + 244 X x — -0 a 
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19 —229 +22 = | * — 2% — 24 X Y 


tpg 9) SEES = ze = #- whence 
PET: EN eee * 45 therefore 
PT = PM. And therefore ſince AT is negative, 


T falls between A and P; and the aſſymptote 
therefore hes between the curve and ac a 


Ex. 4 | 
Let PR equation of the curve be y! + axy — 


S o, whoſe root is y * — 44 + = c. 
then the equation in fluxions is 3y*7 + axy + ayx 


30 + ax | 
3 — 905 and PT 


7 F gax — 4 = (expunging v) 


— LOR = Oz whence * 


Anat. 
* — oy © (expunging 8 


Zxx — a Xx Xx — 4 a 85 ee mn 
2 Whence PT : PM: : *: yor x — + @ 
. 21 1 Whence again PT = PM. Alſo 
1 —_x ER. .- — = (ex- 
_: > . 
purging 9) EEE = 


| —axx — 7 'aax &c. — XX 


Jr — ax + + a@ &C. © Jxx ==—x 4; whence 
the ame concluſion will follow as in . laſt. 


2 
Suppoſe the equation of the curve is * — ay — 
* = o; this in fluxions 1 IS 3˙% — axy = aid oh —3 4 


108 . 1 

Fig. . 2 

98 = 03 b . a and PT = — 
e 3x7 8 


ES — (expunging * — = 


= — —þ And the root of the equation is 
y5.=x + 4 a &c. Therefore PT = 
3x3 ＋ 2ax ar tn __ 389 + 2ax* &c. 
Zar NAK TT 3* ＋ ax &c. 
& is infinite) : = x. Therefore PT: PM:: x: 
yorx + 44::x:x, and PT PM. 


=(when 


Alſo PT — x = E222 „ = = 
3 xx + ay 3xx Þ+ ay 
_aXx+3@_ | A &C. A.. 


* TX T 1 3x* &c. 
Therefore ſince AT is affirmative, the curve is 
concave to the abſciſſa, and the curve lies between 
the abſciſſa and the affymptote. 


FRO F. . 


99. Let AMN ze any curve, CN its aſſymptote; then 
| if the ordinates be parallel to the aſſymptote ; they 
are depreſſed a dimenſion lower in the equation of 

the curve. 


Let AP = x, ordinate PM = y, and let the equa 

= tion of the « curve be y* + A* &c. = 7x", and 
4 * 1 

the root y = 7x + B += &c. Take s infinitely 


near M, and draw 50 parallel to AP, and DM 
parallel to CN, then by _—_ triangles, Mo ()) 


: 50 0 (ﬆ) : : MP (5): PT = 15 ” the ſubtangent. But 
y 


— 


13 CC” „1. — ys © 


wg ua mn Gut a {2 fo 


(WY 
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5 = rx — — = Ke. and therefore PT = = —2 99. 
22 ths ; ant when f i infinite, the ſubtangent 


—— — 


AX 


— - = CQ, _ the aſſymptote being a tangent 


at 8 infloits diſtance. Draw AB parallel to PM; - 
and let CA = &, CB =&4, AB ='& CD = wu 
DM = z. Then by fimilar triangles, we have C 


| (< ) : : QN G: CA (c): AB (5), whence ty = 
> and ir =. Alſo AB (3) : BC (9) : : Pl 


(y): DM (2), whence = =. Alſo AB (3) : 
AC (2) :: PM): FD = . Then AP = PC 
— AC ; that is, x = 5 14 (expunging N 


iz S | 
- + v — ;, Then ſubſtituting theſe quantities 


N of y and x, in the equation of the curve, 2 | 
77 r e &c. =7” Xx | 


771 v —7 = * = &c. But þ rt, and 6 


="; therefore z* the higheſt power of the or- 14 
dinate vaniſhes therefore when the ordinate DM is : 
parallel to the aff mptote, it loſes one dimenſion 
in the e of the curve. | 


\ g 
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CURVE'LINES: B. k. 


PRO FP. XII. 8 


In any curve referred to an axis, if the ſecond 
fluxion of the ordinate PM be negative; the curve is 
conrave towards the axis AP. But if the ſecond 
fluxion f the ordinate be affirmative, the curve is 
convex towards the axis; ſuppoſing the fluxion of the 
rr E 


Draw the ordinates pm, qu parallel to PM, at 
equal but infinitely ſmall diſtances. Produce tne 
infinitely ſmall portion of the curve Mm to s. And 
draw Mo, mr parallel to the axis AP. Then the 


fluxion of the axis is Mo = mr, and conſequently 


mo = F, the fluxion of the ordinate. Now rn — 


mo is the ſecond fluxion of the ordinate; that is, 


rn — 75 1s the ſecond fluxion, and this will be ne- 
gative when vu is leſs than rs, in which caſe Mun 
is concave towards AP. But if rn — 7s is affir- 
mative, then 7x is greater than rs, and then u falls 


above 5s, and therefore the curve is convex towards 
AP * ; 


Cor. From hence may be known whether a curve, 
referred to an axis, is concave or convex towards the 


axis in any given point. Put the equation of the 


curve into fluxions, and find the value of the ſecond 
fluxion' of the ordinate, mating the fluxion of the 
axis conjiant. Then if the value of that ſecond fiux- 
ion be negative, the curve is concave ; if affirmative, 
is convex to the axis. | | 


EX. 1, 
Let the equation of the curve be agyy = 20rr 
+ &bxx, this put into fluxions, and divided by 
2, gives aayy = bbrx + bbxx, and put in fluxions 


aayy 


* 


again, aayy + aavj = b, and aayy = bbxx — 


gelt. II. CURVE LINES... a6) 
bbx ; S Fig. 
aj, but = aay * x, and = ">> 100. 


49 
bix* 
Tx, whence aayy - 


Peay) xr +x K * 4 = (expungin — 
ao | P 8 g Y 
birrxx 


therefore 5 being negative, the curve is 
a 
concave to the axis. 


Ex. 2. 
Let the equation of the curve be aay + xxy = 
axx | _ 2axx 
aa + xXx > and y = ef 
18% — = 20x% + 2 — 24%" x 24 & 
2 — — 
68 + xx aa ＋ xx | aa + Xx 
2 za X 4K | 


and 5 = = ———— = 

I — aa 44 + * 
WXX X 44 ＋ ** — B&'XXXX 23, — C 
— — 3 * . — 
aa + xx aa + xx\* 
24) x* 


ur; then y = 


— 


aa + xx* 


as; but if as be greater than 3xx, it is convex. 
P 


Then aax = 3) K — 5, and again ) X 5 — Þ- 
N - =o, and q y — b + 2) 


aa 
=0, and 5. = _ — 
an 7. — —7 Zut 5 = RY I 4 
"a 


T conſequently if y 


therefi 
e gXy—b6 


be greater than b; the curve is concave towards the 
Cc 2 | axis; 


2 + xn” ̃ 


X ag — 3xx. Therefore if 3xx be | | 


greater than aa, the curve is concave towards the 


If the equation ofthe curve be aax— a) = =y—6 ' RY 


. 
3 
z 
4 


1 — 
— — ̃ — .. — 


— .. ⁵—L—UA AA ³ ²]wꝛm̃ mn Ä 
* * * * = 
. 9 ? | N 
4 ' 
p 4 
Y - 
* 


5 CURVE LINES. 3. n. 


Fig. axis; but if 5 be greater than y, the curve is con- 
100. VEX towards the axis. | | 


PROP. Xu. 


gi. Jy a curve where the ordinates meet in a fixed 
| point, let the ordinate CM or Cm = y, perp. Mo = 
x, Mm = 2; then ſuppoſing x to be conſtant, if y 
— 22 be negative, the curve is concave towards t 
center; but if affirmative, *tis convex. 


For by Prop III. Fig. 91. 5» = j _— which 


is affirmative if x lie above s, but negative when 
"ris below . And therefore yj — 2 will be af 
firmative in the former caſe ; that is, when the 
curve Is convex; and negative in the latter, or 
when the curve is concave. * | 


Cor. Hence if a curve is referred to a fixed point, 
to know whether it is concave or convex , put the 
equation of the curve into fluxions, and making 
conſtant, find the value of yy — ; then if it be 
negative the curve is concave towards the center; i 
— tis Convex. a 


Ex. 1. 


Let the equation of the eurve be 7 = v7 


2 
2* X ay a2 4 — 

= — = —= Xx x* + , whence 
W 

p 2 4. — „ 6 * — mw 

* 27 , . a a 5 | 

*. Alſo 3 = YE, and 2s = 

=— ==, therefore — 23 == 


Then x* = 


4 


— 


— 


l. CURVE-LENES, e 
4yXx ay: a Pig. 
a „ N Ve IO 91. 


— — — = which being negative 


a 4 
the curve is concave towards the center. 


f Ex. 2. | 
Let ABM be a ſpiral, FBR the generating Cir- 9 5. 
cle, radius CR x, arch RD = v, CM. = y, and 
let the nature of the curve be denoted by the equa- 
tion vy = aa, By the ſimilar ſectors DCd, MCo, 
1 v: 5: &, whenceyv = rx. And putting the 
equation of the curve into fluxions, we have vy + 
” = O, and vy = — yo = —7X; then y = — 
TX — HU ; ryx rx — 1X 


e aa 


wn 3 f 
= and yy = _ ' Alozz=x ＋ * 
x *. + rryyx on. 
** + LR 2 2 = = Therefore bi 


D 4, + ry 


— 2 = K = — x*, which 


a* a+ Favs 
being negative the curye is cancave to the center. 
y "1 


But if the equation of the curve be / = 40, 
and 7 = a, then 3vy'y + yo = 0; that is (becauſe 
Jv = ax) 22 + t = o, whence = — 


and 5 = — , and } = — == TX 


y6x* | | | | 
a Therefore yj — 223 =57F — aq x =. 
Ce 2 „ + 


95. 2 8 NS $2, Therefore if 


255 be leſſer than gas, the curve is concave, but 
if greater, convex towards the center. 


P-R O F- XY; 
101. Let AMC be à curve, AP = x, PM = y, AM 


=2, Mm = E, Mn = x, un = V, and let j be 

given; and if à and b be given quantities, and ax = 

bs be the nature of the curve, then will as — bx de 
à maximum or minimum. 


F or taking the fluxion of az — bx, we have az 
— bx = ©, and az = bx. But  =#* + ; 


therefore 22 = 2xx, and ZZ = #X; whence by 
LE = ed e net tuagy 

dividing, 3 = and a = ===; therefore 

a 5 5 25 

* bx, and ax = z. Therefore on the con- 

trary when ax = b, then az — bx will be a maxi- 

mum or minimum. 


Cor. If ax = b be the nature of a curve, then 
the Fl: aZ — Fl: bx will be a maximum or minimum. 
For az — bx is a maximum or minimum, and 
therefore the ſum of all the az — the ſum of all 
the bx will be a maximum or minimum; that is, 
fluent of az — fluent of 4x will be a maximum 
or minimum, | 


Set, III. CURVE LINES, mus 


erer 
If Bm, Dr, be two ordinates of a curve, infinite- 102. 
hy near; and let the ordinate Cn be drawn, ſo that 


the differences of the ordinates on, ir, may be equal. 
Then put mo &, 0s or nt =v, on or tr ; 
8 
TV +qxv* S a naxinum or mini- 
num; then pb A S goux N 
will denote the nature of the curve. 


For putting the two given equations into fluxi- 
ons, a ＋ by = o, and » - Allo 2pnxx 
X * . + 29nvXvv+yy S2 o, and 


3 a, —— | 
JLEES XK K ＋ — * X +5": 2 


o, and tranſpoſing and dividing 3px x A E 
. _— — — « | | | 


Cor. Hence © X mo X mn 7 = - * ut XR 
n 2. © 5 


For xx + yy = mw, and off +. F = ur, whence 
pb x m O = gau x vr and == * n 


x OY 74 | 
— 73 X Nn 55 | - oY . 
* ; 


Many more properties of curves might be ob- 
tained by the method of fluxions; but I forbear 
purſuing them any further; ſinte what have been 
here delivered, are ſufficient for an introduction. 
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